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Nuclear emulsions were used to study the angular distributions of three groups of protons 
from the K® (d, p)K*® reaction for a deuteron energy of 4 Mev, and also the angular distri- 
bution of the long-range proton group from the Ca‘?(d, p) Ca‘! reaction with 1.3, 2.2, and 
4.0 Mev deuterons. The measured angular distributions do not agree with those calculated 
from the Butler theory. Comparison of the results obtained for the two reactions enables 
us to draw some conclusions concerning the low-lying states of the K*? nucleus. 


The (d, p) stripping reaction has been investigated for the principal isotopes of all elements with Z 
< 20. The only exception is the K*(d, p)K* reaction; no data have been published concerning the angular 
distribution of the protons formed in this reaction. 
In 1954 one of the authors! studied this reaction for the purpose of assigning quantum numbers to the 
low-lying states of K*°. However it appeared that the angular distributions could not be interpreted 
1 _ uniquely using the Butler theory.” It was necessary to assume configuration mixing or to suppose that 
the Butler theory is not applicable to this case. The latter appeared quite probable, since the Butler the- 
ory does not take account of the Coulomb or the nuclear interaction between the particles participating in 
the reaction. At the same time, such interactions are important in this case because the energy of the 
bombarding deuterons (4 Mev) is below the Coulomb barrier (5.65 Mev). 

In order to find the cause of the discrepancy between the experimental results and the theory, we first 
made some additional studies of the K*(d, p)K*? reaction, and also measured the angular distribution of 
the protons which are produced in the Ca*(d, p)Cat! reaction when the Ca‘! nucleus is formed in the 
ground state. The latter reaction was selected because there are the same number of neutrons in the ney 
and Ca*® nuclei and their charges are almost the same. In addition, the calcium reaction had already been 

_ studied for a deuteron energy of about 8 Mev (Ref. 3) and good agreement with the Butler theory had been 
obtained in this case. 

In order to understand the changes in shape of the angular distribution with changing deuteron energy, 
che Ca*(d, p)Ca*! reaction was also studied for deuteron energies of 2.2 and 1.3 Mev. 


EXPERIMENTAL METHOD 


The experiments were carried out at the 72 cm cyclotron of Moscow State University. The required 
changes in deuteron energy were achieved by changing the mode of operation of the cyclotron. Conse- 
quenly the beam intensity was practically unchanged when the deuteron energy was lowered. The extracted, 
focused beam of particles passed through a collimator into a special cylindrical chamber, 26 cm in diam- 
eter, placed at a distance of about 5.5 meters from the accelerator. The energy spread of the deuterons 
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traversing the collimator did not exceed + 40 kev. A thin target was placed at the center of the chamber, 
with nuclear plates at various angles around it for recording the reaction products. Aluminum or silver 
absorbers were placed in front of the plates to cut out elastically scattered deuterons and long-range 
protons. 

Thin targets containing potassium were prepared by evaporation of potassium iodide onto a gold foil 
backing, followed by admission of iodine vapor into the vacuum system.’ Calcium targets were obtained 
by evaporating metallic calcium. Immediately after preparation, such a target changes its color as the 
calcium oxidizes, but then over a long period no noticeable changes occur in the target. The amount of _ 
material deposited on the backing was determined by weighing the target after irradiation. In this way 
the thickness of the layer was measured to an accuracy of + 0.05 — 0.08 mg/cm? (for a total layer thick- 
ness of 0.2 —0.9 mg/cm’). 

The current integrator which was used to measure the deuteron beam current was calibrated in terms 
of the elastic scattering of deuterons on gold, where it was assumed that the scattering is pure Rutherford | 
scattering. The accuracy of this calibration, including errors in measurement of the thickness of the gold | 

target and the energy of the bombarding particles, does not ex-_ 


TABLE I. Excitation Energy (Mev) ceed 12 —15%. Consequently the possible overall uncertainty | 
of Low-Lying Levels of Ke in determining the absolute cross section of the reaction is 30 | 
a —40%. The accuracy of the determination of relative cross | 
Reference|ReferenceReference Our Proton sections for the Ca‘(d, p) Ca"! reaction with different energies 
g is eas Hesults ylpiey of the deuterons is considerably higher, since the same target 
| was used in all the experiments. In addition, after carrying ou® | 
0.03 0 Q Pox the main irradiations at 4, 2.2, and 1.3 Mev, a check run was 
0.80 0.8! 0.76 0.82 Bag made at 4 Mev. The ratio of the differential cross sections 
uae 201 2.06 measured at several angles in the check run to the cross sec- 
2,28 2.08 Pa tions at the same angles in the main run was 0.99, which showec 
2,56 2 56 that the calcium content of the target was practically unchangeil 
was In studying the reaction products from bombardment with 


moderate energy deuterons of any but the very lightest nuclei, 
the problem of impurities in the target is important. Light ele- 
ment impurities are especially harmful, since their reactions occur with a considerable probability even 
for low bombarding energies. Since purified reagents were used for the targets, the only substances which’ 
can appear in significant amounts in the targets are oxygen, carbon, and nitrogen, which are hard to get 
rid of. However, only those protons which come from the C8td pyc" and n4(, p)n® reactions, in 
which the final nucleus is formed in its ground state, have sufficient energy to pass through the absorbers 
placed in front of the plates. The small number of proton tracks from the nitrogen reaction, which were 
observed in the measurements with 2.2 and 1.3 Mev deuterons, did not interfere with the measurements 
since their length is much greater than that of the true tracks. The protons from C(d, p)C" have an en- 
ergy close to that of the particles formed in the potassium and calcium reactions, and can therefore be a 
serious contamination. Experiment showed that the proton group from the reaction on C!® is noticeable 
only for the Ca‘°(d, p)Ca*! reaction with 1.3 Mev deuterons. Using data from the literature on the 
cd, p)C cross section,® we can compute that there is little carbon in the calcium target, and that the 
target consists mainly of calcium oxide (approximately 9 CaO molecules per CaCO, molecule). At angles 
of emergence below 50° we were unable to resolve the proton groups from C!® and Ca??, 

NIKFI Ia-2 plates with an emulsion thickness of 100 » were used in the experiments. The number of 
plates used in the various experiments ranged from 21 to 32. In order to speed up the search, in most 
cases the energy spectrum was taken for each plate with low statistics. Then the limits of a particular 
proton group were found from the histogram, and the number of tracks belonging to this group was counted 
in a definite area of the plate. 

The accuracy of the angular distributions is determined, aside from statistical fluctuations, by many 
other factors (such as the accuracy in alignment of plates, target, collimator, etc.) which are difficult 
to estimate. However, the comparison of the angular distribution of elastic scattering of deuterons on gold 
with the Rutherford formula, and the comparison of the results obtained in the various experiments for 
plates placed at the same angle to right and left of the beam, show that the rms spread in the individual 
points does not exceed 8 — 10% (while the statistical errors are 5 —6% ). We may therefore assume that 


the errors in the measurements of angular distributions, which are not due to statistical fluctuations, are 
surely less than 10%. 
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EXPERIMENTAL RESULTS 


\ The K*(d, eb Sa reaction was studied for a deuteron energy of 4 Mev. Since the normal mixture of 

¢ potassium isotopes was used in the present work, the only proton group which could be selected with cer- 
|) tainty is that from the most abundant isotope K® (93.3%). Table I gives the available data on the lowest 
excited levels of K*", as obtained by Sailor using proton absorption in Al, by 
Buechner et al.® from magnetic analysis of the protons, and by Adiasevich, Gro- 
shev, et al.’ from the spectrum of y rays emitted by K after thermal neutron ab- 
sorption. Figure 1 shows the energy spectrum which we found for protons emitted 
at an angle of 41° with respect to the incident beam. Three proton groups are 
clearly visible on the histrogram. As was to be expected, we could not resolve 
close levels with the plates, so that the group py; contains protons which are 
emitted when K*? is produced in its ground and first excited states, and the group 
P23 contains protons corresponding to the levels at 0.80 and 0.89 Mev. The group 
py is also apparently an unresolved doublet or triplet. 

The angular distributions obtained for the proton groups pp4, Po3, and py are 
shown in Figs. 2, 3, and 4 respectively. The abscissa is the angle of emergence 
of the proton in the c.m. system, and the ordinate is the differential cross section 
in mbarn/sterad. The statistical errors are shown on the figures. The angular 
distributions for the proton groups po, and py 3; were found from three inde- 
pendent expveriments carried out at different times. The results coincided 
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FIG. 1. Spectrum of protons from K¥(d, pk The abscissa is the number 
n of divisions on the microscope ocular scale (1 division = 1.41). 


| within the limits of error. Figures 2 and 3 show the angular distributions for the series in which the plates 
! were set at a large number of angles. 


The angular distribution of the proton group py, which corresponds to formation of Ca"! in its ground 
state in the Ca! (d, p)Ca‘t reaction, was measured for deuteron energies of 4.0, 2.2, and 1.3 Mev. The 
experimental results are shown in 


£2, mbarn/sterad Figs. 5—7. For 1.3 Mev deuterons, 
gm mbarn/sterad ; the angular distribution could only 
“a4 43 4 nen 
Jaane ae (e be measured with very poor statis 
hy tics, and as already mentioned, only 
hf in the angular range above 50°. 


Table II gives the values of the 
total cross section for the various 
proton groups. In the case of the 
groupS Po; and py3 from the 
K(d, p Ke reaction, the averages 
of the results of the three sets of 
experiments are given; the rms 
fluctuation of individual measure- 
ments is 30%. 
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FIG. 3. Angular distribu- 


FIG. 2. Angular distribu- 
tion of the group po, from K. 


The solid curves are computed 


from the Butler formula. 


tion of the group p.3 from K. 
The solid curve is computed 
from the Butler formula with 
L=3. 


DISCUSSION OF RESULTS 


In Fig. 2, which shows the angu- 
lar distribution of the proton group 


Po; from the Kd, py Ke: reaction, we give the curves calculated from the Butler” formula for orbital 
angular momentum of the captured neutron equal to £=1, 2, 3 (the nuclear radius is set equal to 5.8 
x 10713 em in the computations ). Comparison of the shapes of these curves with the measured angular 
distribution shows that even moderately satisfactory agreement can be obtained only by assuming either 
that @=-2 or that the angular distribution is determined by the sum of 2=1 and 2=3 (with relative 
contributions of 1 and 8 respectively). The first assumption contradicts the single-particle model, ac- 
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FIG. 4. Angular distribution of group p, from potassium. 

FIG. 5. Angular distribution of group pp) from calcium for 
4.0 Mev deuterons. The solid curve is computed from the 
Butler formula with £ = 3. 


between the results obtained in the present work, at a deuteron energy of 4.0 Mev for the angular distribu- 
tions of the proton groups po; from the Keita: Dyke reaction (Fig. 2) and pp) from Cat a, pCa. 
(Fig. 5), indicate that the orbital angular momentum of the neutron captured by potassium is 3. On the 
one hand the angular distribution of the group py from the Car Ole p) Cat reaction, as measured by Holt 
and Marsham,? agrees with the calculated curve for £ = 3. Since they used deuterons with an energy of 
8 Mev, which is above the top of the Coulomb barrier, there is no reason in their case for doubting that 
the Butler theory is applicable. On the other hand, the neutron number is 20 in both K® and Ca®®, so that 
the neutron states in the final nuclei should be the same (1 f7/2). 

Thus the comparison of the angular distributions for the proton groups pp; and py leads to the con- 
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FIG. 6. Angular distribution of group py) from calcium for 
2.2 Mev deuterons. The solid curve is computed from the 
Butler formula with 2 = 3, 

FIG. 7. Angular distribution of group py from calcium for 
1.3 Mev deuterons. The solid curve is computed from the 
Butler formula with £= 3. 
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TABLE II. Total Cross Sections 


Deuteron Proton : 
Reaction Energy, Mev| Group: | 2% mbarn 
Kd, p)K%® 4.0 Pos 12 
4.0 Pa 08 
Ca*°(d, p)Ca% 4.0 Po 21 
Pat Po Diep 
hac Po 0.04 


cording to which the odd neutron in the 
K*? nucleus should be in the 1 fy /2 
state. It is true that for the first ex- 
cited level (0.03 Mev) the neutron 
might be in some other state, but ac- 
cording to the shell model this state 
should be either 2 p3/, or 1 f5/2. So if 
we assume that the Butler calculation is 
applicable to the present case, the shell 
model requires the assumption of a mix~ 
ture of 2=1 and @=3. 

However, the very great similarity 


clusion that in the ground and first ex- 
cited states of K*° the neutron has an 
orbtial angular momentum of 3. The 
assumption of a mixture of £=1 and 
2=3 is therefore obviously incorrect. 
The angular distribution of the group 
Po3 (Fig. 3) coincides almost exactly 
with that of the group pp,, so that the 
captured neutron should here be as- 
signed to £= 3. This result is in com- 
plete agreement with the assumption 
that the quantum numbers of the odd 
neutron are the same (1 f7/2) in the 
four lowest states of Ko and that the 
existence of these four states is caused 
by different relative orientations of the 
angular momenta of the proton and neu- : 
tron. From the measured relative in- 
tensities of the respective proton groups § 
it has been possible to make assign- 
ments of all four levels, giving 47, 3°, 
25,.and 5s, inorder of increasing en- 
ergy.’ This is confirmed by our re- 
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sults, BE’ average of the intensity ratio for groups p)3 and Po, for all angles was equal to unity 
(more precisely, 0.97). If we assume that the cross section is proportional to (2I¢ +1), where I, is the 
spin of the final state, the equality of the intensities requires that levels with spins of 4 and 3 contribute 
to the one group, and levels with spins 2 and 5 to the other. 

We should mention that the differential cross sections for the group py (Ca‘?) and the sum of the dif- 
ferential cross sections for groups Poi and pog ( Ky are practically the same at the peak of the angu- 
lar distribution. Since the statistical factors (2I¢ +1 )/(21; + 1) are the same in both cases, this indi- 
cates that the reduced widths of the final states are equal, which once again confirms the validity of our 
conclusions concerning the low-lying excited states of K*°, 

The differential cross section for formation of group py (Fig. 4), both at the maximum and at large 
angles, is several times greater than the cross section for formation of groups Po, and p93. This is still 
another indication that this group corresponds to several levels in the K*° nucleus. The maximum in the 
angular distribution of this group is considerably sharper, and is at a smaller angle, than that of the longer 
range protons. It is therefore reasonable to assume that the angular distribution is mainly determined by 

= lor 2, and that £=1 is more probable, since the large differential cross section is evidence that the 
corresponding level is a single-particle level and according to the shell model d-states should not appear 
at low excitations. So apparently among the levels corresponding to the group py, there are one or more 
in which the neutron is in a 2p3/, state. 

By using the results for the Ca‘(d, p)Ca*! reaction with 4.0 Mev deuterons, we have succeeded in get- 
ting some information about the low-lying excited states of K*’, In addition, from these same results it 
follows that the Butler? theory, as usually stated, is not applicable to the description of angular distribu- 
tions of protons produced in reactions of 4 Mev deuterons with nuclei having Z around 20. The-main dif- 
ference between the experimental angular distributions and those calculated from this theory is that the 
maximum in the differential cross section, which is a characteristic feature of the stripping reaction, is 
shifted toward smaller angles and is broadened. This fact was already pointed out in our paper? on the 
22 ( d, ps” reaction. The displacement and broadening of the maximum is considerably greater for cal- 
cium and potassium than for sulfur. This may be explained first of all by the difference in nuclear charge, 
and secondly by the difference in orbital angular momentum of the captured neutron (2=2 for sulfur and 

= 3 for calcium and potassium). The results found for the Gad; pyea" reaction with 2.2 Mev deu- 
terons (Fig. 6) show that for this case the maximum of the differential cross section is close to 0°, i.e., 
the difference between the experimental and theoretical distributions increases with decreasing deuteron 
energy. At 1.3 Mev (Fig. 7) the cross section apparently becomes more isotropic; if there is a rise at 
low angles, it starts at angles below 50°. Despite the fact that its position is close to the calculated loca- 
tion, the maximum, of which there isa hint around 80 — 90°, can hardly be the principal maximum which is 
characteristic for the stripping process. In any case, the results found with 4.0 and 2.2 Mev deuterons 
make this unlikely. If this maximum is not caused by a chance fluctuation of the points because of the poor 
statistics, then it is more likely that it is the secondary maximum associated with the stripping process 
(cf. for example, Fig. 5), or is caused by the symmetry of the differential cross section about 90° which 
occurs when the reaction goes primarily via the compound nucleus. In the latter case, as shown by calcu- 
lation of Pratt!® based on the statistical theory of Wolfenstein, !! if the final nucleus is formed in a 7/27 
state, the cross section has a maximum around 90°. 

Since a considerable difference between experimental angular distributions and those calculated from 
Butler’s formula appears at deuteron energies less than or equal to the height of the Coulomb barrier, 
and since this difference increases with increasing nuclear charge and decreasing deuteron energy, it is 
obvious that for a correct description of the experimental results we must include both the Coulomb inter- 
action and the nuclear interaction between the particles participating in the reaction. The fact that the 
maximum is shifted toward 0° shows that the nuclear interaction is very important at low deuteron ener- 
gies, since the Coulomb interaction by itself shifts the peak toward larger angles,’ i.e., in the opposite 
direction. 

In conclusion, it is a pleasure to express our thanks to S.S. Vasil’ev for his interest in the work, and 
to the operating crew of the cyclotron, in particular to G, V. Kosheliaev, A. A. Danilov, and V. P. Khlapov. 
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The energy dependence of the effective cross-section for the neutron-induced disintegration 
of C!? into three a particles was investigated for neutron energies between threshold and 19 
Mev. Information about the mechanism by which this reaction goes (in the indicated energy 
range ) was obtained from calculations of the excitation energy of intermediate nuclei formed 
during the decay, and also from the distributions of the reaction products in space and energy. 


Many authors have studied the disintegration of C' into three a particles as induced by fast neutrons. 
The most detailed examination of this reaction was carried out by Frye, Rosen, and Stewart,! whose work 
extends the data given by earlier workers (Ref. 2, and others). However, several points remained un- 
clear, in particular the energy dependence of the effective cross section near the threshold and the maxi- 
mum, how the mechanism of the reaction depended on the energy of the incident neutrons, and the question 
of whether direct interaction processes occurred at neutron energies of 18 to 20 Mev. 

In this paper we investigate the energy dependence of the effective cross section for the decay of C” 
into three a particles from threshold (Q = —7.28 Mev) to 19 Mev, and try to see how the mechanism of the 
decay depends on the energy of the incident neutrons. 

Decay stars were observed both in NIKFI-Ja-2 emulsions and also in specially prepared layered emul- 
sions loaded with a powder of spectroscopically pure carbon, the grain size being about 1 uw. The carbon 
powder enabled us to distinguish between three-pronged stars corresponding to the decay C!? — 3a and 
three-pronged stars due to the reaction N“4(n, 2a) Li’, and also enabled us to take into account decays 
which looked like two-pronged stars because the third a particle had too little energy to make a track in 
the emulsion, thus giving a better value for the effective cross section. 

The plates were exposed to neutrons from a thick lithium target bombarded by deuterons accelerated 
to 4 Mev in a cyclotron. Before hitting the emulsion, which was inclined at an angle of 6° to the incident 
current, the neutrons passed through a system of collimators. The cassettes containing the emulsions 
were shielded from scattered neutrons. 
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More than 500 stars, corresponding to the disinte- 
gration of Cc into three a particles, were observed. 
Taking the direction of the incident neutron to be 
known, the laws of energy and momentum conservation 
were used (see Ref. 2) tocalculate, for each star, the 
energy of the incident neutron, the energy of the in- 
elastically scattered neutron, and the direction in 
which the inelastically scattered neutron flew away. 
The neutron current was obtained from the recoil pro-. 
tons in the same plate used to observe the decay stars. 

The wide energy range over which the lithium neu- 


trons were distributed allows us to obtain the energy 
dependence of the cross section near threshold, and 
also to get a better value for the position of the maxi- 
mum (Fig. 1). As one can see, our cross section 
agrees with the data of Refs. 1 and 2 within experi- 
mental error. Changes in the form of the cross sec- 
tion can be explained by the presence of various me- 
chanisms for the decay, the probability associated with 
each mode depending on the energy of the incident 
neutrons. 

The two fundamental reactions involved in the dis- 
integration of C™ into three a particles are (n, n’ ) 
and (n, a); each can go through various intermediate nuclei in varying states of excitation. The reaction 
foe (n, n’) can go in the following ways: (a) simultaneous disintegration into a neutron and three a par- 
ticles, ey n, n 3a ); (b) the neutron is inelastically scattered from c2, and the excited carbon nucleus 
then breaks up, all at once, into three particles, C!2(n, n’)C'!*3a; (c) the excited C! nucleus can emit 
an a particle, and the residual Be® nucleus in its ground state or an excited one then breaks up into two 
a particles. The reaction (n, a) on the nucleus C™ can go in two ways: in the first way, the excited Be® 
nucleus emits a neutron, leaving Be® in either its ground state or an excited one, with subsequent decay 
into two a particles; in the second way, the Be® nucleus emits an a particle, leaving the unstable He® nu- 
cleus which then breaks up into an a@ particle and a neutron. 

In order to clarify the mechanism by which the reaction goes at various energies of the primary neu- 
trons, we calculated the excitation energies of the intermediate nuclei ci Be’, and Be® for the observed 
stars. The excitation energies so calculated corresponded, more or less, to the known energy levels of 
these nuclei. This indicates that in a given energy range there is a definite probability for decay through 
a given intermediate nucleus; as the energy of the primary neutrons increases, higher and higher energy 
levels appear in the intermediate nuclei, while the relative probabilities for decay through these levels 
tend to decrease. The table shows, for each energy of the primary neutrons, the fraction of the total num- 
ber of decays which go through various levels of the intermediate nuclei. From an examination of the 
table it appears that a considerable 
fraction of the disintegrations 
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FIG. 1. The effective cross section for the 
decay of C! into three a particles when bom- 
barded by fast neutrons. O-— data of the work 
reported in this paper, <X —data from Ref. 1, 
11— data from Ref. 2. Solid curve —the cross 
section according to Sachs’ semi-empirical 
formula,* with R = 0.88, a = 1.06. 
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in the center-of-mass system with a theoretical energy distribution cal- — 
culated for the corresponding process by the statistical theory.’ The 
comparison has shown that the fraction of direct break-ups increases 
with increasing energy of the primary neutrons. 

A theoretical curve for the effective cross section has been calculated 
by Sachs,’ who assumed that the system n + c! broke up into a neutron 
and three a particles after statistical equilibrium had been reached within 
the interaction radius of n+C!, This theoretical curve agrees well with! 
the experimental one, which confirms the existence of direct break-ups. 
The agreement between the experimental and theoretical curves is par- 
ticularly good in the first half of the energy range, the empirical coeffi- 
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FIG. 2. The angular dis- cients characterizing the interaction volume being R = 0.88, a = 1.06 
tribution of the inelastically (Figw1): 
scattered neutron in the As the energy of the primary neutrons increases, the effective cross 
center-of-mass system. section for the process C!2 — 3a decreases. This can be partially ex- — 
Solid curve —E,, = 18—19 plained by the presence of direct interaction processes, which occur with- 
Mev, dashed curve — E, out the formation of a compound nucleus. It is well known that a direct _ 
= 13—14 Mev. interaction is characterized by an anisotropic angular distribution for the: 


inelastically scattered neutron (in the center-of-mass system), and the 

presence of reaction products with an anomalously high energy. For neutron energies Ey, larger than 
18 Mev, the center of mass angular distribution of the inelastically scattered neutron does have a peak 
in the forward direction (Fig.2). Inthis same energy range, the energies of the inelastically scattered neu- 
trons were anomalously high. This confirms the existence of a direct interaction for Ey = 18 Mev. These: 
processes must, of course, decrease the effective cross section since the energy of the emitted neutron _ 
is, in many cases, too large for disintegration to take place. 

For En = 18 Mev, there are also anisotropies in the angular distributions of the a particles. About 
70% of the a particles from the disintegration fly out forward, which suggests that the incident neutron 
might just knock the a particle out of the C! nucleus. 


‘Frye, Rosen, and Stewart, Phys. Rev. 99, 1375 (1955 ). 
21. L. Green and W. Gibson, Proc. Phys. Soc. (London) A62, 296 (1949). 


3G. E. Uhlenbeck and S. Goudsmit, Pieter Zeeman Verhandelingen, Martinus Nijhoff, The Hague, 1935, 
peZ0l: 


4M. Sachs, Phys. Rev. 103, 671 (1956). 
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EQUILIBRIUM DISTRIBUTION OF CHARGES IN A BEAM OF IONS OF LIGHT ELEMENTS 
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The equilibrium distribution of ionic charges of light elements with atomic numbers Z be- 
tween 5 and 10 was studied after passage of the ions through hydrogen, air, argon, and cellu- 
loid film with velocities ranging from 3.5 to 8—11 x 10® cm/sec. The mean ionic charge i 
was found to be from 10 to 30% larger after passage through the film than after passage 
through air. The values of i in gases were found to differ by 10 —20%. The distribution of 
the ions in a beam with respect to i is approximately Gaussian. 


1, INTRODUCTION 


Ir is well known that when accelerated multiply charged ions pass through matter, the exchange of elec- 
trons between the ions and the atoms of the medium results in the establishment of an equilibrium distri- 
bution of charges which is dependent on the velocity of the particles. The study of the equilibrium distri- 
bution of charges is of considerable interest both for practical purposes and for the purpose of improving 
our understanding of the processes which occur when ions pass through matter in the region for which 
there is no rigorous theory. The results of such investigations can be used in the study of problems as- 
sociated with the production of multiply charged ions at high energies, in determining the nature of the 
particles generated in nuclear reactions, etc. 

Thus far only very incomplete experimental data have been available regarding the distribution of the 
ionic charges of light elements. The most systematic results have been obtained at energies ranging 
from 20 — 40 to 200 kev.'? For ions with nuclear charge Z 25 this energy region corresponds to ve- 
locities v < v9 =e?/h, at which the mean ionic charge i is many times smaller than Z. For higher 
energies data on the charge distribution exist for helium ions!?34 passing through various substances, for 
lithium® and nitrogen®? ions after passage through organic films and for individual energies of nitrogen 
ions in nitrogen,® of oxygen and neon ions in argon? and of nitrogen, oxygen, and fluorine ions after pas- 
sage through organic films.!° Theoretical calculations of the charge distributions and mean charges for 
ions with Z >2 (Refs. 11—15) are approximate and are in need of experimental verification. 

In the present work we have determined the equilibrium distribution of the ionic charges of light ele- 
ments with atomic numbers Z from 5 to 10 after their passage through hydrogen, air, argon, and cellu- 
loid film with velocities ranging from 3.5 to 8—11 X 10° cm/sec, i.e., for v ~ 1.5—5 vo. 


2, EXPERIMENTAL METHOD 


The source of fast particles was a 72-centimeter cyclotron. In this work we used the following accel- 
erated ions: 


11B41,42.43- 13C+2,+3- 14) +243, 16O+2,+3 and 20Net2-+3 


A narrow ion beam extracted from the cyclotron and passing through slit 1 (Fig. 1) was deflected in the 
magnetic field H, and passed through the entrance channel 2, of cross section 1 x 0.1 cm? and length 

3 cm, into the charge-exchange chamber of about 4.8 m length. Exit channel 3 had a length of 3 cm and 
cross section 0.5 X 0.1 cm?. The particles passing through the chamber were analyzed by magnet H, 
and were then registered by counters 5, which were described in Ref. 7. The pressure in the charge-ex- 
change chamber during measurements of the equilibrium charge distribution was approximately 70 times 
greater than the pressure in adjacent portions of the vacuum system and was varied from 5 X 107? to 8 

x 107? mm Hg. 
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1 In the majority of cases the charge of the 


Eprom = accelerated ions was smaller than the mean 
| charge i of the equilibrium distribution. | 
To pump Therefore, when the pressure was increased, | 


the mean charge at first increased and then 
began to decrease because the particles were 
decelerated by the gas. The maximum mean. 
charge corresponded to the pressure at which © 
0 0 206 JIG 40 S0O mm the velocity loss of the particles passing | 
| 
| 


through the charge-exchange chamber was 
about 2%. At this and higher pressures, the 
charges had practically an equilibrium distri- 
FIG. 1. Diagram of the apparatus bution. The relative intensity 4; of any indi- | 
vidual charge group in the ionic charge distri- | 
bution (i) was determined by the velocity of the ions and varied little with the pressure. In most in- | 
stances the error in values of ®; (Table I) was the possible result of ion scattering in the gas. The mag- 
nitude of this error was estimated from the variations of #; with pressure. The statistical error was | 
important only for #; = 0.02. Errors due to other causes were insignificant. 
In order to determine the equilibrium charge distribution after the passage of ions through an organic 
film, film 4 of thickness ~ 10ug/cm? was placed in the path of the beam, 2 cm in front of channel 3. After 
passage through this film the ions had an equilibrium distribution, as was shown 


TABLE I. Relative errors by measurements with a film of twice the thickness. During the measurements 
of experimental values with the film the pressure along the entire trajectory of the beam was ~ 1—2 
of © x 107° mm Hg. The width of channel 3 remained 1 mm, as during the determi - 
nation of charge distribution in gases. Insome instances the distributions wer= 
Co) | 0.4 | 0.4 | 0.02 | 0,003 compared as the width of the channel was varied from 0.3 to 3 mm. The varia- 
| tion of the relative intensities of individual charge groups then did not exceed in 


0.20 absolute value the variations which resulted from a 1% change of velocity. 

The velocity of the particles was calculated from the field strength of 
the deflecting magnet, which was calibrated with deuterons of known en- 
ergy, making allowance for energy losses in the gases and film. The error in the velocity determinations 
was due mainly to inaccuracy in the calibration of the magnet and amounted to ~ 2%. The error in the ve- 
locity ratio did not exceed 1% and resulted from variation of the ion trajectories in the magnetic field of 
the cyclotron and from errors in determining the field of the deflecting magnet. In each individual exper- 
iment the velocity spread of the ions traversing channel 2 into the charge exchange chamber did not ex- 
ceed 0.5%. 


A®/® | 0.02 | 0.04 | 0,040 


3. EXPERIMENTAL RESULTS 


The measurements of the equilibrium distribution of boron, nitrogen, and neon ion charges are repre- 
sented in Figs. 2—4. The values of @; between the experimental points were taken from curves repre- 
senting the dependence of log( @j4;/@j) on log v, which were plotted from the experimental values of 
$j\4;/®j; this is simpler than the dependence of #; on v and permits more reliable interpolation. As 
an example Fig. 5 gives curves showing the dependence of log( $;,;/6;) on log v for oxygen ions. In 
order to obtain the dependence of ®; on v at low velocities for nitrogen and neon ions we used the ex- 
perimental values of $j; in Ref. 2. For nitrogen, oxygen, and neon ions the error in the values of 6; be- 
tween our experimental points does not exceed the errors in the measurements of @; which were men- 
tioned above. For boron ions, and also for nitrogen and neon ions at low velocities, aie interpolation is 
less reliable and the error is apparently 2—3 times greater. 

The velocity dependence of the degree of ionization i/Z in the different media is given in Fig. 6. The 
error in i/Z is about 1%. 

In addition to the results already mentioned, we obtained the equilibrium distribution of helium ion 
charges at three different velocities, after passage through a celluloid film. These results are given in 
Table II. 


Figures 2—4 show that the charge distribution in an ionic beam generally differs after passage through 
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FIG, 2. Equilibrium distribution of boron ion charges after 
passage through a: @®—air, O—celluloid film; b: @—argon, 
= hydrogen 
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FIG, 3. Equilibrium distribution of nitrogen ion charges after 
passage through a: air; b: @—argon, O—hydrogen. The heav- 
ier lines at low velocities represent results taken from Ref. 2 
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FIG. 4. Equilibrium distribution of neon ion charges after pas- 
sage through a: e—air, O—celluloid film; b: @—argon, O— 
hydrogen. The heavier lines at low velocities represent results 
taken from Ref. 2 


where 
ig=i+ = In (D;4;/;_-4). 


-8 
v0” cm/sec 
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different media. There is a strik- 
ing difference in the character of 
the velocity dependence of 4444/9; 
after passage of the ions through 
solid and gaseous matter (Fig. 5). 
When boron and oxygen ions pass 
through a celluloid film, just as for 
ions of helium,‘ lithium,® and nitro- 
gen,’ the values of 
d log (® 


i= 


i41/®;) 
dlog v 


vary little for velocities from 4 to 
8 x 10° cm/sec, so that ;,,/%; 
shows a nearly power-law depend- 
ence on the velocity ( ®j44/®; s 
CivSi). For all of the indicated 
ions ky ~ 2.5—3; for i~ Z/2 
the value of k; is close to 4 and 
kz-, is around 4.5—5. When 
boron, nitrogen, and oxygen ions 
pass through gases the values of 
kj in the same velocity range are 
greatly increased. For example, 
in the case of oxygen in argon ko, 
kz, and ky increased from 3 —4 
to 6 — 7, which is almost double. 
At high velocities k; is again re- 
duced, as is shown by the data for 
boron ions. 

Log ( ®j4;/;) has different 
values for different gases at the 
same ion velocity, but in most 
cases the differences log( 4;/%;-;) 
— log ( ;4;/%;) = 0.434/o? are 
identical within the limits of error. 
0; does not change greatly as the 
charge and velocity are varied. 
The dependence of 0; on v and 
i is found to be especially slight 
for i< Z—2 inthe case of ni- 
trogen and oxygen ions. In the ve- 
locity range from 3.5 to 8 X 108 
cm/sec the variation of o; for 
these ions is + 7—10%. For a; 
= 0 = const we have the relation 


@; = Aexp [— (i — i,)?/26°J, 


For not very small values of the mean charge {the value of A is close to 1/aV2m, while ig is close 
to i [when i>1.5 and o& 0.7, we have |i —ig| < 0.003 and |(1/oV2r) — A] < 0.002]. Therefore 
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FIG. 5. Dependence of log( 4j4,/#;) on log v for oxygen ions after: 
passage through hydrogen (dots), air (dots and dashes), argon ( dashes 


and open circles), celluloid film (solid lines and heavy dots). 
} 


our values of ®; can be represented approximately by the Gaussian 
function 


es vate 1 i i 
(i) +0 (i) = 1 exp | 558 


For boron, nitrogen, oxygen, and neon ions o@ is 0.65, 0.80, 0.83, 


Hee o and 0.76, respectively. For nitrogen and oxygen ions with velocities 
Sees a arena from 3.5 to 7.5 X 108 cm/sec, the experimental values of @:(i-i) do | 
TEE GEE not differ from °(i—i) by more than 5% when 4; = 0.2 (Fig. 7); 


logy 10 cm/sec | 
when 4; = 0.1 the difference is not greater than 15% and for ©; ~ 0.02) 


it is about 30%. For boron ions in the velocity range 3.5 — 11 x 10° cm/sec the corresponding difference | 
is 1.5 —2 times greater and for neon ions it is 3 times greater than for oxygen ions. The values of 9j, | 
after passage through a celluloid film, can also be represented approximately by a Gaussian function with | 


T 
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FIG. 6. The velocity dependence of the degree of ionization i/Z after the passage of 
ions through a —hydrogen, b—air, c—argon, d—celluloid film. The solid lines at low 
velocities represent results taken from Ref. 2 
EE EE ee eee 
the same values of o as for the passage of the ions through gases (for carbon ions o ~ 0.73). But the 
difference between 6;(i-—i) and °(i-—ji) in this case is 1.5—2 times greater than for the passage 
of the same ions through gases. 
The following characteristics of i/Z can be noted for the passage of ions through different media: 
1. For values of i/Z from 0.2 to 0.6 the mean charge in argon, for all of the ions investigated, is 
greater than the mean charge in hydrogen (by about 10 — 20%). The mean charge in air depends less 
strongly on velocity than the mean charge in hydrogen and argon. When i/Z ~ 0.3 it is close to the 
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TABLE Il. 4; and i for 


helium ions passing through 
celluloid film ~ 20 pg/cm? 
thick 


cm/sec 


OAL ks DyiOrmliea 


6.0 | 0.017 |0,368]0.615) 1.60 
8.0} 0.002 |0,.145)0,853} 1,85 
18.3 |~0.0001 10,005) 0.995} 1,995 


FIG. 7. Dependence of 4; on i-i for oxygen ions: O—in mean charge in argon, but when i/Z 
hydrogen, 1 —in air, A—in argon, and X—in celluloid film. The ~ 0.5 it approaches the value of i 
solid line is a Gaussian curve with o = 0.83 in hydrogen. For i/Z ~ 0.8, the 


mean charge of boron ions is great- 
est in hydrogen, and smallest in argon. In hydrogen i is 10% greater than in air and 13% greater than in 
argon. 

2. The mean charge of ions after passage through celluloid film in a broad range of velocities is 
greater than the mean charge of the ions in gases, and with increasing nuclear charge Z of the ions the 
excess of the mean ionic charge after passage through the film over the mean charge in air increases 
quite rapidly. While for boron ions with i/Z ~ 0.4 this excess is ~ 15%, for neon ions it is ~ 30%. For 
the light group of uranium fission fragments (Z = 38) this difference is known! to be 40% and for the 
heavy fragments (Z =54) it is 50%. Only at relatively high velocities with i/Z ~ 0.8, for which data on 
boron ions are available, is the mean charge after passage through the film found to be 4% smaller than 
the mean charge in hydrogen. 

3. The degree of ionization of the investigated ions in air, hydrogen, and argon can be represented 
within the range i/Z ~ 0.2—0.6 as a different function of the parameter v/vgZ@ with a x 0.4 for each 
gas. When i/Z is represented in the same form for the passage of ions through a celluloid film, the ex- 
ponent a is not even approximately constant: for Z~5—6 the value of a@ is close to 0.35, while for 
Z~ 8—10 we have a~ 0, 


4, DISCUSSION OF RESULTS 


Our values for the mean charge of ions which have traversed a celluloid film are in good agreement 
with the mean charge of nitrogen ions given in Refs. 6 and 7. 

The distributions of nitrogen and oxygen ion charges which are given by Stephens and Walker” can be 
compared with the corresponding distributions in the present work and in Refs. 6 and 7 if the ion veloci- 
ties given in Ref. 10 are reduced by 8%. In view of this discrepancy, Reynolds et al. checked their ion 
velocity measurements by measuring the energy of recoil protons. In the present work and in Ref. 7, ion 
velocities were determined from the curvatures of particle trajectories in the magnetic field as calibrated 
with deuterons, and they cannot contain such a large error. In Ref. 10 the velocities were calculated from 
the frequency of the accelerating electric field between the dees and from the final trajectory radius, and 
may therefore be too high. 

The mean charge of oxygen and neon ions in argon, as given in Ref. 9, is 5 —7% below the mean charge 
of these ions in argon as shown in Fig. 6c, and is about 7% greater than the mean charge in hydrogen. In 
Ref. 9 no essential difference was found in the values of i for different gases, but the authors do not ex- 
clude the possibility of a difference on the order of 10%. Within this limit of accuracy, the results of Ref. 
9 agree with ours. 

The article by Korsunskii et al.® gives the charge distribution only for the charge portion of a beam of 
nitrogen ions passing through nitrogen. Since the values of ) are not given, it is best to compare values 
of ;,,/;. The values of ¢,/6, for ion energies of 0.8—1.0 Mev, are approximately 1.5 times lower 
than in our present work. This discrepancy may possibly result from the fact that in Ref. 8 the beam 
passed through a layer of gas only about one tenth as thick as ours. Under such conditions the charge dis- 
tribution can differ appreciably from equilibrium, as shown by our measurements, The values of 3/4, 
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and ,/, agree with ours; the explanation for this may be that for charges which differ more from ah | 
mean charge the equilibrium value of j,,/6; is reached in a thinner layer of gas. In both investigations 
the values of #;/, are apparently not very accurate, but agree in order of magnitude. ‘ 

Existing theoretical calculations of the equilibrium distribution and mean charge yield values of 9j 
and i which differ considerably from the experimental results. Calculations of the equilibrium charge 
distribution in Refs. 11 and 12 give lower values of k; (around 3). The calculated values of 9%; Be at the 
maximum ~ 20% below experimental values. The mean charge as calculated in Refs. 11—14 differs by 
10 —30% from experiment, and none of the methods used agrees better than the others with experiment _ 
Bohr’s formula i = 21/3y/v> in Ref. 17 gives values of i which are 1.5 —2 times higher than experiment. | 

Brunings, Knipp, and Teller,’ in attempting to improve Bohr’s approximate formula, assumed that an 
ion traversing matter retains electrons with orbital velocities that satisfy ve > yv. For the calculation 
of ve, they used the statistical model of the atom; in one calculation they separated from the electronic 
cloud of the ion the energetically most easily removable electron, and in another calculation they sepa- 
rated the outermost electron. The two different calculations are represented by _the coefficients y, and 
Y., respectively. For. y,; = const the dependence of 3/Z on v inthe interval i/Z ~ 0.3—0.6 is 
stronger, and for y, =const it is weaker than the experimental dependence for all of the substances in- 
vestigated. With increasing velocity, the experimental coefficient y, is reduced by 10 — 30% while 
increases by 10 —30%. According to Ref. 15, the degree of ionization i/Z in the same range must be a 
function of v/vyZ@, where for Z~6—10 with y,=const a x 0.55 and with y. =const a = 0.33, Ex- 
periments show that for ions passing through gases i/Z actually can be represented as a function of 
v/voZ%, and although the form of the function differs with the substance we have the approximately con- 
stant value as 0.4 within the indicated limits. Bohr’s formula gives a@ = Pies Thus the consistent use 
by Brunings et al. of the statistical atomic model gives a more nearly correct relation between i/Z and 
Z than does Bohr’s formula. 

. The method of Brunings, Knipp, and Teller does not permit us to draw any conclusions regarding the 
different values of i in various media. Livesey’s calculation’? of the mean charge of nitrogen ions in 
air and solid matter does not give the correct ratio between the values of i in these media. According 
to these calculations, the mean charge in a solid is smaller than the mean charge in air. A qualitatively 
correct ratio between the values of the mean charge in different gases with i/Z ~ 0.5 was obtained by 
Gluckstern,!! who calculated i from the cross sections for electron loss and capture. However, the ab- 
solute values which he obtained for i are 20 —30% below the experimental values. 

Our relations between the values of the mean ionic charge in different media reflect the behavior of 
the cross sections for electron capture o, and loss Op in these substances. The cross sections Oo 
and og increase with the atomic number Zy, of the medium. Larger values of i in heavier gases for 
PAZPAL0 0.5 (v~4—7*X 108 cm/sec) show that Oy increases with Z,, by a higher power than Oo: 
and this is a qualitative confirmation of the approximate determination of ae and 9d, based on the sta- 
tistical model. According to these calculations!" ® og is proportional to Z%43 and 0, is proportional 
to Zee At high velocities 0, must be proportional to ike and 0, must be proportional to Tires so 
that in the lightest elements the mean charge must be larger. We obtained the corresponding ratio be- 
tween the values of i in gases for boron ions with v ~ 11 X 108 cm/sec. The relative increase of the 
mean ionic charge in air compared with hydrogen and argon for v = 4X 10® cm/sec cannot be explained 
by the Thomas-Fermi statistical model and is apparently associated with the structural characteristics 
of atoms with unfilled shells, especially in the case of relatively large atomic dimensions, which must re- 
sult in some increase of gy. 

The large value of i in solid matter compared with its values in gases for uranium fission fragments 
has been attributed by Bohr and Lindhard” to changes in oy and o, resulting from ionic excitation. An 
analogous difference between values of i for lighter elements evidently has the same causes. A reduc- 
tion of the mean electronic binding energy in an ion traversing solid substances must result not only in 
an increase of og but also evidently in a shift of the maximum of oy as a function of v at low velocities. 
Since the cross sections for the simultaneous loss and capture of two electrons are considerably smaller 
than the corresponding cross sections for a single electron!®»?°, for the most intense charge groups, at 
least, j4,/®j = 0g(i)/o¢(i+1), where og(i) and o¢(i+1) are the single-electron loss and capture 
cross sections for ions with charges i and i+ 1, respectively. Thus 


| 


d log (D;, ,/®;) 
n d log uv 


Ri lee Rind is 
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. where 


Rj (i) =dloga, (i)/dlogv, ke (i + 1) =dlogs,(i + 1)/dlogy. 


The shift of the maximum of 0, towards lower velocities when ions pass through solids must lead to a 
reduction of ky and consequently of kj; this is observed experimentally. Thus the difference in the equi- 
librium charge distribution after ion passage through gases and film can be explained qualitatively by ex- 
citation of the ions. A more thorough discussion of this question requires more complete information con- 
cerning the cross sections for electron loss and capture. 

In conclusion we consider it our duty to thank S. S. Vasil’ev for his comments during the discussion of 


our results, and to the cyclotron crew, especially G. V. Kosheliaev, A. A. Danilov, and V. P. Khlapov, for 
their assistance in the experimental work. 
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Fission events induced by 660-Mev protons in uranium nuclei, involving the emission of 
charged particles, have been observed in P-9 nuclear emulsions. The angular distribution 
of these particles, with respect to the direction of the incident beam and the fragment line 

of flight, has been measured. It has been established that the protons do not exhibit an ang- 
ular correlation with the fragments; however, the possibility has not been excluded that some 
of the protons are emitted by the fission fragments. The a particles and multiply-charged 
particles have a tendency to be emitted at large angles with respect to the fragments. Pos- 
sible factors which may be responsible for the observed correlation between the fragments 
and q@ particles are discussed. 


INTRODUCTION 


Experiments on fission in heavy nuclei induced by high-energy nucleons, performed with nuclear 
emulsions, indicate that fission is frequently accompanied by the emission of protons, a particles, and 
heavier particles, which are emitted from the fission site. In a photoemulsion, such a disintegration event 
looks like a star containing two additional dense fragment tracks ( “star” fission ).! -4 The existence of 

an anisotropy with respect to the beam direction (approximately 60 percent of the particles are emitted 

in the forward hemisphere ) leads us to assume that some of these particles are emitted by the nucleus 

in the first or cascade stage of the disintegration process. An estimate of the fraction of cascade protons, 
based on the magnitude of this anisotropy, is in agreement with the results of a Monte Carlo calculation. 
The isotropic distribution of low-energy charged particles can, in most cases, be associated either with 
evaporation from the nucleus prior to fission or emission from excited fragments. Comparing the number 
of charged particles observed in fission of heavy nuclei with the theoretical number expected on the basis 
of a model in which there is preliminary emission by the fissioning nucleus, Shamov® concludes that the 

q@ particles and protons are evaporated from the nucleus prior to fission. In a paper by Ivanova and P’ia- 
nov,” however, it is indicated that a comparison of this kind does not allow us to distinguish emissive 
uranium fission from a fission which occurs in one of the intermediate levels of an excited nucleus. A 
calculation carried out by these authors has shown that the sum of the number of charged particles emitted 
by the uranium nucleus in cooling to approximately half the initial excitation energy, plus those emitted by 
the fragments, is equal to the number of particles which would be emitted from the urnaium nucleus before 
it is completely cooled prior to fission. 

One of the factors that permit appraisal of the validity of various fission models at high excitation en- 
ergies is the existence or absence of an angular correlation between the paths of the evaporated particles 
and the fission fragments.6 An experiment on correlation of neutrons and fragments, similar to the well- 
known Fraser experiment on thermal neutrons, was carried out by Harding and Farley, who investigated 
uranium fission induced by 147-Mev protons." Harding and Farley concluded that the majority of neutrons 
(approximately 80 percent) are emitted by the nuclei prior to fission. However, this result does not ex- 
clude the possibility that an increase in the energy of the bombarding particles to 500 —700 Mev might re- 
sult in the development of an intranuclear cascade and that the increased excitation energy might lead to a 
situation in which some of the highly-excited nuclei undergo fission from one of the higher levels. 

At the present time, there is apparently only one paper on the angular distribution of light charged par- 
ticles with respect to the fragments in fission induced by fast nucleons.’ In a paper by Belovitskii et al.4 
a study was made of uranium fission induced by neutrons obtained by charge-exchange from 480-Mev pro- 
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tons. It was found that protons were emitted isotropically, whereas the a particles have a tendency to be 
emitted at right angles to the fragment line of flight. Unfortunately, because of poor statistics (27 a par- 
ticles ) this result was not very conclusive. 

In the present work we have undertaken to investigate, with better statistics, the angular distribution 
of charged particles with respect to fragments in uranium fission by high-energy protons. Since an ang- 
ular correlation is to be expected only for particles of evaporation origin, the investigation was carried 
out with a low-sensitivity emulsion which could be exposed to a higher flux of bombarding protons. 


EXPERIMENTAL ARRANGEMENT 


In this work use was made of plates with P-9 fine-grain nuclear emulsion prepared in the laboratory 
of Professor N. A, Perfilov. The thickness of the sensitive layers was 100 and 200p. The emulsions 
were sensitive to 30-Mev protons. The uranium was introduced by impregnating the emulsion in a water 
solution of NaUO,( C2H30,)g. 

The plates were exposed in the extracted 660-Mev proton beam from the synchrocyclotron of the Joint 
Institute for Nuclear Research. Some of the plates (first series) were exposed in a proton flux which was 
parallel to the plane of the emulsion; the second group was exposed perpendicularly to the beam. For pro- 
tection against slow neutrons the plates were placed in a cadmium cover with double walls, between which 
borax was placed (a layer 1 cm thick). The emulsions were processed in the usual way, using tempera- 
ture development. The scanning was carried out with a MBI-3 microscope with a magnification of 5 x 90 
x 1.5; the measurements were performed at maximum magnification. The angles were measured with an 
ocular angle gauge accurate to 1° — 2°; the accuracy of the length measurements in the vertical and hori- 
zontal projections was approximately 0.5. 

The first series of plates yielded the spatial angular distribution of the particles with respect to the 
fragments. For this purpose measurements were made of the inclination of each track to the plane of the 
emulsion and the angle between the projections of the tracks on this plane. The shrinkage factor for the 
emulsion was determined as by Vigneron® and Gramenitskii and Podgoretskii® from the observation of the 
a particles due to the natural radioactivity of the uranium in the same plates. The shrinkage factor was 
found to be 1.85 + 0.15. The same value was obtained by direct measurement of the emulsion thickness 
before and after development, using other plates under analogous experimental conditions. 

In the second series of plates, which were exposed perpendicularly to the beam, only the angular distri- 
bution in projection was taken. In fission induced by high-energy particles the fragments frequently fly 
apart at angles less than 180° so that in these cases the angles could be read by using the lines connecting 
the ends of the fragment tracks. 

The identification of the tracks of charged particles in “star” fission events was carried out visually. 
The reliability of this method of distinguishing singly and doubly charged particles (with preliminary 
training of the observers) has been indicated by Serebrennikov’® and was verified in the present work. 
The error in assigning tracks to one or the other of the groups was less than 5 percent. Doubtful cases 
were not included in the experimental statistics. 


EXPERIMENTAL RESULTS 


In all, 3201 cases of uranium fission were recorded, including 1156 in the plates of the second series. 
The prong distribution of the fissions (i.e., the distribution over the number of light charged particles 
emitted in fission) was as follows: 0 prongs —43.7%, 1 prong — 25.3%, 2 prongs — 15.7%, 3 prongs — 8.5%, 
4 prongs — 4.2%, 5 prongs —1.5%, 6 prongs — 0.8%, 7 and more prongs —0.3%. The ratio of the number 
of a particles to the number of protons was 0.35 + 0.02. The angular distributions of these particles with 
respect to the direction of the proton beam are shown in Figs. 1 and 2. The proton distribution is in 
agreement with the results obtained by Shamov? as far as the front—back ratio is concerned; however, a- 
particle distribution obtained in Ref. 3 is isotropic, the present data indicate that a considerable fraction 
of the a@ particles are to be associated with an anisotropic emission process. 

The table lists the particle distribution over the angle formed by the particle path and fragment path 
(projected on the plane of the emulsion), under various exposure conditions. The last row of this table 
contains the anisotropy coefficient, defined as the ratio of the number of tracks lying in the interval 60 — 
90° to the number of tracks at angles 0° — 30° with respect to the fission line. Statistical errors are indi- 
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FIG. 1. Angular distribution of protons with respect to the 
beam in star fissions (projection). 

FIG. 2. Angular distribution of a particles with respect to the 
beam in star fissions (projection). 


Angle 


FIG, 3 FIG, 4 


FIG. 3. Angular distribution of protons with respect to frag- 
ments, reduced to unit solid angle: the dashed line is the measured 
distribution; the solid line is the corrected distribution; the smooth 
curve is calculated from the barrier-fission model. 


FIG. 4. Angular distribution of a particles with respect to frag- 


ments, reduced to unit solid angle: the dashed line is the measured 
distribution; the solid line is the corrected distribution; the smooth 
curve is calculated from the barrier-fission model. 


OSTROUMOV and R. A. FILOV 


cated. In the last column are 
given data on particles with 
charge greater than 2. Some of 
the tracks assigned to the triply 
charged particles may actually _ 
be those of a particles, mistaken } 
because of the inadequate visual 
resolution between these parti- 
cles. In Figs. 3 and 4 are given 
the spatial angular distributions 
of the particles, as obtained by 
measuring tracks in plates of the | 
first series and converting to 
unit solid angle. 


DISCUSSION OF THE RESULTS 


A comparison of the data of 
the table and the distributions 
shown in Figs.3 and 4 by the dot- 
ted lines indicates a certain dis- 
crepancy. Figure 3 seems to in- 
dicate a preference for emission 
of protons in the direction of the | 
fragments, whereas the measure- 
ments of angles in projection on 
the same plates do not corrobo- 
rate this finding. The origin of 
this discrepancy may be in errors 
arising in taking the spatial dis- 
tribution or errors in the shrink- 
age factor. In order to establish 
the effect of the shrinkage factor 
on the shape of the spatial distri- 
bution the latter was plotted a 
second time, using 400 arbitrar- 
ily chosen tracks of protons from 
star fissions and taking a new 
value of the shrinkage factor, 2.2. 
No noticeable systematic change 
in this distribution was found. 
There is still one other factor 
which has a bearing on the shape 
of the angular distribution of the 
tracks. The spatial distributions 
of the fragments and the a parti- 
cles due to natural radioactivity 
observed under the same condi- 
tions indicate that some of the 
tracks ( approximately 25 — 30 
percent) are at large angles (60° 
— 90°) with respect to the plane 
of the field of view and are lost 


in scanning the plates. Since the light charged particles have a certain directivity in the forward direc- 
tion, even in the absence of any physical correlation between these particles and the fragments the exper- 
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imentally determined distribution will be anisotropic with respect to the fragment line of flight. It is eas- 
ily demonstrated that there will be an excess of cases exhibiting small angles between the track of the 
charged particles and the fragment. An estimate based on the data of Figs. 1 and 2 and on the observed 
fragment angular distribution with respect to the beam shows that the coefficient for this expected paral- 
lel anisotropy is about 1.05. 

A comparison of the angular dependence for particles emitted in the given hemisphere, in which the 
directivity is less pronounced, with the corresponding dependence in the backward hemisphere corrobo- 
rates the “independence” effect. In the observation of angles in the plane of the field of view this effect 
vanishes since the angular distribution of the acceptable cases is isotropic. 

It may be assumed that the presence of cascade particles, directed predominantly along the beam, and 
the perpendicular anisotropy for uranium fission fragments with respect to this direction, also lead to a 
certain angular (perpendicular) correlation between the light particles and the fragments. Using the data 
of the present work (Figs. 1 and 2) and that of Ref. 11, in which the fragment angular distribution was ob- 
tained, we have computed the correlation associated with the superposition of the two distributions. The 
calculation was carried out numerically using the relation 


O(2)= | fla) Fle —a)de, 


--7/2 


where (9) is the angular distribution of the prongs with respect to the fragments, f(a) and F (g@ - @) 
are the distribution functions for the fragments and charged particles respectively with respect to the 
beam direction; the first function is taken from Ref. 11 while the second is based on the data in iS 
and 2. 

It would appear that for protons the perpendicular anisotropy factor is not greater than 1.03; for @ par- 
ticles it is not greater than 1.02. It is obvious that this effect should not be observed in the perpendicular- 
exposure experiment. This coincidental correlation was actually not observed for protons in the plates of 
the second series; for a particles, however, the perpendicular-directivity effect was observed. 

In Figs. 3. and 4 the solid lines show the spatial distributions with the above-mentioned factors taken 
into account. A comparison was made of the experimental distribution and that to be expected on the bar- 
rier-fission model. In Figs. 3 and 4 the solid curves show the calculated results (normalized to the num- 
ber of experimental tracks). In carrying out the calculation it was assumed that fission occurs symmet- 
rically starting at an initial excitation energy of 150 Mev which is divided equally between the two frag- 
ments. The mean fragment temperature at which charged-particle emission occurs is 2 Mev. The parti- 
cle velocities were determined from the energy spectra, which were plotted taking account of the thermal 
expansion of the nucleus and barrier penetrability.’ The kinetic energy of the fragments was taken as 80 
Mev. The deviations from 180° in the direction of flight were not taken into account in the calculation. 

Although the distributions shown in Fig. 3 and the results of the observations of the plates in the second 
series indicate the existence of a certain parallel anisotropy for the protons with respect to the fragments, 
it is felt that this effect cannot be attributed to the barrier mechanism of uranium fission since the depar- 
tures from isotropy are within the limits of the statistical fluctuations. It is possible that a certain num- 
ber of protons are emitted by the fragments, this is not inconsistent with the available data on the energy 
spectrum. As far as the a particles are concerned, the picture is somewhat more definite, since emis- 
sion of these particles by fragments is not very probable and a perpendicular anisotropy is observed. 

In experiments on uranium fission by slow neutrons it has been established that a particles with ener- 
gies on the order of 20 Mev are emitted in a direction close to 90° with respect to the fragment line of 
flight with a probability of 1 in 400.13- 4 With an increase of the bombarding-neutron energy to 14 Mev 
the emission of a particles becomes still less probable as an explanation for the correlation observed in 
the present work. It is possible that in fission induced by high-energy protons there is an effect analogous 
to the emission of a particles in fission at low excitation energies, with the sole difference that we are 
not dealing with the effect due to two individual fragments of the fissioned nucleus which are still fairly 
close, but rather two parts of a highly deformed elongated nucleus which is in a pre-fission stage. The 
effect of the electric field of these parts is of greater importance for particles with higher charge and 
hence the perpendicular directivity is more pronounced for a particles than for protons. This mechan- 
ism applies only for part of the particles emitted prior to fission because some of the particles are emit- 
ted at an instant when the nucleus is not deformed; these particles are not correlated with the oscillation 
directions of the nucleus. 
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In conclusion we may note that the observation of an angular correlation of this type is most conveni- 
ently carried out with perpendicular exposure since in this case the spurious factors associated with the 
directivity of the cascade particles are minimized. 

The authors are indebted to N. A. Perfilov for valuable advice and his interest in this work, to N.S. 
Ivanov for proposing this research and participating in the discussion of the results, and to N. R. Novikov, 
E. 1. Prokof ev, and E. V. Fadin for preparation of the plates with which the experiment was performed. 
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The surface tension between superconducting and normal phases has been determined by meas- 
uring the period of a simple laminar structure, obtained in a flat sample located in an inclined 
magnetic field. For a single crystal of tin, the results of measurements in the temperature 
interval 2.165° K to 3.5° K can he described by the relation A = 2.5 x 10% 1—- T/Te) 71/2 cm. 


A theoretical investigation of the structure of the intermediate state was first carried out by Landau! as 
early as 1937. For a sample in a transverse magnetic field, the model of the structure which he proposed 
and regarded as the simplest was one in the form of alternating layers of superconducting and normal 


FIG. 2. Schematic diagram 
of the apparatus 


phases (s- and n-phases), a cross-section of which is shown in Fig. 1. 
The size of the layers in this model is related to the sample thickness and 
to the magnitude of the surface tension at the phase boundary by the ex- 
pression 


a (8x/Hc) = (a?/L) 9 (1), (1) 


where He is the critical field, gy is a dimensionless function whose nu- 
merical value has been calculated elsewhere,” and i) = ay,/ a; the meaning 
of the remaining symbols is given in the figure. The quantity a X 87/ He; 
which has the dimensions of length, is usually designated as A. 

A determination of the geometrical size of the s- and n-domains thus 
affords the principal opportunity for calculating the quantity A. An exper- 
imental investigation of the structure of the intermediate state by other 
methods has shown, however, that the shapes of the s- and n-domains are 
usually very complex, and far removed from the simple cases studied the- 
oretically. Furthermore, the irregularity and irreproducibility of the 
structures has indicated that the intermediate state of the actual samples 
was not an equilibrium one, whereas the theoretical study presupposed 
thermodynamical equilibrium. 

We have undertaken a search for experimental conditions under which 
the structure would have a simple form, permitting mathematical treat- 
ment, and for which it would be possible to obtain information concerning 
the degree of approximation of the structure to an equilibrium state. 

Balashova,* while studying the structure of the intermediate state of a 
tin sphere by using a ferromagnetic powder, noticed that over a small re- 
gion of the surface of the sphere, where the external field made an acute 
angle with it (i.e., near the magnetic equator of the sphere), the picture 
was much simpler than over the rest of the surface, and the n-domains 
had the form of comparatively wide, straight zones in the meridional di- 
rection, independent of the method by which the specimen was carried over 


to a given point of the region of the intermediate state on a diagram in the variables H and T. It was 
presently shown by Dzialoshinskii! that this alignment of the laminae is energetically the most favorable 
one. Proceeding from this, we have carried out a study of the structure of the intermediate state for a 
sample located at an acute angle 6 with respect to an external magnetic field. 
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FIG. 3. View of the surface of the disc 50 mm in 
diameter (sample No.1). T =2.165°K, h = 0.950; 
m= 02627 "a =.0254-mm: 
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FIG. 4. A portion of the surface of sample No, 1 
(visual field is 7.3°mm wide)? T° =2.165° Kath= 
OLSMOW ap =O5t 

FIG. 5. A portion of the surface of sample No, 1 
(visual field is 12 mm wide). T =2.165°K, h= 
DES Ia. 
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After preliminary experiments, we settled 
upon a sample in the form of a disc 50 mm in di- | 
ameter and 2 mm thick, at an angle B= 15° A ¢* 
schematic drawing of the experimental configura- | 
tion is shown in Fig. 2. The sample A is located 


in the field of the coil B, fixed to an axis perpen-} : 


dicular to the plane of the drawing. Initially the 
field of the coil was directed along the surface of 
the sample, which was ascertained from a maxi- 
mum in the conductivity of a thin tin film C, 
mounted parallel to the surface of the sample, 
after which the coil was turned through an angle 
8. The accuracy of the setting amounted to sev- 
eral minutes. The field of the earth was compen- 
sated by Helmholtz coils, not shown in the figure. 
The structure of the intermediate state was 
exhibited with the aid of a fine nickel powder, 


blown into the Dewar flask from the atomizer D.78} 
The surface of the sample was illuminated by the | 


lamp E, and was viewed through the optical aper- 
ture F with the aid of a telescope with a reading 
device, or was photographed by a camera with a 
chamfered plate. 

In Fig. 3 is shown one of the photographs taken 
of sample No. 1, which was a single crystal of 
pure tin (resistance at helium temperatures 
P4 no = 9% 10> Pogeq). Over most of the sur-— 


face of the disc the structure is satisfactorily 
close to a system of parallel layers. In spite of 
the presence of a certain amount of branching, the 
average period of the structure, determined over 
a length of 20 —25 mm in various portions of the 
disc, turns out to be constant to an accuracy of 
3—4%. 

The region of irregular structure, with a 
large percentage of the n-phase in the lower part 
of the surface, is separated from the remain- 
ing part of the picture by a clear boundary, which 
represents the projection of the edge of the re- 
verse side of the disc, brought about by the mag- 
netic field penetrating the sample at an angle. 

A structure of simple form was obtained only 
in a definite range of variation of the relative 
magnetic field h (h =Hp/He, where Hp is the 


external field). For h < 0.91—0.92 (for T =2.165°) and for h < 0.8—0.85 (for T =3.2—3.5°), a 
complex structure arose. In Fig. 4, for example, it is quite apparent that small inclusions of the s-space 


have developed inside the n-domains. 


For fields approaching the critical field (h > 0.99), the laminar structure is gradually replaced by a 
system of s-filaments. In Fig. 5 is shown an intermediate stage, in which filaments and laminae occur 


together. 


For a laminar structure of the type shown in Fig. 3, which has a definite period, the quantity A can be 
determined from the experimental data, since the results calculated by Landau! can be used also when 
there is an inclined magnetic field. It can easily be shown that the geometrical shape of the layers re- 
mains the same as for a perpendicular field (Fig. 1), but Eq. (1) becomes 
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A= (a*/L) 9 (4) (1 — h? cos*B), (2) 


‘where 
= Anja = hsin8/ V1 — h? cos? B. 


Thus, to determine A it is necessary to know not only a, L, and p, but also the quantity h, with 

possibly greater accuracy since the difference 1 — h’cos? is small in our case. Because of this, He 
was determined in each experiment upon the disappearance of the last traces of superconducting filaments 
(with an accuracy of approximately 0.2%). 

The principal measurements were carried out with sample No, 2, a single tin crystal of greater purity 
than sample No. 1 (P4 90% SHI dos 100° Po9°c)- The crystalline axis of 4-fold order lay in the plane of 
the specimen and was directed along the projection of the magnetic field onto the plane of the sample. In 
Fig. 6 we plot the results of one series of measurements at T =3.4°. With the aim of showing up the in- 

fluence of non-equilibrium of the state on the results, different methods 


ooo were used to carry the specimen over to the point of the intermediate 
[ ’ ¥o-068mm state under study: the field was decreased at constant temperature 
Peer ora (whereupon it was necessary for new layers to arise and for the period 
‘ a to diminish), or the field was increased. In all cases laminar struc- 
3 tures developed, aligned in the direction of the projection of the field. 
It was also found, however, that as a rule the values of a exhibited an 
hysteresis, which was more noticeable for the higher values of 7. The 
| actual value of A ought to lie in between the results obtained for these 
4 as 0 7 transition modes. Transitions achieved by varying the temperature at 
ear ames nae W95 Wt, constant field gave results analogous to those for a changing field. We 
also tried to decrease the influence of hysteresis by causing a transi- 
FIG. 6. Sample No. 2, T tion by varying the field about the required value (points marked with 
=3.4°K. W—decreasing field, small circles ); the field was first changed by about 1%, and then the am- 
A— increasing field, e—di- plitude of oscillation was gradually decreased to zero. The period of 


minishing oscillating field. oscillation amounted to 30 —60 seconds, which was sufficient for the 
nines Mm ionat ir fae OT structure to be able to follow the changes of the field. 

It is difficult to make any definite statement concerning the origin of the hysteresis effects in our ex- 
periments. In every case chemical impurities, and in general those dislocations of the periodic lattice for 
which a strong effect shows up in the magnitude of the residual electrical resistance, apparently did not 
play an important role, since there was no improvement observed in going from sample No. 1 over to 
sample No. 2, which had a considerably smaller residual resistance. The surfaces of the samples were 
mirror smooth and probably free from strain, since the cast specimens separated quite easily from the 
mold. (The mold was made of glass, whose polished surface, next to the casting, was covered first with 
a film of oil a few molecular layers thick and then with a barely noticeable layer of carbon black.) 

The absence of the requisite number of nucleii for one phase or the other cannot be invoked to explain 
the hysteresis, since on every picture there were observed several branches, i.e., nucleii virtually already 
formed. 

Except for the hysteresis effects, the principal source of error in our measurements appears to be the 
fact that the specimen was not the infinite lamina to which Eq. (2) is strictly applicable. We can estimate 
the magnitude of this error by also carrying out a calculation in which we take the specimen to be an el- 
lipsoid with an axis ratio of ies The data obtained for A are in this case smaller by 5 — 10% (in relation 

to the quantity h) when compared with the reduced values. However, since it is difficult to establish 
which method of calculation gives the most accurate results for the disc, we have not introduced a correc- 
tion for the finite size of the sample, and have made use of Eq. (2). A detailed study of this question 
would make sense only if it were possible to make a considerable improvement in the reproducibility of 
the results. 

In Fig. 7 are shown the results of measurements made at different temperatures. The uncertainty in 
the values of A can be estimated as about 6 — 8% on the side of increasing A, and 12 — 15% on the side of 
decreasing A. The results are most accurate at low temperatures. The asymmetry in the magnitude of 
the error is related to the fact that we have neglected to make the correction discussed above for the fi- 
nite size of the disc. As is clear from the figure, within the limits of this error our results are described 


by the simple relation 
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The results of measurements on sample No. 2 agree well with the preliminary data obtained with sam- | 
ple No. 1. It should be emphasized that Eq. (3) is an asymptotic expression, valid only near Te, and 
cannot be extrapolated to the region of much lower temperatures. 

We also carried out a series of measurements with specimen No. 2 at T = 3.4° for different orienta- 
tions of the axis of 4-fold order relative to the magnetic field (the sample could be turned about in its — 
plane during an experiment). Within the limits of error, the results did not depend on the angle of deflec- | 

tion. It should be pointed out that these measurements were in the 
d-10? cm nature of a control experiment, and do not provide essential infor- 
sf mation concerning the anisotropy of A, since changes of the angle 

between the superconductivity current (directed near the axis of ro 
tation) and the crystalline axes are negligible here. | 

From the experimental data concerning A obtained recently by 
other authors, we have plotted in Fig. 7 the values obtained by 
Shawlow,° who studied the structure of the intermediate state with 
niobium powder. Shawlow’s method has, however, a fundamental 
objection to it, and in our opinion his data are not sufficiently reli- 
able. Shawlow ignored the appearance of a fine structure in the 
layers which he observed, apparently because the powder he used 
to bring out the pictures was too coarse. The specimens which he 
investigated were polycrystalline ones, with which appreciable hy- 
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teresis effects are associated, and one cannot estimate the magni- 
tude of this hysteresis because placing the superconducting laminae 
FIG. 7. @©—sample No. 2; x— perpendicular to the field, as Shawlow did, makes it impossible to 
sample No. 1. O—Shawlow’s data. obtain a simple well-ordered picture for the different transition 
Solid curves: 1—from theory of modes. It turns out also to be impossible to use a single crystal in 
Ginzburg and Landau; 2 —from this case, as mentioned by the author himself. 
Eq. (3). A preliminary study of the structure of the intermediate state 


under various conditions’ forced us eventually to reject Shawlow’s 
method, which was, at first glance, the most natural one. 

Certain information concerning the order of magnitude of A and its temperature dependence has been 
obtained by indirect methods. Shal’nikov,® the first to arrive at an estimate of the magnitude of A, used 
a bismuth probe to study the magnetic field in gaps of different widths formed between tin hemispheres. 
His estimate for A amounted to 0.6—1.5 x 107 cm for T =3.1° K. However the theoretical assumptions 
concerning the degree of uniformity of the magnetic field over the width of the gap, on which his work was 
based, can nowadays be regarded as justified only qualitatively. 

Desirant, Schoenberg, Andrew, and Lock™® have determined the order of magnitude of A by analyzing 
the shape of the magnetization curves of small specimens. The indefiniteness of the theoretical premises 
concerning the structure of the intermediate state, and also, apparently, the marked effect of the lack of 
an equilibrium state in the sample, led to large dispersion of the data, which differed among themselves 
by as much as a factor of 3 or 4 or more. Most of the data obtained were still two times smaller than our 
data for the same temperature. 

Faber’ studied the dependence of A on temperature by measuring the rate of enlargement of nucleii of 
the superconducting phase in a supercooled specimen. The difficulty of carrying out this process, as the 
author noted, made it possible to estimate the absolute value of the magnitude of A only to within 50%, but 
the relative data concerning the temperature dependence appear to be more accurate (to within about 5%). 
These data are in good agreement with our measurements, since the ratio of our value of A to that given 
by Faber is equal to 1.65 over the entire temperature interval, with unsystematic deviations of less than 
5% for individual points. 

In Fig. 7 is also plotted a curve for A calculated according to the theory of Ginzburg and Landau!? with 
account taken of the more accurate approximation to the relation between A and the penetration depth 6, 
obtained by Ginzburg.'! The value of 6 measured by Laurmann and Schoenberg! was used. The ratio of 
the theoretical value of A to the measured one is 1.5 near Tg and depends substantially on the tempera- 
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ture, decreasing to 1.2 at 2.165° K. This difference, although certainly not large, is nevertheless outside 
the limits for the probable experimental error for the measurements of A and 6 (about 5 — 8% in the ex- 
periment of Laurmann and Shoenberg”). It should be noted that other measurements by the author have 
given a value of 6 approximately 8% smaller, and the recent work of Chambers“ a value 16% smaller 
than that of Laurmann and Shoenberg.” Such a decrease in the value of 6 would lead to a further increase 
of the discrepancy between theory and experiment, since A is approximately proportional to 1/6. 

The possible explanation of the disagreement as a result of the anisotropy of the superconductive prop- 
erties of tin is not a very likely one, since the anisotropy of A according to preliminary data does not ex- 
ceed 10%. '® The anisotropy of 6 in the estimates which have been made also is not sufficiently large. 
Nonetheless, the problem of the nature and magnitude of the anisotropy of A and 6 is at present com- 
pletely confused, and its solution is necessary for clarifying the source of the observed discrepancy and 
for directing further improvements of the theory. 


I express my sincere thanks to P. L. Kapitza for his interest in the work and to A. K. Shal’ nikov for a 
detailed discussion and much valuable advice. 
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Alpha particles accelerated to 14.5 Mev in a cyclotron were used to investigate the Coulomb 
excitation of nuclear levels of separated tin isotopes. A number of previously unknown states 
were excited, for which we measured the energy and the reduced probability of transition from 
the ground state. The lifetimes of the first excited states of even-even tin isotopes were cal- 
culated. The lifetimes lie in the range from 5 x 10° sec (Sn!*) to 16 x 10°® sec (Saeoys 


1. INTRODUCTION 


Tue study of Coulomb excitation of rotational levels of nuclei in the mass region A = 150—190 has 
played an important part in checking and improving the concepts of the uniform model. At the present 
stage of development of the uniform model, it is of interest to study Coulomb excitation of levels in nuclei 
which are outside the rotational region. It is especially important to excite levels of even-even nuclei, 
where the internal structure does not affect the angular momentum of the nucleus. However, efforts to 
excite levels by Coulomb interaction have certainly not been successful for all nuclei outside the rota- 
tional region. Thus, attempts!? at Coulomb excitation of levels in tin, using a particles with an energy 
Eq up to 7 Mev, gave no results. 

The cross section for Coulomb excitation via electric quadrupole transition is given by the formula 


o = 2 (E — AE) B(E2) fo (:)/Z3n2e°, (1) 
where 
a ZZ. Ve 4 Oe tN Lice AR 9 
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u is the reduced mass of the bombarding particle, Z, the number of protons in its nucleus, E and 
(E — AE) are the energy of the nucleus before and after collision, Z, is the number of protons in the 
nucleus of the target atom, B(E2) is the reduced probability for electric quadrupole transition of the 
nucleus from its ground state to the particular excited state, AE is the nuclear excitation energy, and 
fo(&) is the Coulomb excitation function, which for not too low values of ¢ drops almost exponentially 
with increasing & A graph of f,(&) is given in Ref. 3. 

Considering that the values of AE for the low-lying levels of tin are large, and that the values of 
B(E2) for excitation of vibrational or single-particle levels are small compared to the values for ex- 
citation of rotational states, it follows from formulas (1) and (2) that the cross section for excitation of 
levels in tin should be very small if @ particles with Ey below 7 Mev are used. However, as our com- 
putations show, when Ey, is increased from 7 to 13 Mev the thick target yield (with AE = 1.2 Mev) in- 
creases by a factor of 200. 

To excite nuclear levels in tin, we used @ particles accelerated to 14.5 Mev ina cyclotron. Previ- 
ously most experiments on Coulomb excitation have been done with particles accelerated in an electro- 
static generator. Then the energy spread in the beam is very small and it is also easy to change the 
beam energy. However, raising the energy of particles accelerated in an electrostatic generator presents 
well-known difficulties so that up to now, in work on Coulomb excitation, particles with energies not ex- 
ceeding 7 Mev have been used. 

The energy spread of the particles in the extracted cyclotron beam does not exceed + 2%. Our compu- 
tations show that if, instead of a monochromatic beam with Eg = 10 Mev, a beam with a Gaussian energy 
distribution with 2% half-width is used for Coulomb excitation, the error in the determination of B (E2) 


1036 


( 


COULOMB EXCITATION OF SEPARATED TIN ISOTOPES 


1037 


does not exceed 1%. If, as an extreme case, we assume that the energies of all the particles in the beam 
differ from the nominal energy by 2%, the resultant error in the determination of B(E2) is 15% for Eq 
= 10 Mev and 10% for Eq = 14.5 Mev, if AE = 1.2 Mev. Since the overall error in the determination of 
_B(E2) in Coulomb excitation experiments, due to uncertainties in various other factors, is usually not 
less than 20%, the resultant error if we include the possible error associated with the energy spread is 


¥ 207 + 15%, i.e., 25%. 


Increasing the value of Eg by a factor of 2 compared to the values used in other work on Coulomb ex- 
citation should lead to a large increase in the background of radiations which are emitted in reactions 
which occur via the formation of a compound nucleus. Preliminary estimates showed that, for E x (0.6 


FIG. i. Arrangement of apparatus (top 
view): 1—cyclotron chamber; 2 and 3 —syl- 
phon bellows; 4 and 5 — beams, linked by a 
universal joint which makes possible rotation 
of beam 5 around point a in any direction 
and thus simplifies setting the system so that 
the particle beam strikes the center of the 
target; 6—vacuum gate, which is closed for 
changing targets; 7—magnetic lenses; 8 — 
glass section for observing scintillation 
screen to enable focusing the beam; 9—cur- 
rent integrator input stage; 10—target; 11 
— FEU-S photomultiplier in iron shield; 12 
—lead shield against y radiation from cyclo- 
tron; 13 —shield against neutrons from cyclo- 
tron. It consists of paraffin blocks for mod- 
erating the neutrons and cadmium sheets to 
absorb them. 


—0.8)Ep, the cross section for compound nucleus for- 
mation is less than or comparable with the cross sec- 
tion for Coulomb excitation for nuclei in the middle of 
the periodic table. In studying Coulomb excitation, the 
most important contamination comes from inelastic 
scattering (a, a’) which occurs via compound nucleus 
formation, since y rays of the same energy are then 
emitted as in the (a, a’) process which occurs via 
Coulomb excitation. However, the relative probability 
for decay of the compound nucleus via the (a, a’) 
channel is much less than the probability for decay into 
(a,n), (a, p), and(a, a) channels. 

We should mention that the theoretical energy de- 
pendence of the cross section for Coulomb excitation 
has been verified in many experiments over a wide 
range of energies of the bombarding particles. Conse- 
quently, experimental determination of the excitation 
function enables us to decide whether a particular line 
is the result of Coulomb excitation or of compound nu- 
cleus formation. 


2. EXPERIMENTAL METHOD 


A beam of a particles with energies up to 14.5 Mev 
was obtained at the cyclotron of the Physico-Technical 
Institute of the Academy of Sciences. Using a standard 
deflector, the beam of @ particles was brought out into 


an evacuated aluminum tube. A series of lead diaphragms were arranged inside the tube to prevent the 
particles from striking the tube walls. The beam was focused on the target by a system of two magnetic 
quadrupole lenses.* The target was placed on the bottom of an insulated metallic cup which served as a 
Faraday cup. The amount of charge carried by the a particles bombarding the target was measured 
using an electronic integrator, which was calibrated before and after each experiment. To eliminate er- 
rors in beam current measurement due to secondary electron emission, a ring was placed in front of the 
Faraday cup and was kept at 90 volts negative with respect to it. The y radiation emitted in de-excitation 


of the excited levels was detected with a scintillation spectrometer. 


The FEU-S photomultiplier, the 


Nal (Tl) crystal (diameter 29 mm and & = 14 mm), and a cathode follower were kept inside an effective 
magnetic shield consisting of three concentric iron cylinders. To avoid errors resulting from the aniso- 
tropy in the angular distribution of the y quanta emitted after Coulomb excitation, it is desirable to 
achieve an arrangement of the apparatus corresponding to a solid angle ~ 27. In our experiments the 
front surface of the crystal was at a distance of 4.35 mm from the target. Under conditions of near geom- 
etry, small displacements of the crystal relative to the target give a sizeable change of solid angle, i.e., 
of counting efficiency. We therefore took special measures to assure a unique geometry: the photomulti- 
plier and crystal were pressed against the bottom of the Faraday cup by means of a spring, the bottom of 


given in other papers gee 


*The parameters of the magnetic lenses and some additional information concerning procedure are 
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the copper Faraday cup was made thick enough | 
so that it would not bend under atmospheric | 
pressure; finally, a special arrangement as- 
sured good contact between the target backing 
and the bottom of the Faraday cup. | 
Between the target and the front surface there} 
were the following layers of material, which par-- 
tially absorbed the y rays from the target: 400) 
Cu, 1.3 mm Al, 100u mica, 1 mm MgO, 50p Pb, | 
and 1.5 mm air. 
A diagram of the apparatus is shown in Fig. 1! 


4] 


FIG. 2. Block diagram of the y-spectrometer: The targets were separated isotopes of tin in the) 
1—scintillator; 2—photomultiplier; 3 — cathode fol- form of metallic samples. The target backing 
lower; 4—regulating resistor for maintaining con- was a 50yp thick layer of lead pressed into an al= 
stant voltage on the photomultiplier; 5 —dry battery; uminum cap 1 mm high, 28 mm in diameter, wit 
6 — potentiometer circuit for voltage measurement; a base 300p in thickness. The metallic tin sam-> 
7 — heavy-duty cathode follower, feeding into a 50 ple was placed at the center of the target and was: 
meter line; 8 —linear amplifier; 9—pulse stretcher; pressed onto the backing along with a lead disc 
10 — window amplifier; 11—50-channel pulse-ampli- which was placed on top of it and which had an 
tude analyzer; 12 —scaling circuit for Ng counts; opening at its center 8.2 mm in diameter. The 
13 —scaling circuit for Np counts. fraction of the flux striking the tin target was de- 


termined in separate experiments in which we 
compared the yield of y radiation emitted after Coulomb excitation of tantalum when the target was a tan- 
talum disc 8.2 mm in diameter placed at the center, and when the tantalum disc had a diameter equal to 
the inner diameter of the aluminum cup. In experiments on Coulomb excitation of tellurium, a water sus- — 
pension of metallic tellurium powder was deposited in droplets on the central portion of the backing. 
After evaporation of the water, the tellurium powder was pressed in the same way as for the tin samples. 
In all cases, the target thickness was sufficient to slow down the a particles to an energy at which the 
Coulomb excitation yield was insignificant. At first we had intended, in getting the Coulomb excitation 
function, to vary the a-particle energy by placing aluminum foils of various thicknesges along the beam 
path. However, it turned out that even when the foils were located 60 cm from the target, the background 
rose as a result of a-particle reactions in Al by an order of magnitude compared with its level when the 
foils were absent. It was not possible to reduce the background by moving the foils further from the tar- 
get, since the intensity of the a-particle beam incident on the target was diminished because of Rutherford | 
scattering. For this same reason (increase in Rutherford scattering with increasing Z,.), we could not 
reduce the background from nuclear reactions by replacing the aluminum by an element with higher atomic: 
number. We succeeded in using the foils only when the yield from Coulomb excitation was large compared | 
to the background (for example, in experiments on Coulomb excitation of Ta and Ag which were done to 
calibrate the apparatus). We therefore avoided the use of the foils in getting the Coulomb excitation func- 
tion, and changed the a-particle energy in steps, by readjusting the cyclotron. Altogether, we used four 
fixed values of the a-particle energy: 10.15, 11.45, 13.1, and 14.5 Mev. 

A block diagram of the y-spectrometer is shown in Fig. 2. A blocking arrangement was provided in the 
circuit of the 50-channel analyzer, to cut off the analyzer input from the window-amplifier output for a 
period of 10y sec after the acceptance of a pulse by the analyzer. The window-amplifier circuit is linear, 
and sends pulses to the analyzer input having amplitudes in the range from V, to V>. The values for the 
lower and upper limits of the window-amplifier output could be varied in the range from 5 to 80 volts. The 
purpose of the window amplifier is to reduce the overall load on the analyzer. To calculate the absolute 
values of the cross section, the number of counts in the channels must be multiplied by the ratio No/Np; 
where No is the total number of pulses passed by the window amplifier, and Ng is the number of pulses 
accepted for analysis by the amplitude analyzer. 

The energy calibration of the y-spectrometer was done using y rays from Hg? (279.5 kev); Cs!8? 

(661 kev), and Zn® (1120kev). 
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3. HANDLING OF RESULTS 


The theoretical value of the total yield Y, per bombarding particle, for excitation of a state with en- 
ergy AE in bombardment of a thick target, is 


E 
wi 2uN 4 B(E2) ( (E—AE)f,(E)dE 
¥ =\ oNde = A,Zie dE [dex ‘2 


N, is the number of nuclei of the isotope per cc, Na is Avogadro’s number, A, is the mass number of 
the isotope, dE/dpx is the stopping power of the target material; Emax is the collision energy corre- 
sponding to the initial energy of the a@ particles bombarding the target. 

In the experiment the yield is found by taking the spectrum of Coulomb excitation and determining the 
number of y quanta per microcoulomb, Sph> recorded under the full energy peak. The full energy peak 
corresponds to complete absorption of the energy of the y quantum in the crystal, and 


¥ = 3.2. 10S,(1 + 4) /ne,,o4y, (4) 


In formula (4), a¢ is the total internal conversion coefficient [the factor (1+ at) takes account of the 
possibility of de-excitation via conversion ], €ph is the fraction of y quanta recorded under the full en- 
ergy peak, relative to the total number of y quanta striking the crystal; w is the solid angle in units of 
4m; Ay is a factor which takes account of the absorption of the y rays in the target and in the materials 
which are located between the target and the crystal; 7 is the percentage content of the particular isotope 
in the target. The value of dE/dpx was calculated from the formula 


— dE | dex = (4ne*Z?Z,N 4 | mv?A,) L, (5) 


where m is the electron mass and v the velocity of the incident particle. To compute L, we used the 
semi-empirical formula:® 


L = 1.550h / eZ]. (6) 
Thus, 
—dE /dox = 4.38ne?kN4Z2Zs°p "| mA,E'! = KE". (7) 


To check whether formula (7) could be used reliably for determining dE/dpx, we used the formula for 
Cu, Sn, Pb, for four values of Eg inthe range from 15 to 10 Mev, and compared the results with data of 
Rybakov’ and Segre.’ The agreement was good. The difference did not exceed 5% for Cu and Sn, and was 
less than 10% for Pb. 

The final expression for determining B(E2) when a particles are used for Coulomb excitation is got- 
ten from formulas (3) —(6) and has the form 


EB 
Zils max 
BED _ 6,054.10 22 |S, + 14) fitedy | (E~AE)E a @4E} , (8) 
ae AE 


4 The values of the 


where E and AE are in Mev, yp is in mass units and B(E2)/e? in units of 1078 em 
integral were computed by graphical integration. 

The internal conversion coefficients are very small (less than 1%) for the high-energy levels excited 
in tin, and a; was set equal to zero in the computations. 

The estimate of the overall efficiency ¢ppwA, of the scintillation spectrometer was done as follows: 
the values of Eph and A., were calculated individually as a function of the y-ray energy E,,, anda 
graph was made of the product of these quantities as a function of Ey in the range of Ey from 0 to 1.4 


Mev. €ph was determined from the relation 
epn= (1 — exp {— p¢Z}) p*, (9) 


where pz is the total absorption coefficient for the y rays in the material of the crystal, £ is the height 
of the crystal, and p* is the fraction of the y quanta recorded under the full energy peak relative to the 
total number recorded over the whole spectrum. The magnitude of p* depends on the energy of y quanta, 
the dimensions of the crystal and the geometry for recording the y radiation (the shape of the source, its 
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position and distance from the crystal). To calculate €ph, we used the values of pt and p* given in 
Ref. 9. The solid angle was computed from the formula | 


where r is the radius of the crystal, h’ =h + ge’, h is the distance from the target to the front face of the: 
crystal, £’ is the distance to the plane in the crystal such that equal numbers of y rays are absorbed on | 


each side of it, i.e., 


1 — exp {—,l’} = 5 (1 — exp {— al) 


Values of y-ray absorption coefficients used in calculating 
To check the computations, we determined the counting efficiency at the full energy peak for y quanta | 
with E., = 1.33 Mev (Co®) and 0.661 Mev (Cs!°), For this purpose we prepared thin sources of Co 
and Cs'°",, having the same shape as the targets used in the experiments on Coulomb excitation. The in- | 


Ny sec? 


20 JO 40 


$0 channel 


number 

FIG. 3. 1—theoretical line shape 
for Ey = 1.12 Mev, computed from 
data of Ref. 9 using the measured 
values for the energy resolution of 
the spectrometer; 2 —experimental 
spectrum of Zn® y radiation (Ey = 
1,12 Mev). 


=+(1- +) 
Some Vi- Pye)’ 


, 4 4 
= ——- In-(1 + exp{— ail). 


(10) 


(11) 
(12) 


were taken from Ref. 10. 


tensity of these sources was determined using a 41-geometry 
B-counter.f The gamma spectra of Co® and Cs!3" were taken in 
the same apparatus, keeping the same geometry and with the 
same absorbing materials present as in the experiments on Cou- 
lomb excitation. The values of total efficiency found by experi- 
ment exceeded the calculated values by a factor of 1.30 for Ey 
= 661 kev and a factor of 1.27 for Ey = 1.33 Mev. In computing 
values of B(E2) fromthe Coulomb excitation experiments, we 
used our computed values of the total efficiency multiplied by 1.28. 

The difference between the computed and measured values of: 
the overall efficiency is apparently explained by the fact that our 
experiments were carried out under conditions of “near geome- 
try,” whereas the values of py and p* are given’ for the case 
where the beam of y rays is incident parallel to the axis of the 
crystal, i.e., for “far geometry.” The problem of the dependence ° 
of the efficiency of recording y rays on the distance of the source 
from the crystal is investigated in Ref. 12. Using the data of this: 
paper, we recomputed the values of the overall efficiency for the 
case of near geometry. The computed values corrected in this 
fashion were in good agreement with the data obtained experi- 
mentally. 

The magnitude of Sph was determined from the area under 


the full energy peak. The area of the peak, the position of the maximum, the height of the maximum and 
the peak width all depend on how one draws the background curve. To determine the value of Sph more 
accurately, we used the theoretical line shape constructed from data given in Ref. 9. By repeated trials 
with slight changes in the position of the maximum, its height and the half width of the peak, we tried to 
subtract the theoretical spectrum from the observed spectrum and obtain a smooth background curve 
which joined continuously to the experimentally observed spectrum of the background to the right of the 
peak. To check the computations of the theoretical line shape, the shape of the 1.12 Mev line from Zn®® 
was measured with the scintillation spectrometer. The results are shown in Fig. 3. The figure shows 
that the experimental and computed spectra are in good agreement. The somewhat higher intensity of the 
experimental spectrum in the low-energy region is explained by the contribution from y quanta scattered 
in the iron cylinders which surrounded the photomultiplier and crystal. 

In determining Sph we also had to take account of the presence of other isotopes in the sample. Using 
the known values for the content of isotopic impurities, the energies of levels excited in them, and the 
values of B(E2) for excitation of these levels, we could calculate the theoretical spectrum for the lines 


} The counter was prepared on the basis of data presented in Ref. 11. 
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Ny /mi lomb 
Pian Cae. FIG. 4. Gamma spectrum emitted after bombardment of Sn!" with 


oynies 13.1 Mev a particles: a —experimental spectrum; b—theoretical 
line shape for y quanta with Ey = 1.29 Mev; c — background curve 
after subtracting theoretical line shape from experimental spectrum. 

FIG. 5. Gamma spectrum emitted after bombardment of Sn!!" with 

b 13.1 Mev a@ particles: a—experimental spectrum; b’ and b” —theo- 

; — retical line shapes for Ey = 1.24 and 1.31 Mev; b—curve obtained 

by adding ordinates of curves b’ and b’; c —spectrum after subtract- 

ing curve b; d—theoretical line shape for Ey = 1.03 Mev. e —spec- 

20 Ww 40 channel trum after subtracting curve d; f—theoretical shape for Ey = 865 


number 


FIG. 4 kev; g—background curve. 


emitted in the de-excitation of the states excited in the impurity iso- 
tope. This spectrum was subtracted from the spectrum measured in 
the experiment. 

Figures 4 and 5 show y spectra emitted after Coulomb excitation 
of Sn'6 and Sn!!7, 

In calculating values of B(E2) for lines excited in even-even is- 
otopes, the anisotropy of the angular distribution of the y rays emitted 
after Coulomb excitation was taken into account. The values of B(E2) 
obtained from formula (8) omitting the effects of anisotropy were ap- 
proximately 5% greater than the results when the anisotropy was in- 
cluded. 

We can name various causes which affect the accuracy in the de- 
termination of B(E2). One is the inaccuracy in determining the ef- 
ficiency of the crystal for counting y quanta under the full energy 
peak, others are the inaccuracy in determining dE/dpx, errors in 
the integrator, errors caused by the lack of definiteness in drawing 

F ey the background curve under the peak, errors due to the energy spread 

a vd Ae at of the @ particles in the beam, and finally errors due to counting sta- 

FIG. 5 tistics. According to our estimates, none of these errors exceed 10% 
and the overall error in determining B(E2) should be 25%. Asa 
check, we took the y-ray spectra emitted after Coulomb excitation of Ta, Ag, Mo, and Te!*, The deviation 
of the average values of B(E2) for states excited in these nuclei in our experiments from data in the lit- 
erature did not exceed 25%. 


4. RESULTS OF MEASUREMENTS AND DISCUSSION 
1. Even Isotopes of Tin 


The data obtained for Coulomb excitation of even isotopes of tin are given in the table. AE is the en- 
ergy of the first excited state according to our data, while AE* is the energy obtained from studies of 
B-decay or inelastic scattering of neutrons. 

The values of AE found by us fill the gaps in the classification of energy values of first excited states 
of even-even isotopes of tin. Levels not previously known were found in Sn!!2 gn1!8, and Sn!*4, For Sn!?° 

and Sn'8, the data of various work- 


ers gave different values of AES 
Bio 7 10%, Gs; : 
fesiods AE. Mev:| AE*, Mev e ae aie Fo 1-27 B. iss In these cases, the data in the table 
ou enable us to make the correct 
choice. The observed trend in AE 
Snie 1.26 _ 0,18 Te ete’ eG <3 280 with changing atomic number is pos- 
Sniid 4.30- 4.3 [23] 0.20 5.5) 412.0 | 44,2 266 : ging ; Pp 
Sue 1.29 4.27 [34] 0,19 6i0er | tao 4459 285 sibly to be explained by the occur- 
wit A os 1.3 [2°] ae tnlaita css ae rence of a closed subshell at N 
Sni20 118 1.18[9]}| 0.17 10.5 | 9.6] 18.0 304 = 64, 
3 [2 age 
Sn122 4.45 14d py 0.45 13.5 8.2} 20.8 344 The excitation function was taken 
Sni% 1.13 = 0.14 Ogee 22.6 4)" 370 for each of the lines listed in the 
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table, and for the values of Eg mentioned earlier. We observed no systematic change in B(E2) with 
changing Eq. The values of B(E2) found for different values of Eg remained constant within the 
limits of error of the experiment. This is evidence for the Coulomb character of the excitation. The 
table gives the average values of B( E2)/e* found from a series of measurements including measure- 
ments for different values of Eq. The average value of the rms error in determining B(E2) forthe | 
various isotopes was 20%. The largest rms error was 35% for Sn!!4, and the smallest 15% for Sn!?4, | 
Levels with large values of AE were excited in our work. The accuracy in estimating the efficiency of 
the crystal depends on E,,. It is therefore especially interesting to compare values of B(E2) for exci-| 
tation of states with large values of AE. For this purpose we studied the Coulomb excitation of the state 
with AE = 857 kev (AE = 850 kev according to Ref. 1) in Te!39, According to our data the value of 
B(E2)/e2 is 0.24 x 10748 em4, while Ref. 1 gave 0.26 x 107 cm!. 

From the table it follows that the values of B(E2) differ very little for all the even-even tin isotopes. 
The differences are within experimental error. The average value of B( E2)/e? is approximately 0.17 
x 10748 em! 

From the values of B(E2) and AE determined in the experiment we can determine various other 
quantities characterizing the nucleus, in particular we can find the lifetime tT of the first excited states of 
the even-even isotopes. Since the spin of these states is 2+, their de-excitation can occur only via an EZ! 
transition to the 0+ ground state. The conversion coefficients for these transitions in tin are very small, 
so that in determining 7 we can use the formula given in Ref. 19 for the lifetime for a radiative transition 
with emission of a photon of multipolarity % and energy AE: 


4 Be (A4+1) 1 / AE \2a+1 Hf 
ts) Al@a-+ AUP (32) By). (133 


| 
| 


| 
| 


It follows that, for an E2 transition (A =2), 


4 , 4m (AE \S 1 A 5 
7,(E2) ls] q B(EZ) I, (i. 
where B(E2)} is the reduced probability of transition from the excited state to the ground state. Accor 
ing to the principle of detailed balancing, the values of B(E2)} and B(E2)t are related by 
(21, +I): BiE2).- = Clee ly BEA. (15 } 
Since in our case Ip =0, If = 2, | 
B(E2) | = 7/;B(E2)}. (16) 


Values of Tt calculated using formulas (14) and (16) are given in the table. The values of t determined 
in the experiment lie in the range from 5.5 to 15.9 x 107! sec. We note that satisfactory measurements 
of lifetimes using delayed coincidences have so far been limited to values of T greater than 107!! sec. 

The quantity F given in the table is the ratio of B(E2)t to the quantity B(E2), p t calculated on 
the basis of the single-particle model: oi 


BiB 2)ep = 5(z2) (= a 


In the computations we used Ry x 1.2 A‘/3 x 107 em. It follows from the table that the value of F for 
even-even tin isotopes is approximately equal to 10. This is an indication of the collective nature of the 
excited states. 

The last two columns of the table give the values of the parameters B,/ By and Cy which can be ob- 
tained from the experimental values of B(E2) and AE if we assume that the first excited states of the 
even-even tin isotopes are vibrational levels. In the liquid drop model, for vibrations with small ampli- 
tude the expression for the energy can be expanded in a series in the amplitudes ay, Of oscillation of the: 
electric multipole moment and their rates of change, Ory so that in first Be Re 


1 P 
Hin = S\{ Ba (dny)* + Ca (Oan)?} 


By is a parameter characterizing the mass transfer associated with the vibrations, and Cy is the surfaie 
tension parameter. Since the surface deformation for A} =1 is simply a displacement of the mass, the 
lowest frequencies of collective oscillation correspond to quadrupole vibrations (A =2). Reference 19 
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8 C2, Mev A Abr 
& sn? gives formulas for determining B, and C, from 
8, experimental values of B(E2) and AE: 
LU \ . 
3 2 i ss 
we" B(E2) =5 (= ZeR®) reeqe: AE=* VCs Bp. 
5 The table gives the ratios B,/B;, where By 
is the value of the mass transfer parameter for 
ey 5 the case of surface oscillations of an irrotational 
io Co incompressible liquid drop. By is computed from 
the formula 
60 70 80 ON nde Lae) 4 
Bs Sey Sr AMR), 
FIG, 6 FIG. 7 
a where A is the atomic number and M is the nu- 
FIG. 6. Dependence of B,/B, on neutron num- cleon mass. 
ber N for even-even tin isotopes, For comparison In Figs. 6 and 7, our values for B,/B3 and C, 
with our data on tin, we give the data of Ref. 1 for for the even-even isotopes of tin (Z = 50) are 
Cd and Te. 


compared with values of B,/B; and C, for Cd 
FIG. 7. Dependence of Cy, on neutron number for (Z = 48) and Te (Z =52) given in Ref. 1. The 


even-even tin isotopes. For comparison with our dashed curve in Fig. 7 shows the value of C, ob- 
data on tin, we give data from Ref. 1 for Cd and Te; tained from the liquid drop model. According to 
curve a shows the values of Cy, according to the the figures, the values of By /B are much greater 
liquid drop model. than unity. The values of C, are approximately 


5 times as great as the value of C, from the liq- 
uid drop model. It is interesting to note that, unlike cadmium and tellurium (which have almost the same 
Z as tin), the values of Cy, for the tin isotopes change very little with changing neutron number. 

The vibrational states have various characteristic features.” The energy of the second excited state 
is usually 2 —2.5 times the energy of the first excited state. If the spin of the second level is 2+, the prob- 
ability of an M1 transition to the first excited state with spin 2+ is greatly reduced. In addition, the re- 
duced probability for E2 transition from the second level to the ground state, which is forbidden for har- 
monic vibrations, is several orders of magnitude less than the transition probability to the first state. 
Finally, the cross section for Coulomb excitation of vibrational levels is approximately an order of mag- 
nitude greater than that for single-particle transitions, i.e., F > 1. The fact that, according to our data, 
F s 10, does not exclude the possibility that the first excited levels of tin are single-particle levels, since 
collective interactions can increase the probability of a single-particle transition. To arrive at a definite 
conclusion concerning the nature of the first excited levels of the even-even tin isotopes, it would be im- 
portant to excite the second levels. This problem is, however, much more complicated, both because of 
kinematic considerations as well as because the reduced transition probability from the ground state to the 
second state is much less than that to the first excited state. 


2. Odd Isotopes of Tin 


Our spectra of the Coulomb excitation of tin isotopes always contained two intense peaks, one peak at 
E = 75 kev, due to the characteristic radiation from lead induced by the a particles, and a peak with E 
= 511 kev resulting from annihilation of positrons emitted from radioactive elements formed in (a, n) 
reactions. We therefore investigated only the regions of the spectrum with energies from 0.1 to 0.4 Mev 
and energies above 0.75 Mev. No lines were found in the energy region from 0.1 to 0.4 Mev which could 
be attributed to Coulomb excitation. In the bombardment of Sn‘®, we also found no lines in the region from 
0.75 to 1.75 Mev. In bombardment of Sn!®, we found a line with E = 0.907 Mev [B(E2)/e” = 0.11 x 107% 
em! ]. In bombarding Sn'", we found two lines, with E = 0.865 Mev [B (E2)/e? = 0.025 x 10748 em*] and 
E = 1.03 Mev [B(E2)/e? = 0,09 x 10748 em! ]. The values of B(E2) were calculated under the assump- 
tion that the values of the conversion coefficients for these transitions are small, and that the energies of 
the observed lines are equal to the excitation energies of the corresponding states. In other words, we 
assumed that these lines are not emitted as the result of a cascade from higher levels. 

In the bombardment of Sn!!7, we also found a composite peak, which we resolved into lines with E = 
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1.24 and 1.31 Mev. Study of the excitation function led us to the conclusion that these lines should be as- 
signed to nuclear reactions which proceed via compound-nucleus formation. 
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ON THE THERMODYNAMICAL THEORY OF RELAXATION PHENOMENA IN SYSTEMS 
WITH ADDITIONAL PARAMETERS 


V. T. SHMATOV 
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Submitted to JETP editor April 17, 1957; resubmitted June 26, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1359-1362 (1957) 


A thermodynamical theory of relaxation phenomena connected with the relaxation of an addi- 
tional internal parameter of the system is developed on the basis of the method of Mandel’- 
shtam and Leontovich. The relaxation times and the relation between them are established. 
Expressions are obtained for the dynamic derivatives of a system undergoing a periodic per- 
turbation. A relation is found between the relaxation times and discontinuities in the deriv- 
atives near the Curie point. The results are extended to an arbitrary number of additional 
internal parameters. 


Tue term “additional internal parameter” is applied to a quantity characterizing some internal property 
of a system which, when the system is in equilibrium, appears to be a function of state. A delay on the par 
of the additional parameters in responding to external influences on the system leads, for example, to re- 
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laxation absorption of sound in liquids!*? or to internal friction in solids.? Below we develop further the 
method proposed by Mandel’ shtam and Leontovich! for explaining acoustical absorption in liquids. 

We consider a system characterized in its equilibrium state by a temperature T, a generalized force 
A (pressure, stress), and a coordinate a conjugate to it (volume, strain), connected by an equation of 
state; and some additional internal parameter 7 = n(T, a). This parameter may, for example, be the de- 


gree of long- or short-range order, the spontaneous magnetization, the spontaneous electric polarization, 
the antiferromagnetic order, etc. 


When the state of the system changes in time, the parameter n takes non-equilibrium values 7 
#n(T, a); consequently, the system as a whole will pass through non-equilibrium states, in which it is 
described by the free energy F = F(T, a, 7). During this time we have Fy (T, a, n) #9, where the sub- 


script denotes, as usual, differentiation with respect to the corresponding parameter. When the system is 
in its equilibrium state, 


Py (T, a, 0) =0, Fan > 0. (1) 
According to Leontovich,! the entropy change of a non-equilibrium state is equal to 
T dS = dU + Ada— F, dn, 


where U(T, a, 7) is the internal energy. Here the last term on the right determines the non-equilibrium 
part of the entropy change; we thus obtain for the rate of entropy production 


TAS = — Fyn, 
From this we have, in the approximation of the thermodynamics of irreversible processes, 
4, = — LF, (T, a, 1). (2) 


Since AS > 0, L > 0. 

Expanding Fy in a series about the equilibrium state of the system and taking note of (1), we obtain 
from (2), in the linear approximation, an equation describing the time rate of change of the parameter 7: 
: ) 0 

cy + Ay = (Z Aa + (#), AT (3) 


where 72? = (LF y! is the relaxation time of the parameter 7 for constant a and T. 
In order to go over to other variables in (3), we set A=-—Fg,g and the entropy S=-Fy, so that toa 
linear approximation near the equilibrium state of the system 


Aa ee Ngen a Near oeAn. (4) 
KS BaeA To Fa Nu PA (5) 


The derivatives Fag, Fat, and Fry, taken in the equilibrium state, can be expressed! in terms of the 
derivatives of the equilibrium state and Fy? 


Fam (2) + Fi Far AG) Fs TERE (8) 


T 


where Cg is the specific heat of the system at constant a. 

We have yet to explain the significance of the quantities entering into (6). If we exclude from our sys- 
tem the subsystem of the degrees of freedom responsible for the appearance of the properties character- 
ized by the parameter 7, i.e., if we set in (6) (dn/9a)p = (8n/2T )g = 0, then it becomes clear that, in 
the system remaining after the exclusion of the subsystem, —Fag, —FaT, and —TFyT represent the 
derivatives (d9A/da \p (0A/3T a and the specific heat Cas Consequently, in turn, the quantities 


(G2) — a oe: (GAD =). GF). Fos te = GE mn 


are the respective contributions of the subsystem to (9A/da)p, (9A/8T)g, and to the specific heat Cy 
of the whole system. In particular, if a second-order phase transition connected with the existence of the 
parameter n, is possible for our system, then at the Curie point [(9A/8a)p I, [(9A/8T ), ], and [C,] 
will be equal to the discontinuities of the corresponding quantities. 

Using Eqs. (4) and (5) to transform (3) successively to pairs of variables other than a and T, we 


1046 V. T. SHMATOY 


can show that the time rate of change of 7, for an arbitrary choice of variables, has the form 

wy 4 An == (04/Ox)y Ax + (A4/0y) Ay, (8): 
where x and y are any two of the variables a, A, T, and S. Here the relaxation times T*Y of the 
parameter 7n, for constant x and y, are related to each other by | 


ia ier (0A/0a); ae (JA/OT) , ie (0A/AT) , hehe Gr 
um =" GAjoa); —[(0A/0a)7] ~—*~=— (@A/OT), — (9 A/0T),] (OA/OT), —- ((0A/9T) 4] COIN x 


eG (0A/jda),C 4 (9 ) 
{(0A/da);—[(0 A/0a)7}}(C,—[C 4 ]) | 


In deriving (9), use has been made of the equations in (6) and the notation of (7). 

For a periodic perturbation of the system at a frequency w, we can find the dynamic derivatives 
(dy/8x)a,w, where x, y, z are any three of the variables a, A, T, or S. Eliminating An from two 
equations of type (8), expressed in terms of the variables x, z and y, Z, we obtain | 


oy _ (dy\ 1+ ior”? 10 
(a) = Cal + iat © a 
From this it follows that 
er Rena (Ge), heer a ce 


For the variables P (pressure), V (volume), T, and S, the equations obtained by Davis and Lamb by _ 
another method® follow from (11) immediately. 
From (8) it follows that 


(84/82) y,0-c0 = (On/0%)y, 000 = 0, 


so that, for w—-~, the subsystem of the degrees of freedom responsible for the appearance of the sys- 
tem properties characterized by the parameter 7 take no part in the change of the state of the system; it 
is isolated from the remaining degrees of freedom of the whole system. Therefore the quantities 
(dy/ 8X)z,w=o0 are just the derivatives (dy/0x )z, relative to the system which remains after the subsys~- 
tem has been excluded, and the quantity [(dy/8x),] = (dy/9x), — (dy/dx)z, w=o determines the con- 
tribution of the subsystem to the derivative (8y/8x)z, for the total system. On this basis we obtain 

from (11) 


WE bGo { (oy) oy 
Cees (12) 
At the Curie point, [(9y/9x),7] = A(dy/dx),; consequently, one can write, near enough to the Curie 
point q2 dy dy 
eae (as) | (32) C= 


At the Curie point the relaxation times increase without limit.’ 
The results obtained above can be extended to a system with an arbitrary number N of additional in- 
ternal parameters 7,,..., nN by an analogous scheme. In this case we have for the dynamic derivatives 


N 
(ae only + iwt*? ’ (14) 


where 1)” and rX” are the relaxation times of the additional parameters for constant y, z and con- 


stant x, y respectively. These times relate to the additional parameters with the same index n, pro- 
vided that n,,..., my are independent. In the opposite case the relaxation times appear to be general 
ones and cannot be associated with individual parameters. In particular, the approach of the n, to their 
equilibrium values no) for constant x, y will take place according to the law i 


N 


‘in = 1 + >) AkLexp (—t/?”, (15) 


ke] 
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where the coefficients A depend on the initial conditions. 


Equations ( 10) and (11) can be applied to the description of all relaxation phenomena connected with 
the corresponding dynamic derivatives. The thermodynamical theory leaves open the question of the tem- 
perature dependence of the relaxation times. 


het author expresses his appreciation to S. V. Vonsovskii and to G. V. Skrotskii for discussion of the 
work. 
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A POSSIBLE TEST OF THE CONSERVATION OF “COMBINED PARITY” IN THE BETA 
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It is suggested that the invariance of the B-interaction under time reversal can be examined 
by observing B—y angular correlations in allowed transitions with aligned nuclei. Formulas 
are obtained for the B—y correlation in nuclei oriented by various methods. The general 
form of the $-interaction is considered with parity nonconservation taken into account. An 
expression is given for the 8 —y angular and polarization correlations in oriented nuclei for 
B-transitions of any order of forbiddenness. 


Experiment has at present verified that parity is not conserved in weak interactions, as had been hy- - 
pothesized in different forms by Lee and Yang'’? and by Landau.** It remains for experiment to test the 
specific versions of the hypothesis. We shall speak here primarily of a test of the conservation law for 
“combined parity,” which according to Pauli’s theorem® is equivalent to the invariance under time re- 
versal. 

Another important question is whether or not is is possible to describe the neutrino by a two-compo- 
nent equation.‘ 

In the present work we shall give our main consideration to the first of these problems. We shall do 
this by investigating the @—v+y angular correlation of oriented nuclei. We shall show that if the nuclei are 
oriented by the method of Bleaney® or Pound’ (aligned nuclei), then a measurement of the B—y correla- 
tion for allowed transitions can give important information on the nature of the f-interaction: 

(1) If there is no B—y angular correlation, then (a) the B-interaction is invariant with respect to 
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time reversal, and (b) the vector and pseudovector interactions contribute weakly. 

(2) If there is a B—y angular correlation, but it decreases with an increase in the B energy, then 
(a) the B-interaction is invariant with respect to time reversal, but (b) either the vector or pseudovec- 
tor interactions contribute strongly. 

(3) An increase in the correlation with an increase in the B energy leads uniquely to the conclusion 
that the B-interaction is not invariant under time reversal, and “combined parity” is not conserved. 

These results are easily understood if one bears in mind the following facts. The expression for the 
probability of the B-transition must contain the electron momentum p(p, 3, gy), the photon momentum 
k(k, 0, ¢), and the tensor Tjy which determines the orientation of the aligned nucleus. Since the tran- 
sition is allowed, p must enter linearly. Parity is conserved in the y-transition, so that k must enter 
quadratically. With these conditions, it is impossible to construct a scalar quantity of p, k, and Tyg; 


the only pseudoscalar that can be constructed of these quantities is [px<k]T, where Tg = Me Typkj. This} 
i 

pseudoscalar changes sign under time reversal, and therefore cannot enter a theory which is invariant 
with respect to the transformation t — —t. The Coulomb interaction of the electron and the nucleus leads . 
to additional terms in the expression for the 8—vy angular correlation. In allowed transitions these terms: 
enter only into the vector and axial vector interactions, and they decrease as the electron energy increases 

Let us choose the most general form of the 8-interaction, taking parity nonconservation into account by’ 
the method of Lee and Yang.! The initial state of the nucleus shall be given by the tensor PJ0, which is 
related to the density matrix p (Up, Lo) by eu 


Jo = 2g +1 jo ; , 
oberg » Coron 0 (t0» Ho)» (1), 
Por Po 
where po is the projection of the nuclear spin jy on the axis of quantization. If this axis is chosen as the 


physically defined axis of the most probable nuclear spin orientation (for instance directed along the ex- 
ternal orienting field), then the density matrix is diagonal, and the nuclear orientation is given by 


io 2g+1 fob-o 
z0 —_ Zio + 4 »; C i500 w (fo); (2) 
Po 
where w(p)) is the probability of finding a nucleus in a state with the z component of the spin equal to 
Ho. We choose the initial wave function of the system as 


Hi = Dar Pine P (Hor Bo) = <agae >, 
Bo ie 
where < >: denotes averaging over the elements of the statistical ensemble, and 
W (to) = <5, D)w (Ho) = 1. 
bo 


If after B-decay the nucleus undergoes a radiative transition, the polarization tensor of the intermedi- 
ate state can be expressed in terms of observed quantities which characterize this latter transition. Let 
Hj,y, be the matrix element for the y-transition from state j,y, to state joa. Then the polarization 
tensor for state j,u, can be written 

hh ==" 2S ae 1 fipa * 
Ed aes ss es (3) 
i vd le 

We shall choose the form used previously by the author and others®® for the wave function of the elec- 
tron outside the nucleus, a function which describes a particle with momentum p at infinity. We shall de- 
fine the wave function of the electron within the nucleus as the solution of the Dirac equation for a surface 
or volume charge distribution. The amplitude of the internal function will be determined from the condi- 
tion that the internal and external functions join smoothly. The parameters Ajr» which are adjusted to 
make these functions joint smoothly, and the wave function phases 55 have been previously determined 
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by the author’ ~ '! and have been tabulated by Sliv and Volchok.!** We shall denote the total angular mo- 
mentum of the electron by j, and its orbital angular momentum by ty=j+A, where A =+ 4. The total 
angular momentum of the neutrino will be denoted by i, and its orbital angular momentum by &, =i+», 
where v =+ 43, The matrix elements of the B—y transition are calculated in the same way as in the au- 
thor’s previous works.’?!9 As a result we obtain an expression for the angular and polarization correla- 
tions of the 8 particle and the y ray emitted by the oriented nuclei. This expression is 


W (p, k) = Date (— yr-tee VOTED OL FD] FF Di +12 +1) Choo W LIF: iL) W (vt; U7) 


X exp [i (Bj, — Byrn) Chose X (hiS; joing, L’L f) Pit Pk (8) Vjo (92) BEE BEX”. (4) 


c 
Here co are Clebsch-Gordan coefficients, W (abcd; ef) are Racah functions, and X (abe, def, ghi) 


= X (adg, beh, cfi) are Fano functions. These functions are tabulated. ~'* Further 


i 


Le AL Jobo i! > is if St® 
By rons (Cr Nips ) Gis Due Toe Dj. a0, 


J=0 
(5) 
She = {1B (@sRi + (GsRI) + (gvRY + iGvRy)] 900 + [Bo (g@rRy + iGrRe) +6 (gaRy + iGaRe)] 811} 8142.0 


— {[ys (igaRz + GaRi) — Py, (igepRS+ GeR7)1 810 + [a (igvRa + GvRr) — Ba (igrR} + GrRy)) 81} 8r42, v1 
The symbols gg, gy, gp, gy, and ga denote the coupling constants of the scalar, tensor, pseudoscalar, 
vector, and pseudovector f-interactions, and Gg, G7, etc., are analogous coupling constants for terms 
which can be allowed only in the case of parity nonconservation (that is, those containing an extra ys5 = 
Viv2v3V4)- Further, B, Ys, Ya = ~8, @, and o are the well-known Dirac matrices which act on the nu- 
clear wave functions Yi obo and Pirmy and YA is a (J —L)-vector (with J =} this is a spherical 
spinor ). The components of this vector are given by 


Rae cool aa Oa Cie ts Y fo f=L+e1 —JSqt<J. (6) 


The spherical function Yip are given here in Bethe’s definition, '" which differs by a factor of (—1)? 


from the definition of Landau and Lifshitz.’ The quantities RT and RF arise from the wave functions 
of the light particles, and are 


Re = 3 [S,, —r9x, =!) = AWD, a by, vl Qexs Ree = > [2v6.,, Ox v ia 213,,, roy, ~y] Ohne ? 


©,%X ®,% 


, ; Ch) 
aL VW + 4ar x/t° (= aye . 
Qox = AnBoxe Gp ae DNC an FD Pit tate Lt 


w=+H, X=+ 4, q is the neutrino momentum, W=E+V, Kk? =W? -1, E is the total energy of the 
electron including its rest mass,t V = a@Z/R for a surface charge distribution, and V = 3aZ/2R fora 
uniform volume charge distribution. The quantity y,, is equal to unity with an accuracy of (aZ)*/5. In 
the case of a surface distribution, for instance, 


Go = 14+3(xR)?[10 (2j + 20+ 3))>. 


In the case of a volume distribution, gy, differs from unity by even less.?>!° Finally, R is the nuclear 
radius, and a = 1/137. 


The ce are the expansion coefficients of the angular parts of the wave functions of the light 
particles, i.e., 

*The quantities aj, which are tabulated by Sliv and Volchok” differ from the Ajax defined by the au- 
thor’ ~ !! by the factor 


an =VWo mn! A, | (2)! 


+ We are using units throughout in which fh=c=mel. 
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At 1] 
we Ar Vind aa >) ave CL Ain 
Pe 


= gil piv (— 1)/+*+4 pani 


git _V QI+ 1) OL +1) (2 - D Qh + V2 +1) / Be Crrogo X lati, Voli, JEL), (8) 
V2, Q=j+Aa, & =i+v, and f=L +7) 


Aj =1, Ary =Oy isa Pauli matrix, 0) =0z, 041 =+ (Ox + idy )/ 


The explicit form of the aoe is easy to find from the tables of Ref. 16. The sum in (4) is taken over 
all possible values of all indices. Equation (4) is applicable to B-transitions of all orders of forbidden= 
ness. The index N in Eq. (5) gives the order of forbiddenness of the transition. For allowed transitions 
N-=0, andsince L+7 = 0, the second curly bracket gives no contribution to Sy. If one treats a tran- 
sition of a definite order of forbiddenness, only some of the terms remain in the sum in Eq. (4), since the 
Clebsch-Gordan coefficients, the Racah functions, and the Fano functions in Sia are different from zero 


only for certain values of the indices. The number of possible values of g is determined by the charac- 


ter of the nuclear orientation. 
For aligned nuclei, g is even. If one measures the angular distribution of the y-rays, then 


is S(S-1 OT Bee ; ’ 
P& (8, o) =[1— SEED VOSEN CTF Ch FW (ialisSs in!) Ciiso¥ so (0), (9) 
where I is the multipole order of the quantum emitted, S is even, and j, and j, are the nuclear angu- . 
lar momenta before and after the radiative transition. If the nuclei are oriented by the method of Bleaney’ ' 
or Pound’ then g is even. For this case (4) gives 


Wepk)= Dy DY DVT Chee w (mo) (VIS FLD) (Me — EW] 8s,¢ U (Lio; iio) Ps (cos6): 


S=0,2,e04 2=0,2,++- Po L=0 


aa = am 5 Ds gs 
— V2GF Tip 1m Qn — eZ Re Qu] EWU (jofo8ls Sig) gz iF sex (92 )| | 1 — SEED |Chiso U CielinS: it), (10). 


M, = (les? +1Gs)*) |KsP + (ev? +1GvP)|Kv2?, Mi=(jerP + Gri’) 


KPIE (GA ee | Gal Canes 
Ny = (838) + GG),) KsKy + complex conjugate, NM, = (g,g", + G,G',) K,K’, + complex conjugate, 
Qm = (8765 + G85) KyKs — (6 aC) + Guay) KaKy, Qn = (GaGs + Gags) KaKs — (@rGv+ Grgv) KrKy, (11) 


\ Cc * ——————_ 5 
Fave (928) = 42 >) Cihar Yar (6) Vix (90), Fose = W204 1 Po (cos), Faca =4t dy Yay (YD) Vexr(89), (12) 
ng : 


Y 


iF, = —3V3/2sin 4 cos4sin¥sin(O —e), iFan = — (3 V 5/4) (7 cos? 6 — 3) cos sin 6sin 9 sin (pb —-), (13) 
U (abcd; ef) = V (2e + 1) (27 + 1) W (abcd; ef),. w= V1 —(aZ)” , 
Ks = \ Ya B Oia, dr ? Kr a V4e [Cie \ Oj wBSY TA? jay dr. 


In these equations Ky and Ka differ from Kg and Ky by the absence of 8. For allowed transitions 

Ky = —Kg;' and«Ka =—Ky. Here Y,, is the vector of Eq. (6) with j= 1, L)—"aeandsaa— le Eau 
tion (10) is accurate up to terms of order (aZ)*/3 and aZER compared with unity* If high accuracy 

is necessary, —,E7! should be replaced by at/a™, where 


at = (W—1) Ai, + (W + 1) AP, 
p should be replaced by c,/a~, where 

Cy = 2xAy,2,, Ar), 2), COS (61,1, — 91, 215) 
and @Z should be replaced by c,/a~, where 


Co = QnA: Bote, At ey ,sin (61,3), Ss 1) ) 
22 ke oat lo *}e) > 


*Equation (14) will be given to the same accuracy. 
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Since it seems that invariance under time reversal is maintained in strong nuclear interactions, we 
may assert that the phase difference between Ky and KS, as well as that between Ka and Ky, ees 
is either 0 or 7. Whether Qm and Qy are real or complex is therefore determined by the coupling 
constants g and G. If the #-interaction is invariant under the transformation t — —t, all the ¢ and G 
are real and ImQym =0. In this case the B—vy correlation is independent of p/E. If this independence 
were observed, it would be direct proof of the breakdown of invariance under time reversal. The form of 
allowed $-spectra would seem to indicate that the real part of ga and Ga is either very small or van- 
ishes identically. There is indirect evidence that the real part of gy and Gy is also small. If this is 
true, then Qy is small. Thus even a rough qualitative study of 8 —y angular correlation in aligned nu- 
clei may answer the question of invariance under time reversal and give indications as to the contribution 
of the V and A interactions. 

If the nuclei are polarized, say by the Gorter-Rose method,” there will again be a B—y correlation 
for allowed transitions. Considering both even and odd values of g, we obtain 


W1(,k)=Welp,k)— Dy DY DB Chr cow (vo) (2g + 1) V 25+ 1 {5 [Re Qn + 91m Qu] 


S=0)25 65 SH 1yBy nc. Wo 


x V2io+ IW (ioiogls Sio) —Y/2- [Re Q + Im Q|V Ge + DCA DX (ishS, joieg. 111) 


SCS 464 ee : 
X Foe (998) | 1— Steg | Cito U alias int); (14) 
1 = (Grer + Grgr)| Kr? — (Gaga + Gaga) | Ka|?— (Grea + grGa) KrKa + (Gagy + gaGr) KaKr; (15) 


Foy, = — V3/2 {(3 cos? 6 — 1) cos $ + 3 sin 9 cos 6 sin 9cos ( — 9)}, 
Fos, = (3V 2/2 V7 ){(3cos?6 — 1) cos — 2sin 9 cos 8 sin 9 cos (dh — 9)}, 
Fys1 = — (3/4 V 7) {(35 cos* 6 — 30 cos? 6 +3) cos $ + 5 (7 cos? 6 —3) cos 6 sin 6 sin 9 cos ( —)}. (16) 


A measurement of W,(p, k) may serve as a control experiment in the study of W.(p, k), and is also 
interesting in itself for the determination of the g and G coupling constants. The use of the two-compo- 
nent equation*4 to describe the neutrino necessitates an experimental proof of the fact that all the coup- 
ling constants are related by g=-G or g=G. This requires quantitative measurements, so that it is 
desirable to use the results of independent experiments. In particular, the polarization of electrons emit- 
- ted by polarized nuclei is of interest. The author has previously”” derived the required formulas for al- 
lowed and forbidden f-transitions. We note that if the nucleus emits 8+ particles, their polarization can 
be observed not only from scattering asymmetry, but also from the circular polarization of the annihila- 
tion radiation. Since the positrons are depolarized by relativistic effects, they will not be completely de- 
polarized in spite of the fact that they are slowed down. 

Additional possibilities in the investigation of 6B processes arise if, in addition to the angular distribu- 
tion, one observes the angular polarization of the y-rays emitted after B-decay. It was shown by Sha- 
piro,?! for instance, that if parity is not conserved there should be a correlation between the direction of 
the emitted electron and the circular polarization of the y-ray. The present author” has suggested that 
observations of the circular polarization of x-rays emitted after K-capture be used to determine the sign 
of gs/gp. The circular polarization of the y-rays gives information on the polarization of the nuclear 
dipole after B-decay. Thus instead of studying #-transitions in polarized nuclei, one can find the direc- 
tion of the nuclear spin relative to the direction of the B particle by observing the circular polarization of 


the subsequent photons. Formally this reduced to the Pel tensor playing the role of Bee If S_ is odd, 


pit vanishes on averaging over y-ray polarizations. If, however, the circular polarization is found from 


experiment Beds is nonzero for all S, and Eq. (9) becomes 


Pl = (2S + 1) Dy -M/*CHsm—aw U (HieSins ial) ef" Dima (, 9, 0), (17) 
M, M’ 


where the term with M=M =1 gives Doe for right-circularly polarized photons, the term with M = M 
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=-1, M =1 gives this tensor for linearly polarized photons. The variable & assumes the values + 1 


for magnetic and —1 for electric transitions. The angle a gives the linear polarization vector € inthe 
coordinate system whose z axis is along k (€4;=+ et!/V2, €)=0). This angle a is the angle be- 


= ~1 gives it for left-circularly polarized photons, and the sum of terms with M=1, M =-1 and M 


; Ss 
tween the polarization vector and the x axis in the plane perpendicular to k. Finally, Dg, mM—m’ ($90) 
is a matrix of the irreducible representation of the rotation group.2? It is here defined so that Y; pl 0p) 


= 2 Dh (0004 y’(00), and in particular, 


Yin (GD) = V (QL+ 1)/4eDing (80). 


Experiments on allowed £-transitions give the most unambiguous information, and are therefore of 
most interest. In the case of forbidden $-transitions, Eq. (4) depends on more nuclear matrix elements 
than it does in the case of allowed transitions. These matrix elements must be considered as additional 
unknown quantities which must be determined by experiment or evaluated roughly with the aid of nuclear 
models. It is therefore difficult to give unique interpretations to the experimental data. More meaningful 
conclusions can be reached in studying transitions in which the nuclear angular momentum change is one 
unit greater than the order of forbiddenness. In this case, however, we obtain no data on the Fermi part 
of the B-interaction. We shall give here an explicit expression for the B —y correlation function for a po- 
larized nucleus undergoing first forbidden transitions, when j, = j9 + 2. According to Eq. (4) we have 


Wp, k=. >) Dp Cie ole DX Cais, toheee Coe at) 


i,f,8,sUDSl pe 


x hh ZivF sey (990) VISF1[1— FO*D | Ch U (ialSs ial), (18) 
Ze? = 247 [(p Re Q, + «ZIm Q,) o, —i (pIm Q, — «Z Re Q,) @_], 

Zi = [p+ (aZE)'I[(p ReQ + F Im Q.) o, —i(pImQ — Re Q)o]; 25 = 42 (E + 1)(Mi— My), 

Zi=@(E—1)(M,+N,), Zh= +0" (epiym,—N,), 2 =F+S" (2-1) (mM, +™), (19) 


J="e, 3/o3 Land = jroete; 204 = 1+ (— I)ftS+s; 


de = (— 1) (274+ 1) VOU + 1)/42F +1) Chow U 42 —j, 2,7, fs i, 2) U Cle ifs Li), - (20) 
1g Rapelh 4 ly 3l 3) —— 3 3 lore 
P= —V6 wt => P=1, nP = wP=V7B uF =— (7/6) ne = -—V 14/6. 


The quantities M,, N;, and Q, differ from those in (11) and (15) only in that Kg and Ky are zero, 
and Ky and Ka are given by 


Kr=—Ka=([Cixju, ea Dis PSYan jn, ar. (21) 


All the equations in this article refer to 8~-decay. For positron decay, the following substitutions must 
be made: 


: * = = 2 * 
OSta ae LS aA Aa 2 IP ee eS 5 a oe 


Gs Gs; G4->. Gay. Gp Gp Gp—= =O, Gy Gy rar ee 
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Some general problems relating to the decay theory of a quasi-stationary state are considered. 
Dispersion relations are derived on the basis of the semi-finiteness of the energy distribution 
density w(E). A criterion of physical feasibility in decay theory is formulated and studied on 
the basis of the Paily and Wiener theorem. It is shown that an exponential decay law cannot 
hold for all I't/i. Corrections to the exponential decay law are computed under the simplest 
assumptions. Dispersion relations between the modulus and the phase of the function p(t) 
are derived and investigated. On the basis of a knowledge of the decay law, these allow us to 

_ determine the energy distribution density w(E) analytically. The results obtained are de- 
rived from the general laws of quantum mechanics and do not depend on the model of the decay- 
ing system. 


In the present work we consider several problems of decay theory, in particular, the decay of a quasi- 
stationary (almost stationary) state.* As is well known, the theory of the decay of a quasi-stationary 
state has great significance in the investigation of a-decay, in the transmission of particles through a 
potential barrier, in the theory of the nucleus, in the determination of the distribution of energy levels, 
etc.'2 The basic theorem of decay theory of a quasi-stationary state was obtained by Fock and Krylov in 


*A brief account of results that have been obtained is given in Ref. 5. 
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the study of the uncertainty relation for energy and time.! A theoretical proof of the observed exponential 
decay law was obtained in that paper, and the well-known dispersion formulas for the energy distribution 
of the decaying system were derived. 

The present work is a further study of the decay theory of the quasi-stationary state. The study is 
based on the theory of the Fourier transform in the complex plane,® which has already been used in the 
study of dispersion relations.’ 

The fundamental assumptions of decay theory of the quasi-stationary state, and the results obtained in | 
the work of Krylov and Fock,! are treated briefly in the first section. In the second section, the general 
dispersion relations in decay theory are obtained. In the third section, a criterion of physical feasibility 
in decay theory is formulated and investigated. Several fundamental questions are also considered in con- 
nection with this fact. Finally, the definitive “dispersion” relations and their detailed investigation are 


treated in the fourth section. 


| 


1. BASIC PREMISES OF THE DECAY THEORY OF A QUASI-STATIONARY STATE 


Let ~) = v(x, 0) be a wave function describing the state of a physical system at the time t=0. Then © 
the state of this system at the time t is determined by the wave function %(x, t)* 


b (x,t) = \ e-Ih0 (E) de (x) dE, (1.1) 


with 
Yo = (x0) = Vc (E) de (xd, (1.2) 


while %f (x) are the eigenfunctions of the energy operator of the physical system. 

Investigation of the behavior of the function ~(x, t) in its dependence on the variable t, which is the 
most general problem pertaining to the time development of the system, can be carried out by starting ; 
from certain general principles and restrictions applied to the coefficients c(E) and the eigenfunctions 
YE (x). 

One of the basic problems which arises in the study of the development of a system according to the 
Schrodinger equation consists in the consideration of the decay of the initial state. But this problem 
amounts precisely to the determination of the probability that the system at the time t will still be in the 
initial state % =~(x, 0). The desired probability is then the projection of the state vector w(x, t) on 
the initial state vector w(x, 0), and is consequently equal to the square of the modulus of the scalar 
product 


P(t) = (9 (%, 2), 9% 0) = \2 (x, 0) 9 (x, t)dx, (1.3) 


so that the probability that the physical system at the time t will still be in the initial state % is 
L(t)=|p(t)?, (1.4) 


where in turn, on the basis of (1.1) and (1.2), 


p(t) = \eM#tIh c* (B) c (E) dE = \e-tihe (E) dE, (1.5) 


while w(E) is the energy distribution density for the initial state ~) (and consequently also for the state | 
at the time t). 
The basic theorem of the decay theory (pointed out above ), giving the connection between the decay law — 
of the quasi-stationary state and the energy distribution density in this state, was obtained in Ref. 1. 
Inasmuch as the condition for the decay of the initial state ® is evidently the condition 


L{t)—0 for t+ oo, (1.6) 
*We shall keep the same notation as used in the paper of Kyrlov and Fock.! In particular, the set of 


variables in terms of which (exluding the time t) the wave function of the system is expressed, is denoted 
by the letter x. 
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then it follows from (1.5) (because of the Fourier theorem and the theorem on characteristic functions ) 
that the necessary and sufficient condition for the decay is the absolute integrability of the energy distribution 
density w(E )! In particular, it follows from this that if we have a discrete spectrum, then the decay is 
possible only if all the probabilities pertaining to a discrete spectrum vanish in the initial state; conse- 
quently, the w(Ej) also vanish. This principal limitation is of advantage to us in what follows. 

We note that the determination of the decay probability as the projection of the state vector Ox) 
on the initial state vector %) is most natural and general. It is clear that in the determination of the 
decay it is necessary to point out the state the decay of which is studied, which leads to a natural deter- 
mination of the initial instant of time t = 0. 

We can arbitrarily define the decay probability as the square of the modulus of the wave function 7 (x, t) 
for a certain fixed value of x. As will be shown, the results obtained in the present research are also ap- 
plicable for such an “arbitrary” determination of the decay probability. 

It was shown in Ref. 1 that relative to the energy distribution density w(E) of the decaying state, we 
can frequently exhibit more than merely the property of absolute integrability. In particular, in the prob- 
lem of the emission of a particle from a potential well through a potential energy barrier ( a-decay) the 
energy distribution density w(E) is a meromorphic function of the complex variable E. 

Then, taking into account only the pair of poles close to the real axis, 


Bybee IVES 0: TS 0. (avy 
we can, for sufficiently large times t, obtain the following formula:! 
‘Ep OT, 
p(t) =exp\— = —F lel}, (1.8) 
and then 
1X) ee (1.9) 


which expresses the usual, well-known exponential law of decay of the quasi-stationary state. In this case, 
w(E) is evidently determined by the expression 


@ (E) = <T/((E— Ey)? +l), (1.10) 


i.e., a widely-used dispersion formula for the energy distribution of the quasi-stationary state is obtained 
for w(E). In what follows, we shall consider some fine points in the derivation of Eq. (1.8). 

Concluding this section, we note that the fundamental theory of Fock and Krylov [Eqs. (1.4) and (1.5)] 
has very general meaning and is based only on the fundamental definitions and concepts of the quantum 
theory; at the same time, it is completely independent of the concrete form of the Hamiltonian operator. 
i.e., of the concrete properties of the decaying system. 


2. GENERAL “DISPERSION” RELATIONS IN DECAY THEORY 


For the following investigation it is necessary to make several basic formulas of the previous section 
more specific. That is, we must consider (taking into account the note in the previous section) that all 
the integrals in E are taken in the region of a continuous positive energy spectrum E € (0, ~). Then 
the basic formula (1.5) takes the form 


p(t)= \ oF a(E)de, (21) 


—O 


where the function w(E) that we have introduced is “semi-finite:” 


w(E) E>0 


(rn b= 0: (22) 


@(E) =| 


From (2.1), we get 


foo) 


@(E) = sor \ elFtIh » (4) dt, (2.3) 


—oO 
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so that the knowledge of the complex function p(t) allows us to find analytically the energy distribution 
density @(E) in accordance with (2.3), and therefore to find the spectrum of the Hamiltonian operator 
of the decaying system. | 
Restriction of (2.2) to the admissible distribution density @(E) adds definite restrictions to the func-_ 
tion p(t) and consequently to the function L(t), which has the direct physical meaning of a decay prob- 
ability. 
Actually, transforming to the complex t =t,+it, in 


pi(t)=p(—t) = | eh a(B) dE (2.4) 


55. 


we get 


pies \ elFtilh p—Ptlh G (E) dE, (2.5) 


—oOO 


and it is easy to see that (2.5) defines p,(t) as an analytical function in the upper half plane Im t = t, 
> 0 (Ref. 6), which is the direct consequence of the “semi-finiteness” of @W(E) [Eq. (2.2)]. The ana- 
lytic character of p,(t) in the upper half plane imposes substantial limitations on the form of the func- 
tion p,(t) in the case of real t, since, on the basis of the Cauchy formula, we evidently obtain* 


p | Bilal = pi (t) + Sp Resi (td), (2.6) 
where p,(t) is an analytic function in the upper half plane Imt > 0, tj are simple poles of the function 
p;(t) on the real axis, Res p,(tj) are the residues at these poles; the symbol P denotes the integral in 
the sense of the principal value. 

Separating the real and imaginary parts in (2.6), and assuming that p,(t) does not have any poles on 
the real axis (a natural physical assumption), we obtain the so-called dispersion relations: 


c I nee - 1 ° Ie te . 
P \ PE ae, Im p,(t) = —=P \ at awe. (2.7) 


—a 


1 
Rep, (t) = = 
We shall now transform these dispersion relations. By virtue of the real nature of w(E) we obtain, 
obviously, 
pit) = pi(--t); p(t)= p*(-2). (2.8) 
From (2.7) and (2.8) we can, after a number of transformations, obtain the following dispersion rela- 
tions: 


o 


LIC 1 inp) OS 2t yf Re p(t!) — 
Rep(t) = — = p{ metre ay, Imp(t) =p P | ee Ber ay, (2.9) 
0 


0 


Thus, the fact that the energy distribution density w(E) is “semi-finite” leads to the result that the 
real and imaginary functions of p(t) are interconnected by integral dispersion relations, so that it is 
impossible to assign Re p(t) and Im p(t) separately and arbitrarily. The dispersion relations make 
it possible to calculate Im p(t) from a knowledge of Re p(t) alone and vice versa. Inasmuch as, on the 
basis of (2.3), knowledge of p(t) completely determines ®(E), we can select the value of the disper- 
sion relations (2.9) by the following statement: all the information concerning the energy distribution den- 
sity w(E) is contained either in the real or in the imaginary part of the function Ce). 

From the mathematical point of view, the dispersion relations (2.9) form a system of explicitly solved 
integral equations in Re p(t) and Imp(t). 

The dispersion relations introduced above, as was shown, are the consequence of the “semi-finiteness” 


*In the derivation it is essentially assumed that p,(t) falls off sufficiently rapidly as |t]— ©, 
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in the sense of (2.2), i.e., when the limit of “se mi-finiteness” ” below is zero. In the problem of the emis- 


sion of a particle from a potential well through a potential barrier, it is obvious that the limit of the 
“semi-finiteness” is zero. 


Now let us consider the consequence of the general condition of semi-finiteness: 


— OME) eh > Ee 
@(E) = : (2.10) 
Oe =< Be. 
It is easy to see that in this more general case we can introduce the corresponding “dispersion” rela- 
tions. 
Actually, carrying out a change of variable, we obtain 


fos) 


p, (t) = elZ#lh \ elFIhG (E') dE’ =e! "lhe, (t; Ey), (2.11) 


—oo 


where Wy (E’) is already “semi-finite” in the sense of (2.2). But then, according to what was pointed out 
above, the “dispersion” relations (2.7) are valid for the analytic function ¢,(t; E;). 
On the basis of (2.7), (2.9), and (2.11), we then get the following “dispersion” relations: 


Re p(t) cos t — Imp (t) sin t 
===? Ve Re p(t’) sin 4 t’+ #'Im p (’) cos t’.—tRep(t) sin £1 ¢_ 41m p(t) cos oe 
0 
Rep(t sin = ¢ + Imp (¢ cos = ¢ 
kh i 


wre pt {Re p(t" )cos =- Ep Im p (t’) sin oe Re p(t ) cos 2 t+ Imp (t)sin=- aye (2.12) 
t) 
which represent explicitly unsolved integral equations relative to Re p(t) and Imp(t). It is obvious 
that in the particular case in which E,=0, the relations (2.12) transform to (2.9). 
It is also easy to see that a condition of semi-finiteness of the type 


-" w(E) E<E; 
Ey Deis 
mee ane esoree (2.13) 
leads to the following “dispersion” relations: 
Hee es 
Re p (t) cos =* ~i—Imp(t)sin-t 
se =p | {t’ Im p(t’) cos = Fo 4 Re p(t’) sin y — t Im p(t) cos 42 t — t Rep (t) sin 5* Es a 
0 
Im p (t) cos-— t+ Rep (t)sin- 2a) 
C i E 
= — =p | {Rep (t/)cos 42 t” — Im p(t’) sin 5) = t — Re p (t) cos! 2 t-+Im p(t) sin-: 25) (2.14) 
0 


It is now easy to introduce the dispersion relations for the modulus (which has direct physical mean- 
ing) and phase of the function p(t). Actually, taking it into account that 


p(t) = M (t) exp [iN (#)], Re p (t) = M (t) cos N (t); Imp (t) = M(t)sin N (t), (2.15) 


it is not difficult to obtain “dispersion” relations on the basis of (2.9), (2.12), and (2.14) that connect 
M(t) and N(t). For example, from (2.9) we obtain the relation 
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M (t)cos N (t) = —=P 


( iM (ty sin Nt’) — iM (t) sin NL) yy, 
as pale {72 — 72 : ‘| 
: (2.16) 


(Me! izes Niyeger 
M (t)sin W(t) = 2p { Beste OD ay, 


0 


which are explicitly unsolved integral equations relative to M(t) and N (t). 

Equations (2.16) permit us, generally speaking, to determine N(t) as a solution of an integral equa- 
tion, knowing M(t’) for all t’ (i.e., knowing the behavior of the decay probability), and in the same way 
to determine w(E) analytically on the basis of (2.3). It is true that the solution of the integral equations | 
for N(t) or M(t) is not generally unique. A detailed study and criticism of the “dispersion” relations 
is given in Sec. 4 of the present work. 

To conclude this section, we note that the “dispersion” relations obtained above are valid even for the 


wave function 


b (x, t) = (x, t) eo), (2.17) | 


so that the “dispersion” relations for ~(x,t) are obtained by an obvious substitution in (2.9), (2.12), | 
(2614 )5(2 16 ): 


Re p(t) > Reg (x, t), Im p(t) Img (x, t), 
M (t)>¥ (x,t), N (t) 9 (x,t). (2.18) 


3. CRITERION FOR PHYSICAL FEASIBILITY IN DECAY THEORY 


In the previous section, dispersion relations were derived on the basis of the “semi-finiteness” of the 
energy distribution density w(E). These established the integral connection between the real and imag- 
inary parts of the function p(t), and therefore between the modulus M(t) (which has direct physical 
meaning) and the phase N(t). However, as will be shown, the dispersion relations do not exhaust all the 
consequences of the condition of “semi-finiteness” of the energy distribution density w(E). 

One remaining direct consequence of the condition of semi-finiteness of W(E) is the criterion of phys- : 
ical feasibility in decay theory, which is analogous to the criterion of physical feasibility already used.!* 
As was shown in the previous section, the modulus M(t) and the phase N(t) of the function p(t) 
are connected by the “dispersion” relations, so that it is impossible to give separately and arbitrarily the 
modulus M(t) and phase N(t). However, since the “dispersion” relations form a single relation, then 
for its proof it is necessary to know the value of M(t) and N(t), i.e., the entire function p(t). At the 
same time it is observed that on the basis of the condition of “semi-finiteness” of w(E), we can point 
out a criterion by which we need satisfy only the modulus M(t) of the function p(t), which has direct 
physical meaning because L(t) = M2(t) is the probability that at the moment t the system is still in 

the initial state %, i.e., it is the decay probability. 

The statement of the problem is this: let an arbitrary non-negative function M(t) be given; can we 
find such a real function N(t) that the function w(E), the Fourier transform of which is 


p(t) = M(t) eiN®, (3.1) 
would be “semi-finite” in the sense 
b o(E) E>E 
@(E) =| Owner (3.2) 


It is shown that arbitrary M(t) are unattainable, i.e., for certain M(t) it is impossible to select any 
real function N(t) so as to satisfy the “semi-finiteness” condition (3.2). The limitations on the admis- 
sible function M(t) follow from the fundamental theorem of Paily-Wiener.? 

In decay theory, this theorem can be formulated in the following fashion. In order that L ( t) be the 
probability of decay of a quasi-stationary state, we must satisfy the criterion 


*The criterion of physical feasibility obtained in the present section is also applicable to the study of 
~ (x, t), so that it is sufficient to substitute in the final results W(x, t) for M(t) and p(x, t) for N(t). 
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\ oa at eS (3.3) 
where L(t) = M’(t). 

The criterion (3.3), which the modulus M ( t) of the function p(t) must necessarily satisfy, we call 
the criterion of physical feasibility® in the decay theory of a quasi-stationary state. 

We note that while the “dispersion” relations (see Sec.2) depend essentially on the limits of finite- 
ness, the criterion of physical feasibility (3.3) is generally independent of the limits of finiteness (ex- 
cept that the limits of finiteness Ey be finite). 

Failure to satisfy the condition (3.3), i.e., the criterion of physical feasibility, can be due to the inte- 
gral (3.3) being improper, either on the upper (lower ) limit or owing to singularities of the integrand. In 


either case, M(t), and consequently L(t), cannot vanish over a certain interval of the variable t. 
Therefore, it does not hold that 


LG) = Oor d= 7, (3.4) 


Inasmuch as the integral (3.3) is absolutely convergent, if it converges at all, then the conditions for 
the convergence of (3.3) are the Cauchy conditions.’ 

The criterion of physical feasibility (3.3) permits us to make the following remarks relative to the 
function M(t), and consequently relative to L(t) also. 


(a) As |t]— ~, the convergence of the integral (3.3) is guaranteed by satisfaction of the inequality 


| logM (t)|/(1 + t?) << At—', (3.5) 
where A>0O; £> 1. 


(b) The convergence at certain points ty: M(ty) =0; M(t)) =~ is guaranteed by fulfillment of the 
following inequality: 


|logM (t)|/(1 + 2) <A, (t —t,)—4, (3.6) 
where A, > 0; & <1. 
We note that if M(t) satisfies the conditions of the Paily-Wiener theorem, i.e., the criterion (3.3), 
then the function obtained by polynomial change of M(t) satisfies this same criterion. 
The inequalities (3.5) and (3.6) are of fundamental value in the decay theory of the quasi-stationary 
state, especially the inequality (3.5). 
Actually, the inequality (3.5) means that for |t|— ~%, the inequality 


L (t) > Aexp(—7|t|"), (3.7) 


(A >0; y>0, and q <1), is certainly satisfied in all cases, i.e., there can be in principle no exponen- 
tial decay law for all t € (0, ©). It should be noted that the principal conclusion obtained above is the 
direct consequence of the “semi-finiteness” of the energy distribution density w(E) and is completely 
independent of the specific nature of the decaying system. 

The conclusion thus obtained paradoxically contradicts the well-known experimental exponential decay 
law. However, as will be shown, in spite of the fact that there can be, in principle, no exponential decay 
law for all t € (0, ©), the exponential decay law is satisfied with sufficient accuracy in a rather large 
middle region of the values of t. 

With this aim, let us consider in detail the derivation of Eq. (1.8), obtained in Ref. 1. In the case in 
which w(E) has only poles for E=E,)+il, p(t) is defined bythe integral 

p(t) =a) et ae dE. (3.8) 


0 


If we consider that IT « Ey and Ey > 0, then it seems natural to substitute the lower limit in (3.8) 
by -—©, i.e., approximately 


r 


tear i iE tlh 
p(thz— \ e 5) ee 


—oO 


GE. (3.9) 
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The. integral of (3.9) is easily computed by residues and gives, as in Ref. 1, 


p(t) om ei dlt p—TitHh (3.10) ‘ 
i.e., the exponential decay law 
Liye (3.11}]/ 


However, the result (3.10) contradicts the criterion (3.3) which is evidently | 
produced by the approximation made in the computation of (3.8). We consider 
the more accurate calculation of this integral. 

Traversing the closed contour in the lower half plane Im E = 0, shown in the picture, we obviously 
obtain, from the method of residues: 


‘ i r =Btih r u | 

p(t) = exp {— iE gt /k —It/%} ile * pep aE. (3.12), | 

0 | 

| 

The first term in (3.9) gives an approximate solution of (3.10). We compute the second term in (3.9). 
We have 


A 


Il 


tae —Ftih Bae 10) ER dE al ~-Et li dE | 
aig (Ey + iE)? + T? dE =5{\e EB ipa. g Ej ibepak JS (3.13) 
0 0 


In the first integral we make the substitution of variables Ey) + iE —il’=z, and in the second integral, | 
Ej) + iE + il =z; we obtain from (3.13) | 


A=s-[f (vs) —F (Ye) (3.14) 
where 
f(y)=e-¥ \ el ee (3.15) 
ai, 
y, = (Eo — il) t/%, Yo = (Eo + iP) t/t. (3.16) 
Integrating by parts in (3.15) and assuming that 
(¢/s)VE+P 1, (3.17) 
we get 
fy) ~i/y, (3.18) 
and then, substituting in (3.14), we obtain 
een keels 
~= (Bary ; (3.19) 


Thus, we finally get for values of t that satisfy (3.17) 


i Th 


BO ete cE Ry i aa gee 


(3.20) 
The presence of the second, non-exponential term in (3.20) once again supports the criterion of physi- 
cal feasibility (3.3), (3.7), since it follows in every case from (3.20) that for t — «0, |p(t)] vanishes 


more slowly than exponentially. It also follows from (3.20) that the exponential law of decay is valid only 
in the finite region of values of It/h. 


(Tt/h) e-P4/h Ss (P/E,)?. (25 


We can show that similar results are obtained if w(E) differs from (1.10) by the factor VE. For 
brevity, we omit the calculations and write down the final result. The additional non-exponential term in 
this case is proportional to 173/ 2 while the condition (3.21) is replaced by 


: 
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(It/n)"l2e-Ft/h ~S> (T/E,)"2. (3228 


It is evident from the estimates obtained that the difference between the decay laws and the exponential 
can be observed only for very large or rather small values of t. Here the presence of non-exponential 
terms naturally leads to the necessity of fixing the initial instant of time t = 0. In the following section, 
we shall touch on the experiments possible in this sense. 

The criterion of physical feasibility that has been obtained, in addition to its principal value, is impor- 
tant for the investigation of “dispersion” relations in which the integrals generally extend over infinite limits 
ie conclude this section, we give (without proof) another interesting consequence of the finiteness of 
wW(E). If w(E) is finite in the sense 


e 0 ESE, 
o(E) = jee E €(E;, £3), (3.23) 
pears 


then the function p(t) is shown to be “quantized:” 


Sree 


p(t) = exp{— - > y p( annh ee [(Ex— Ey) t/2h + nn] 


aol E,— Ey (Ey — E) t/2h + nt ? (3.24) 
that is, the value of the decay probability L(t) is completely determined by its values at the points 
ty = 2mnh/(E, — Ey). 


4, INVESTIGATION OF THE “DISPERSION” RELATIONS 


In the second section we obtained “dispersion” relations, in particular, Eq. (2.16), which relate M(t) 
and N(t), i.e., the modulus and phase of the. function p(t) by integral equations. If one were to suc- 
ceed in solving these equations, then, knowing M(t) (from an experimental determination of the decay), 
we would be able to compute N(t), and in the same way we could, on the basis of (2.3), determine the 
energy distribution density w(E) of the decaying system, without making any assumptions as to its na- 
ture,,i.e., as to the Hamiltonian operator. In this case we could speak of the following inverse problem: 
knowing the decay law L(t), to determine analytically the energy distribution density w(E) of the de- 
caying system. 

With the aim of solving this inverse problem, let us study the dispersion relations (2.16). We consider 
the following function: 


g (t) Slog p, (t) = logM (t) — iN (t). (4.1) 


According to what was pointed out earlier, p,(t) is analytic in the upper half plane Imt > 0, and 
consequently it can have only isolated poles in the upper half plane. 

Assuming that all the poles of the function p,(t) lie in a semicircle of finite radius, on the basis of 
the theorem on the number of poles of an analytic function, we get’ 


N (co) = nn, (4.2) 


where n is the number of poles. 

Initially, let us assume that p,(t), which is analytic in the upper half plane, has no poles there. Then 
g(t) will also be an analytic function in the upper half plane Imt > 0. However, it is not possible to 
apply Cauchy’s formula to g(t) directly, since p,(t)— 0, and consequently g(t)— © for t—> -. 
However, on the basis of the criterion of physical feasibility and (4.2), it is easy to estimate the order of 
magnitude of g(t). Actually, from (3.3), (3.7), and (4.2), 


g(t)~t?, t>oo; gq<cl. (4.3) 
Consequently, if we consider the function 
On (t)=t—"g (t) = t—* logM (t) — it" N (t), n> 2, (4.4) 


then, being an analytic function for Imt > 0, it satisfies at the same time the conditions of applicability 


of the Cauchy formula, because gy (t) approaches zero sufficiently rapidly for t+ ©. 
Making use of the more general Cauchy formula in that case in which the analytic function gy (t) 
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has poles of n-th order* 


n © i r) t dg (0) s fi ae (0) ( 4,5 ) 

= P \ aa t) dt’ = g (¢) & (0) 1! dt Pap (n—1)!  qgr-} y | 

and taking it into account that | 
a2™+1 g (0) Ey a2” g (0) Lip 0) =0 (4.6) 

Cpa Oo lI Pama OA een | 


we get [on the basis of (4.5)] the following “dispersion” relations: 


a0) 4 an tg) , POH F Imee) a, 
Re g(t) = 2: df? “Tt Gal gen bet i fate (es ——) oa | 
Deki: (4.7) 
4e(0 ) HES GROSS a () 1a ‘ » Reg aay | 
Im-g(¢), = rs aa Ba Qnm—D! gent P i f2m+i(ge — 2) oD | 
| 

or 

e a 20) f2m—2  q2m—2 4 (()) te re Im g (t’) , 

Reg (t = a5 Bis By RESON TI (2m — 2)! dt2™—2 ay E A f2m (t! es: t) dt ? 
t 44.0 ) pm—1 g2m—1 g (0) oa pam - _Reg(t’) _ ‘ (4.8 y) 

Irate 7p mar ose Ge a eee a £2 (4 — 2) aK 


We note that the terms outside the integral sign in these “dispersion” relations contain the moments ci 
the distribution density w(E): 


oy, == \ E“o(E) dE. (4.99) 
Q 


In the special case when m =1, i.e., n=2, we get, after simple transformations, the following “dis- 
persion” relations: 


24 1 (N(t) NV ae FEA (0) Ee LEROY MM ACPA IEA, MIESTICA) oon 
log M(t) = P| ae he ae ay Ce I ON tear oe T P { ae a a } dt’, (4.10)) 
0 0 


which permit us to determine M(t) uniquely from the known values of N (t'); to determine N(t) from 
known values of M(t’), we must also know dp (0)/dt, i.e., the actual mean value of the energy. | 

To obtain “dispersion” relations which permit us to compute N(t) from known values of M(t’), we | 
consider the function 


2.) = 8) 2 (00): (4,11)} 


Making use of (4.2), we then get the desired “dispersion” relation on the basis of the Cauchy formula (2.4 


2t log M(t Sle M 7 
N(t)= =P ( ee a (4.12)! 


0 
It was assumed above that p,(t) has no poles in the upper half plane. In thise case we can determine: 
N(t) uniquely in terms of the known values of M(t’) and solve the inverse problem. If py(t) hasa 


pole in the half plane Imt > 0, then the connection between M(t) and N(t) becomes ambiguous, but 
the resulting arbitrariness can be exactly identified. 


*The symbol P in (4.5) and below denotes an integral in the sense of the principal value both at the 
singular points t’=t and at t’=0, 
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Let p;(t) have a simple pole in the half plane Imt > 0, Say at th =Qy,+iBy; By > 9, ie., 
Dx (t) = py (t) (t — &n— i8,), (4.13) 


where p(t) is already an analytic function in the upper half plane Imt > 0, having no poles there. We 
consider the function 


Px (t) = py (t) (t — on ++ iBn) | (t — On — iBn)- (4.14) 


It is evident from (4.14) that the function p,(t), which is analytic in the upper half plane, has no poles 
there (its poles are in the lower half plane), and has the same modulus as the original function p(t). 
Applying the dispersion relation (4.12) to p(t), we see that N(t) is given by the following expression: 


ie } 
Ni) =~ (¢—a,) By 4 2 Pi gee een dt’, 


Pag )j2-= 62% 2— 


(4.15) 


0 


because 


TA = £—Qny + i} n 
arg p, (t) = arg py (esate ee (4.16) 


Thus, finally, knowing the modulus of the function p(t) — M(t) [which is connected with the experi- 
mentally determined decay law L(t) = M?(t)], and the poles of the function p,(t) in the upper half 
plane Imt > 0, we can uniquely determine the phase of the function p(t) — M(t) and also, from (2.3), 
we can determine analytically the energy distribution function w(E). 

Some remarks relative to the experimental proof. Asis easily understood from the conclusions reached 
above, it is necessary to observe the decay, beginning with the initial instant of time t = 0. For this pur- 
pose we could use an experiment with the formation of an artificial, short-lived isotope, fixing the initial 
moment of time t =0 by having a “pulse” of particles bombard a stable nucleus, a product of which is an 
artificial short-lived isotope. In this same experiment, we could observe the departure of the decay law 
from the exponential. 

In conclusion, I express my gratitude to V. A. Fock for his discussion of the work and for valuable com- 
ments, and also to the colleagues of the seminar of the Department of Theoretical Physics, Leningrad State 
University for discussion of the work. 
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THE INNER BREMSSTRAHLUNG OF A POLARIZED MU MESON AND THE NONCON- 
SERVATION OF PARITY 


I, G. IVANTER 
Institute of Scientific Information, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor May 10, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1383-1386 (December, 1957) 


On the hypothesis of the conservation of the combined parity, formulas are obtained for the 
angular and energy distributions of the inner bremsstrahlung accompanying the decay of a 
polarized w meson, 


For an unpolarized p meson decaying into a neutrino, an antineutrino, and an electron, the bremsstrah- 
lung has been calculated by Lenard! and Skorniakov.2 It has now become evident**4 that parity is not con- 
served in decay interactions. In this connection it has been pointed out® that the neutrino can be a longi- 
tudinal particle.* This hypothesis can be regarded as experimentally confirmed.’ Because of the longi- 
tudinal character of the neutrino, only the vector and pseudovector types of coupling take part in the inter- 
action for the decay of the » meson 

In connection with the nonconservation of parity in the weak interactions, the question arises of the 
asymmetry of the angular distribution of the inner bremsstrahlung of a polarized y» meson. That such an 
asymmetry must exist can be seen just from the fact that the radiation is mainly in the direction of motion 
of the electron, and the electrons have a preferred direction of emission in the decay. 

We use the method for calculating the decay probability, developed by Lenard,‘ and the method of cal- 
culation by means of polarization projection operators, developed by Tolhoek, Fano, and Michel x 

The probability of radiative decay in a range of momenta of the electron and the quantum is!s? 


BW (p, K) dK d p= (2ny{{ dk dk'5>\>)| (F | R|i)|°8 (P—K —k—k'— p) BKadPp. (1) 


Here and below we have used the notations of Ref. 1: M and m are the masses of the » meson and 
electron; € and W are the energies of the electron and photon; P, p, K, k’, and k are the four-mo- 
menta of the meson, electron, photon, neutrino, and antineutrino, and p and K are three-dimensional 
momenta. We set h =c =1 and e*/4m = 1/137. 

The matrix element for the transition is: 


de - ; ge get tit Q+iM w 
(F|R] 4) = &g [vy (A) (1 + 15) Yo(1 sh (5) v (A )) lu (p) fomcrce aan M2 aw | +7) U (Ph. (2) 


In Eq. (2) the nonconservation of parity has already been taken into account. u(p) and U(P) are the 
wave functions of the electron and p meson; q=p+K and Q=P-—K are the momenta of the electron 
and p meson in the intermediate state. The probability is found by summing over the spin states of the 
electron and the polarizations of the quantum: 


imezae T a[w * 5 p * : w 
8 (pK) = Tas ap Fi F = 7,(G6)Sp {p | & 6+ R) to — to(P —K + iM) | (1 + ye) (1 +8) (1 + Jr) 


x [19 +R) — SB (PR iM)|(1 +210) } 35S? {P[ ze (B+ RG — 6 (0 —K + im) B+ 045) (1-48) 


x (1+ Int | C6 +8) 2 — 2 P—R—im + mp), 

*Note (October 9, 1957): In connection with the latest data on the neutrino and antineutrino, it must be 
pointed out that since in the problem considered here the essential point is just the existence of the vec- 
tor and pseudovector types of interaction, which can be regarded as experimentally established! by the 
measurements of the energy spectrum of the electrons, the hypothesis of the longitudinal character of the 
neutrino leads only to a renormalization of the interaction constant (the renormalization constant being 2). 
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G=P—p—K; P=(P») ete. (3) 


Here J is a unit vector giving the direction of the spin of the » meson. The calculations give a formula 
of the following form: 


F = 4 {f+ (pws)? fo + (pS) (pws)? fs + (PJ) fa + (KS) fs + (pws) (p, (Jxwi]) fe + (pwi)? (KJ) fr + (Jwi)(Pwi) fee (4) 
| Here 
w, = Kx{pxK]/| KxipxK] |, fi =fi(e, M, W, (pK)). 


_The values of the functions f; and the limiting cases for them are given in the appendix. 
The terms in Eq. (1b) of the appendix that contain in their denominators the quantity (pK — «W) to 
only the zeroth or first degree are small, since in them integration over the angles does not give rise to 
the factor In(2¢/m)*. After neglecting such terms one gets the formula 


%® (K, p) dp dK = yoy ea B (p) d3pa?K. (5) 
Here %&(p) is the probability for the emission of the electron into a given range of angles and ener ey, 
_as given by Landau’s formula.® Equation (5) has just the same sort of form as Lenard’s formula,! but 
now %&(p) stands for a different expression. 

The precision of Eq. (5) is given by the ratio 1:1n(2¢€/m)*, or about Lig 

In order to find the total probability for emitting a quantum one must integrate Eq. (3) with allowance 

for (1b). 

Since we are confining ourselves to just the region of small frequencies and thus the condition W = 
_M/2 - € is fulfilled everywhere except in a very small range of energies of the electron, we can ignore 
the fact that near the upper limit of the integration, given by M/2, not all angles between the momenta 
of the electron and the quantum are allowed. Integrating, we get 


w(K aK = gy a0, {o4[04i (Sin —fa)—aa(bint Ah 08) 


m m 


. The ratio of the numbers of quanta emitted at small frequencies in directions with and against the spin 
(the numbers of quanta integrated over the hemispheres) is 1:1.5 for A=1. Let us calculate the prob- 
ability of emission of a quantum with energy larger than a certain value Wo. We confine ourselves to 
terms containing the factor In (2¢€/m y?, and thus get an accuracy of about 10%. 

In integrating the expression (3) over the angles, using Eq. (1c) one must note the fact that at large 
energies not all angles between the momenta of the electron and the quantum are allowed; the limits of 
integration are therefore as follows: —1 <= cos(Kp) = 1 for W = M/2—e€ and —1<=cos(Kp) =a 
for W = M/2—e. Here a = M?/2pwW — M/W - M/p +1. 

: As the result of the integration we get 


M/2 
K e*g? AC InW x (2e/m)? 
B (p> Wo)dQ,= pawag [Gem — 4M) | pe Eo AW — (6 — M) (M— 62) Min Geran ET 


M/2—« 


+ (— (30M? — 42M) InW, — (3 M?— 8Me) W,+ 2MW%) In(= =) | +?) + 22 (pJ) [(- 12Me In W, —46MW, 


M/2 


2 8 M Qe AC InW 133 2M? 5M8 (2e/m)? 
a Ws — 5 Wi)2In—= + 12Me | Waa — (Fe Me 41Mt A> +) In i} AQ. (7) 
M 
Here 
A=1+e/lp;  B=(2—2M)/\p|; C= (M—2)M/|p|. 


The total energy radiated into the given range of angles, as obtained in the same approximation as the 
preceding formula, is given by 
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erg? A : 8 | 
mira ae) 22 cos (KJ)] (@) 


We observe that the radiation is symmetric with respect tothe plane of p and J. I thank L. B. Okun’| 
for the suggestion of the problem and K. A. Ter-Martirosian and I. S. Tsukerman for discussions. 


APPENDIX 


Exact values of the functions fj: 
fr = — (8M? W / (pK) —4MW? / (pK) — 4MeW | (pK) + 4W + 3 (pK)/ W 


— 4 (pK) | M — 4e (pK) / M2 +- 4 (pK)>/MPW + 2M} (1 +22), 


fo = [(1 + 22) /M (pK)"] (8eM3 + 3VM8W — 3 (pK) M? — 422M? — 8M’eW — 4M? W? + 8MW (pK) + 82M (pK) — 4 (pK)}, | 
fy = — 2h (pK)? {— 4M? + 16Me + 16MW}, | 
fa = 2k {— 3M2/W? + 8Me/W2 + 10M/W — 2pK/W? — 8 / W + 2(pK)/MW + 4MW | pK}, 
fs = 2h{— 62M / W? + 12e/ W? — 4e (pK) / MW? + 6M? / (pK) — 4Me / (pK) — 8MW / (pK) + 20 — 2 (pK) / W* 
44 /W + 18 (pK) / MW — 4 (pK)? / MW — 6M: / (pK) W + 14Me® / (pK) W + 2M/W}, 
Fe= — (1 +2) {— 8M] (pK) + 24¢/ (pK) + 24W / (pK) + 4/W}, 


‘\ 24 8 4M? 
i= —2\ oy 84M) + oy aw + RP 
anes 8Me — 6M?2— 16pK 4M 2M2s 14M 24e 2Me2 2eM 24 (pK) ‘i 
fe = on Et ae (MW) — poe wy + + 54m t eR) me I (i 


Here (pK) = pK — eW. 
If we confine ourselves just to the case of small frequencies, i.e., if W « ¢, then the functions fj go: 
over into the following: 


Meine Awe, aKa {3eM? — 4e2M?} (1-22), fp = —2k(16Me — 4M?) / (pK — eW)2; 


1=24(8Me — 3M?) /W2, fg = 2h{( — 6M? + 8Me) / W2 — (2M?e + 2Me2) | W (pK — eW)}. (1b)! 


If we include only those terms that give In (2¢€/ my? on integration, then the functions f; go over into the: 
following: 


pagel ea (32M? — 422M? + 3M3W — 8M2eW — 4M2W?), 


fg = —2){— 4M? + 16Me + 16MW}/(pK —eW)2, fp = — 224M? /(pK —eW)?. (1¢) 


Note added in proof (November 15, 1957). While the present paper was in press, papers were pub- 
lished by Kinoshita and Sirlin, in which effects of radiative corrections and inner bremsstrahlung on the 
asymmetry of the positrons are calculated. 
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The systems to be considered consist of n spherically symmetrical objects of infinitesimal 
size, which possess angular momentum and which interact only through gravitational forces. 
For such systems, it is relatively simple to derive the relativistic equations of translation 
and rotation from the Einstein gravitational equations. This derivation uses L. Infeld’s idea 
of introducing Dirac delta-functions into the energy-momentum tensor. 


Tue motions of masses in their own gravitational fields is a well-known and important problem. In par- 
ticuiar, the important question: “Are the equations of motion for the masses contained in the equations for 
their gravitational field?” was answered affirmatively by Einstein.!? Methods for deriving detailed equa- 
tions of motion from the field equations of general relativity theory have recently been developed along 
two lines, represented on the one hand by the fundamental work of Einstein, Infeld, and their co-workers?~* 
and on the other by Fock and his co-workers®’ and Papapetrou.® Fock? uses his approximational method to 
derive non-Newtonian equations and their integrals for the translation of finite rotating masses. 

The aim of the present paper is to derive non-Newtonian equations for the translation and rotation of 
infinitesimally small rotating, spherically symmetrical objects, on the basis of the approximate method 
developed by Einstein’s school. The starting point is a paper by Infeld,'!° who gives a relatively simple de- 
rivation of the non-Newtonian equations of translational motion for a non-rotating object represented by a 
singularity in the gravitational field. This derivation is so simple that Infeld, abandoning the tradition of 
the Einstein school of deriving the equations of motion from the free-space field equations, makes use, like 
Papapetrou,® of the vanishing of the divergence of the energy-momentum tensor,a result of Einstein’s grav- 
itational equations. At the same time he introduces a novelty in the form of Dirac delta-functions, corre- 
sponding to the infinitesimal spherically-symmetrical particles mentioned above, as part of the energy- 
momentum tensor. By “smearing out” the delta-functions he arrives at a continuous distribution of mat- 
ter, e.g. at the spherically symmmetrical object of finite dimensions which is used repeatedly inhis paper. 
Thus, this paper by Infeld,!° serves in many ways as a link between the methods of Einstein and Fock. 

1. As already mentioned, the present paper will make use of Infeld’s method!" for deriving the equa- 
tions of motion. In this method we start essentially from the known equations for the graviational field 


Ro — 1 g*@ R= — 8nT**, (1.1) 


where Newton’s constant y and the speed of light c have been set equal to unity, and the other quantities 
have their usual meaning.* Let us consider the motion of a system of n gravitating point particles. We 
assume here that the world lines of the particles do not intersect. Then Infeld takes as TB, fora sys- 
tem of n particles without angular momentum, the expression 

da’ da’ 3 
dx® dx® ” 


~ x ~ ms dai rik 
78 —Y—gT*® =DTP, Teamda TY = mater Ta =m 
a 


(1.2) 


Here the sum is to be taken over all the n particles of the system, which are distinguished by the small 
letters a, b, ...; there is no summation over repeated subscripts a, b,...; Mg is a function only of 


the time, x’; al are the coordinates of the a-th particle; 6, =6 (x! — a!) is the usual three-dimen- 


*Greek indices a, B, ... take the values 0, 1, 2, and 3, referring to both space and time coordinates. 
Latin indices i, k, 0, ... take the values 1, 2, and 3, referring only to the spatial coordinates. 
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sional delta-function, referring to particle a. Expression (1.2) for TQB is derived from the energy- 
momentum tensor density for a dust cloud 1 


7 S/S oetu®, Uae" ds, (1.3) ! 


by substituting p = a pa a m6, (i.e., each spherically symmetrical cloud of material, described by | 
| 


a function pg, is replaced by a material point having the same mass and located at its center of gravity ). | 


Therefore, m, =v - &(dx?/ ds Me Ma. Integrating the relation | 
Tig =V— ETp=Ti5 +Tpol” =0, (1.4) 0 


which comes from (1.1), over a three-dimensional volume which contains the a-th particle but no others, | 
we Obtain the 4n equations 


( T7gav = 0, (1.5) | 
Va | 
from which the equations of translational motion can be derived.* | 
Note that although the equations in (1.5) are not covariant in the usual sense (this is not a four-vector } | 
they are still “covariant” in the sense that they preserve their form and symmetry in any system of co- _ 
ordinates which permits an expansion in powers of A.+ This is a reasonable conclusion, in view of the 
presence of delta-functions in TB, For, suppose the covariant expression 


T8dQ=T*8dVdx = 0 


is integrated over an extended four-volume Q, containing the corresponding a-th particle at the world 
point xe . Then it is well known that upon going to the limit Q, ~ 0 we again obtain a covariant expres- 
sion. Since T@? contains delta-functions, we can make use of a three-dimensional volume V, with ex- 
tended boundaries. The theorem of the mean can be applied to the integral over dx°, All this leads to 


\ Tehdo = { ax \ Teedv = Ax? [ | T8dV + O(Ax®)| = 0, 


Qa Ax? Va Va 


where O( Ax’) —-0 as Ax’ +0. Upon dividing the last equation by Ax° and then going to the limit as 
Ax’ + 0 (that is to say, in the limit as Q,—- 0) we obtain Eqs. (1.5).¢ 

2. The equations of translational motion can be derived from (1.5) with the aid of an approximate method. 
The particular method which is to be used will depend fundamentally on the choice of an expansion param- 
eter A, chosen in the following way. Let y(x%) be any of the functions occurring in (1.1). Assume that, 
in the system of units where the speed of light ¢ is unity, 09/8x° « dy/0x', i.e., y varies rapidly with 
position in space, but changes slowly in time. (This assumption implies that the speed of the moving ob- 
jects which create the gravitational field is small compared with the speed of light.) Hence we may say 
that 8/dx° is an order of magnitude smaller than 9g/dx!. In order to express this analytically, let us 
introduce the auxiliary time variable 


E28) 0. (2.1) 


where the parameter ) is chosen so that g,; = 0g/dxi and ~,0 = 9g/8T are of the same order of small- 
ness. We now expand all the functions occurring in (1.1) in powers of 2 in the following way. From 


*Repeated indices are to be summed, as usual. Semicolons represent covariant differentiation, and 
commas represent the usual partial differentiation. g is the determinant consisting of the components of 
the covariant metric tensor gq. 


+Such coordinate systems are essentially restricted to those in which a unique solution of the equations 
of motion exists. (They are Galilean in the zeroth approximation and harmonic in the first.) The coord- 
inate conditions which arise in this problem have been discussed many times in the literature,>*-'4 and 
since they have no direct bearing here and require a special treatment, they will not be considered now. 


{Another argument for the “covariance” of (1.5) is the fact that the equations of motion derived from 
them by Infeld,*® for non-rotating particles, agree exactly with the equations derived earlier 3518 
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Bers law of universal gravitation we deduce that the expansion of mag must begin with the second de- 
gree, ence the acceleration d’a!/dx = rndal/ar? =? ai is of the second degree. Therefore, according 
to Infeld, " we assume the expansion of mag to be of the form 


Ma =) ig + Ming + --:, (2.2) 
; 2 4 
which determines the expansions of all the other functions through the use of (1.1). For example, 


je: ates FT eb: 1A F00 at: 
2 4 

Dee OT OTe Aes (2.3) 
3 5 


Apes ae ay ales as, peTik oe Ay, 
4 6 


800 = + *Ag9 ai Aloo ape DO) 
2 
ors Mhygi +..., (2.4) 
3 
Sin = — Oj, + AiR +... 
2 


The expansion of g@8 is found from the conditions EqpeP? = 6%; as shown by Infeld,” successive terms 
in these series differ by two orders. 

3. We now have to choose T@P for the case of rotating particles. For this purpose, consider a num- 
ber of objects a of finite size, whose centers of gravity move in a Euclidean space with velocities Va(T) 
while at the same time they rotate rigidly around their centers of gravity with angular velocities We (T). 
Then the velocity of any point in an object is given by the sum Va =Vqa+WagXYag, where rg=r-a is 
the radius vector from the object’s center of gravity to the point in question. The following two questions 
now arise: (1) To what does the additional term wag X rg reduce when the object shrinks to a point at 
its center of gravity; and (2) in what way is this to be included in TOR 

Using an analogy from the hydrodynamics of vortical motion and from the determination of the vector 
field in classical field theory'* (particles with spin correspond to our rotating, infinitesimal, spherically 
symmetrical objects ) we assume that wg X rg can be replaced by 


"fo [Sax V3a), (3.1) 


where 0, =0,(T) is a pseudovector function of 7, and V=ej; 8/axl operates on 6. 
To find T° we shall again start from (1.3), but this time the four-velocity U® must include the ad- 


ditional effect of rotation, (3.1). To see how this additional effect can be introduced into U%, consider 


an arbitrary object a of finite dimensions, the position of whose center of gravity is described by a point 
M, (x§') in a Riemann space-time with a metric determined by the system of n particles which we are 
considering. If a point M(x@) is infinitely close to the point M,, i.e., xO ie xe + Ax@, then its four- 
velocity is (noting that x} =a!, and separating the space and time components ) 


a 
> 0 : 7 
dx! —  dx0 dx ax, (S dAx! ‘i 

U={Fe3 lta dx® eae erdse|s: (3.2) 


where the quantity dAx'/dx? describes the velocity of the point xl relative to the point xi = al, meas- 
ured at the time x8 Upon going to the limit (shrinking the object to a point at its center of gravity) this 
leads to (3.1), as expected. As for the ratio dx9/dx°, it is easy to expand it in A: 


pe 0k, (a = deg fd = Mg. (3.3) 
4 
(the equation jhe nie le muse be solved for dx? /dx® by approximations or by Landau’s Eq. (82.7). In 


the absence of rotation, this reduces to unity. Substituting (3.2) into (1.3), taking account of (3.1) and 
(3.3), and introducing the delta-functions, we obtain 


Te == os Tee 
a 
F _ mba, TO — maga (ha! +3/2[0axV]')bas Tat = maga (Ad! + 4/2 [8axV]') (Ad* + Yo [taxV]") 8a. (3.4) 


Here m, has an expansion in the form of (2.2), but is not the same as the mg in (1.2). The pseudovec- 
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tor Og has the expansion 
Bg = NaS oe lanes (3.5) 


since we naturally require that the tensor density TOB in (3.4) have an expansion of the form (2.3) in A. | 
=dai/dt, and V operates on 5, =6 (xi — al). When o, = 0, (3.4) reduces to (1.2). Notice also gr 
in a following derivation of the equations of motion, in the Newtonian approximation, we make use of z | 


and TK put no terms of higher order, so that in (3.4) we may put dg = 1. is 


8 ~ . . s 
Once T@P has been found, we can obtain the equations of motion from (1.5). But now, in addition to 


the 4n unknown functions mg(T) and al(r), which in the absence of rotation a completely determined | 
by the 4n ordinary differential equations (1.5), another 3n unknown functions 0, l(r) make their appear- _ 
ance. Equations (1.5) must therefore be supplemented by the 3n equations 


\ (AT — x TeydV = © (3.6) | 
vy | 


from which the equations of rotational motion are to be derived, and which also arise from Einstein’s grav- 
itational equation (1.1). The derivation of equation (3.6) is completely analogous to the derivation of (1. 5)! 
if we start with the covariant expression 


(x°T PS — x°T*) dO = 0. 


4. The derivation of the equations of motion requires a knowledge of the metric, to the corresponding 
order of approximation, which means that hoy, hik, hoi, and hog have to be determined from (1.1). 
2 2 3 4 


In our case the equations for determining hgy and hj are identical with the corresponding equations 
2 2 


of Infeld, '° and therefore they have the identical solution 


hj = =2 al Tas fae 
hoo ae (4.1) 


hin == Sinko: (4.2) 
2 2 


However, the equations which determine hpj are no longer the same as Infeld’s, but are of the form 
3 
Poi, ss — Nosrsi = — 2hoo, 01 — 16% di madd, — 8 Dis [Sax Va]. (4.3) 
3 Bad ae Pe 1 
We write the solution to this in the form 


Pa 
maa 
2 


hoi =e 
3 a 


4 7: 
rela )) ou 
meme T I oa (4.4) 
which differs from the corresponding expression in Infeld’s paper” by the presence of the second term. 
Comparing the latter with (100-7) [sic!] in Ref. 14, we are led to an explanation of the physical signifi- 
cance of oy; this is nothing but the specific angular momentum for the a-th particle: Mg = mga. 
Knowing hos hike and ho} we can derive the third, fourth, and fifth order equations of translational 


motion, as well as the fourth order rotational equations, from Eqs. ( 1.5) and (3.6). In the third order, 
the equations of translation (1.5) lead to the relation 


Ma = const; 
: (4.5) 
in the fourth order, to the Newtonian equations of motion 
Mad! = 5) (mary | Ta»), nie (4.6) 
e b#a 


and in the fifth order, to a value of mg identical with that of Infeld:! 
4 


he) tas ob > Maly | Tap + Cay (4.7) 


b+#a 
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_ where Ca is a constant, and rgh=|a—b]. So far there has been no effect due to the rotation — all the 
‘ integrals containing o vanish — and our results (4.5) to (4.7) agree with Infeld’s. The manipulations re- 
quired to derive (4.1) to (4.7) are completely analogous to his!” and need not be discussed in detail. 


The equations of rotational motion (3.6) in the fourth (lowest) order, after a short, straightforward de- 
velopment, lead to the simple relations 


Mik == (0), Mik = const; for Sa = 0, ¢ = const, ee 
3 3 : , 


where 


Mi" = Sinisa (4.9 ) 
3 


22 


(dike =+ 1, 5423 = 1 is a completely antisymmetric pseudotensor). Thus in this Newtonian approximation 
the angular momentum of each spherically symmetrical object is individually conserved, as expected. 


5. Derivation of the sixth-order rotational equation of motion requires a knowledge of hog. Infeld!® 
2 2 : > : 
carried out a detailed derivation of those terms in hpy which affect the sixth-order equations of motion 
4 
without rotation. Therefore in this paper we shall consider only the additional terms figs due to the rota- 
4 


tion. By methods similar to Infeld’s, we arrive at the following equations for Lp: 
4 


he ss = 8 Ma is a Vo s A Ss Ss 
a s a 4 (4 Ie ” ] Z [taxV] [oa xV8a] ). (ont) 
The solution of this takes the form 


ho = 2 Syme (a sex vf — ZleMi' [sax V1). (5.2) 


Now by virtue of the linearity of the original differential equations, up to terms involved in the sixth- 
order equations of motion for the a-th object, hog may be expressed in the form 
4 


2 
r 


My, Mp ma Mp Tr git 
t 


2 c 
hic 3D 2.) PIS cb) 2 4. 22 + hoo, 5.3 
Pie (> "» Py 2 ’ Fa "9 "ab'b AS Tock . 


All the terms on the right hand side, with the exception of tite; are already available. They describe the 
4 


field for non-rotating particles to the indicated degree of approximation. 
The sixth-order translational equations of motion (or the second approximation, according to V. A. 
Fock’s terminology) for body a is given by the expression 


i eRe eae r 
\ (T52) WV = \ [7's +Tist> hooiT + > (hoo, it Aoooosi — 2hoi,0) fee 
v6 pace ie 8 24 4 22 3 1 3 


~ oi si 1 iss 
$ (Hos,i — hoi,s) T° — hao T! — hoo st + hos T*| dV = 0. 
3 3 3 2 1 2 4 2 4 


3 


(5.4) 


If into this we substitute (4.1), (4.4), and (5.3) without the rotational terms, we obtain the well-known 
non-Newtonian equations of translation given, for example, by Papapetrou® and reducing to the expressions 
given by Einstein?» and Petrova’ for the case of two particles. A detailed derivation, using delta-func- 
tions, is given for the two-body problem by Infeld.!° Since the n-body problem introduces nothing funda- 
mentally new, we limit ourselves here to a derivation of the additional rotational terms Dj} in the equa- 
tions of motion which do not appear in the detailed calculations mentioned above. If into (5.4) we substi- 
tue hyo, hoj, and loo, as well as the value of T&B to the required approximation, and take out the terms 

2 3 4 


containing 0, we note that some of the integrals vanish identically while others vanish because the inte- 
grand is an odd function, and we finally obtain the simple and relatively short expression 
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Di = py pecs. ye = bs) [ sa v( : i alee (as— bs) lexv(z7) ; Za + (2a*— 6), a9xV Gace 


2 
c ab 


Ss 


“ 
b+a 


+ 25 6 [sox0( sip) al — oxo poxv (Zp) «| ta fev [eex0 (zo) qc] + alemsmr [xv (Zp) uJ} (8.5) 


Tab 


(here V=ej9/dal). The relativistic equations of translation can now be written in the form: 


He sy ee) ae Ree jaye (5.6) 


ip 
bea ab 


where FL are the terms to be added to the Newtonian forces if rotational effects are ignored, and which are given 
for instance, by Papapetrou? Expressions (5.5) and (5.6) are written inthe usual c.g.s. system ofunits. To 
transform to this system from the original system of units, we first eliminate the parameter A by introducing 
new units of time and mass according tothe formulae: old T = new T X A; old mass = new mass X r7~2, We then: 
introduce the usual values of Newtonian constant y andthe speedof light c. Todothis we must replace m by | 
ym, insert the factor c~? onthe right hand side in Dh and remember that when taking time derivatives (repre- 
sented by dots over the variables ) the vector components are to be differentiated with respect to the usual time 
variable t. Then mg and mp are the Newtonian masses, and og and Op are the Newtonian angular momenta | 


of the objects (ifthe precedingterms mg, mp, O,, and Op areconstants). As tothe structure of the Di 
2 2 1 1 


notice that one group of terms (the first four terms) describes a “spin-orbit” interaction between the par- - 
ticles, while another group (the remaining terms) describes a “spin-spin” interaction. These interactions | 
lead to some additional forces which will effect the orbital motions of the particles. 

6. We now can derive the sixth-order equations of rotational motion. From (3.6) we have 


\ [4 @) — x Dav | [et — a!) Te) — @* — aby (T)] dV = 0 , (6.1) 


Va Va 


The expressions for TAS are given in (5.4). Relatively simple and straightforward calculations show 
6 > 


that some of the integrals vanish,* and that the remainer lead to the following non-Newtonian equations 
of rotational motion (again we have transformed to the c.g.s. system): 


+i , the (pe eye 
Mat =~ Dy mo 2Maoy Ua) ee) 


b+#a 


— Mig —29 (2) BNL), | atin FLome(L)_,P-Leoro(ch) Ho) al 


ie [eoxv( os be ) — Maio) (+ [eoxv ( = ‘be i= [eoxv( a dig iV is : [e.xV sabe i [oxy ( = ie 1) - (6.2) 


a ab Tab 


1 Mito (4229 ry ence eal 


Here, as in (5.5), mag, mb, ... and Og, Oh, ... represent the Newtonian (i.e., constant) values of 
mass and specific angular momentum of the objects a, b, ...; Miko) denotes the Newtonian (constant ) 


angular momentum of the a-th object, obtained by expressing (4.9) in the c.g.s. system. The left-hand 
side of (6.2) is ik = amik/dt, the time rate of change of angular momentum of the a-th object in the 
first non-Newtonian approximation (including the effect of mass changes due to velocity). An expression 
for the angular momentum can be obtained from 


: 4 . . 
Mat = 8M + 8Mat = 8;n1masq + W8jnt (tMta94 + mao4) (6.3) 
3 5 PF it 70 Sl 3 . 


23 
*In particular, it is found that 


| [(x! — tgp — (x* — a) Iog,:] FOV = 0, 
Va 4 42 


where hoo does not refer to the approximation of (5.3), but to its exact value. Hence we may conclude 


generally that ho) does not affect the sixth-order equations of rotation. 
4 


EQUATIONS OF MOTION FOR ROTATING MASSES 1073 


by transforming to c.g.s. units. 

The relativistic equations of rotational motion (6.2 ), thus developed, contain two fundamentally distinct 
'. groups of terms. One group (the first three terms ) describes the “spin-orbit” interaction, while all the 
remaining terms describe the “spin-spin” interaction of the objects. We shall see that the existence of 
these interactions alters the angular momentum of spherically symmetrical objects even in the first non- 
Newtonian approximation. 

7. It is not the object of this paper to make a detailed study of the equations of motion which have just 
been derived. Nevertheless, we must satisfy ourselves that they do not conflict with any known facts. For 
example, it is well known (cf. Landau and Lifshitz,! pp. 291 and 341) that in the gravitational field of an 
object b of mass mp and angular momentum Mp, a light non-rotating particle a of mass Mg is acted 
on by a force, analogous to a Coriolis force, equal to 


ma (ax{yxbol], where hy = —% [oxy t]. (7.1) 
To compare (5.5) with (7.1) we have to put bs = 0, Og = 9, and omit the summation sign. A few trans- 
formations applied to the resulting expression does in fact lead to (7.1), plus the last term of (5.5), which 
has not previously been derived. 

It is also interesting to compare our results, in a general way, with those obtained by Fock.’ If Fock’s 
extra translational and rotational terms are applied to infinitesimal spherical particles, we obtain a group 
of terms corresponding to the first four terms of (5.5). (We naturally ignore those terms in Fock’s equa- 
tions which arise from the internal structure of the objects, since this has no meaning in the present 
case.) Fock’s equations contain no terms quadratic in o and none of the fourth order in 1/rgp, since 
his method uses not only a development in the parameter v/c but also a development in the parameter 
L/R (L being a characteristic linear dimension of the objects and R the distance between them) and 
the development is broken off at terms of the third order in L/R. For large separations (as in systems 
of astronomical bodies) the terms in r=! are not essential; but for systems such as double stars (close, 
massive pairs) these terms could possibly make a significant contribution. 

In conclusion, the author would like to express sincere thanks to I. Z. Fisher for proposing this subject 
and for his constant interest in the present work. 
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Equations are derived which describe the behavior of a beam of molecules under the action 
of an alternating field with variable amplitude and phase; these equations are solved for 
various cases. An exact solution is obtained for the case in which the frequency of the ap- 
plied field, the amplitude of which is varying, is the same as the frequency of the molecular 
transition. Approximate solutions are obtained for the cases in which the amplitude and 
frequency of the field vary slowly or rapidly during the time of flight through the cavity. 


Tue operation of the molecular oscillator is based on the interaction between molecules which move 
through a cavity and the electric field in the cavity.! As a result of this interaction the molecules make 
a transition from an upper energy state to a lower energy state, thereby giving energy to the cavity. The 
state of the molecular beam which interacts with the electric field in the cavity can be described by means 
of a polarization function. In general the relations between this polarization and the electric field in the _ 
cavity is extremely complicated. At the present time this relation has been determined only for the case © 
in which the beam of molecules interacts with an alternating electric field whose frequency and amplitude 
remain constant in time. However, in analyzing all possible transient processes in a molecular oscillator 
and in analyzing the stability of the steady-state oscillations, it is necessary to determine the polarization 
of a beam which is subject to an alternating field of variable amplitude and phase (frequency). 

The present paper is devoted to a theoretical study of the polarization of the beam of molecules under 
these conditions. 


1, FORMULATION OF THE PROBLEM AND DERIVATION 
OF THE BASIC EQUATION 


The state of a monochromatic beam of molecules, acted on by an electric field E(t) is determined 
completely by the molecular density matrix Cj,(x, t). The dependence of the matrix elements on the 
coordinate x and the time t is determined by the following system of partial differential equations:? 

aD aD par ax ae OC 1» OC1s ache aC dC, 
oe top a Cn CE), Gp oe =e DE) 
Here D(x, t) is a function which characterizes the molecular distribution over energy states: D = Coo 
— Ci, v is the velocity of the molecules, p is the dipole moment of the molecules, and wy is the fre- 
quency of the molecular transition. 

The polarization of the beam is related to the elements of the density matrix by the expression 


2 pies g 
= se “DE. (1) aie( da) 


P(%, t) =p [eletC a '- et C 51]. (1.2) 
As is apparent from Eq. (1.2), the polarization of the beam is intimately related with the molecular tran- 
sitions from one energy state to another due to the action of the cavity field. At the entrance to the cavity, 
where the molecules have not as yet made any energy transitions, 
Cie = Coy = Ontoraa= Or (1.3) 


We shall assume, moreover, that the number of active molecules which enter the resonator cavity is 
such that 


D=1 = 0. 
for x=0 (1.4) 
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The further development is limited to the case in which the variation of the electric field in time is 
more or less sinusoidal, so that 


E (t) = Ey (t) cos [oot + 9 (£)], | (1.5) 


where the field amplitude Eo(t) and phase y(t) are slowly-varying functions of time as compared with 


the period T = 2m/w». Under these conditions the polarization of the beam can be written in the form of 
a sum of real and reactive parts: 


P (x, t) = Py (x, t) sin [wot + 0] + Pe (x, t) cos [wot + 0]. (1.6) 


The amplitudes of the real and reactive parts, P, and P,, are slowly-varying functions of time. If, in the 


right halves of Eqs. (1.1) we neglect terms which vary rapidly in time (frequency 2W,) and introduce new 
variables defined by the relations 


§=x—v; »o=x+0t, (1.7) 
the system of equations in (1.1) assumes the form 


oD __ Eop [pie __ p—i OC, Pp i OCo, p a 1.8 
“On = Ding |e Co, — e*#C),], “Fh =—7,,0°ED» ——~ = —— e ED. (1.8) 


In this case the boundary conditions given in (1.3) and (1.4) assume the form 


=1, Cy =Cy=0 for y=—E. (1.9) 


The values of the elements of the density matrix Cy, and Cy, and consequently the polarization of the 
beam P(x, t), in accordance with the second and third equations in (1.8), can be expressed in terms of 
the function D as follows: 


n n 


OQ. = —z. | cE, ()D(0)dt, Cu= its aise o(6)D(C)de. (1.10) 
“e 


Substituting (1.10) in (1.2) and, in accordance with (1.6), dividing the polarization into real and reactive 
parts, we obtain the expressions 


2h 


P= — fi \coste eA ODO, h=-—£\sinle@—eME@DOG. (11) 
ane —é— ; 


Whence it is easy to show that the system given in (1.8) is equivalent to the following system of equations: 


a mae ice 1.12 


with the boundary conditions at x = 0 
Dee eae (1.13) 


The function D is described by an integro-differential equation which can be obtained by substituting 
(1.10) in the first equation of (1.8): 


= — °Ey (1) \ Bo() coste (1) — 9 IDO) as (1.14) 
—é 


here y = p/2hv. 
On the other hand, the function D obeys the differential equation 


CN I) Cs ee p(n) OD 2 & () Fn) D(n) = 0 1,15 
Fe lesen Bal — Fey aa Esc Bal + TaD OM Fay om — Vary PotD DOD ae 


with the boundary conditions 
Dati p’=0) 'D"=—ES(—:) for 7=—6§, (1.16) 
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which can be obtained starting from the system in (1.12) for the functions P, and P,. The equivalence of 
(1.14) and (1.15) is easily demonstrated. Thus, the determination of the polarization of the beam of mol- | 
ecules being acted on by an electric field such as that given in (1.5) leads to the solution of the differen- ‘ 
tial equation in (1.15). This equation is not amenable to solution in the general case in which both the 
amplitude and phase of the field vary in time. However, Eq. (1.15) can be solved if certain limitations 
are imposed on the amplitude and phase of the field. The remainder of this paper is devoted to such 
solutions. 


2. APPLIED FIELD WITH CONSTANT PHASE 


In the case in which the frequency of the electric field acting on the beam of molecules is equal to the 
frequency of the molecular transition but the amplitude Ey varies in some arbitrary manner the solution 
of Eq. (1.15) can be found by quadratures. In Eq. (1.15) we set @ = const = 0. Then the equation assumes 
the form 


ep 1 aD), ad ai | 
flee yl + Pag EC) D(a) = 0. 2.1) 


Integrating Eq. (2.1) once and setting the constant of integration equal to zero, we have 


i Wg baa 0) 4 = 
elem aq | + Eo (0) Din) =O. (2.2) 


As can be shown by direct substitution, the general solution for this equation is given by the expression 
H % 
D = Acos| \ Eo(t) at | + Bsin|y \ Eo (6) a6]. (2.3) 
—§ —e 


Here A and B are constants of integration. The boundary conditions in (1.8) are satisfied if A = 1 and 
B=0. 

In accordance with (1.12), in the constant-phase case the reactive part of the polarization P, vanishes 
while the real part becomes 


h 
LOD : r\ A? 
Py = 2ho gS = —psin[y | Eo (Cyt |. (2.4) 


If we now transform back to the variables x and t, the argument of the sine function in (2.4) assumes 
the form 


x|v 


Quy \ Eo (yar (2.5) 


0 


An examination of this expression shows that the time variations of the field amplitude are averaged 
over an internal x/v which is of the order of magnitude of the molecular time of flight across the cavity. 
This situation is the basis for the “inertia non-linearity” of a molecular oscillator where the time con- 
stant of the “inertia” is equal to the time of flight across the cavity. It also follows from Eq. (2.5) that 
the quasi-static expression for the function D 


D = cos 27 Ex, 
as well as the corresponding expression for the polarization of the beam 
P(x, t) = — psinw,t sin 2y Ex, 
can be used in the case in which the amplitude of the field varies very slowly, 
IE yale ee Ie 


It will be shown below that these results can be extended to the general case in which both the ampli- 
tude and phase of the field vary although Eq. (1.15) cannot then be solved by quadratures. 
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3. APPLIED FIELD WITH SLOWLY VARYING AMPLITUDE AND PHASE 


e In the case in which the amplitude Ey and frequency gy’ vary slowly as compared with the time interval 
T, it is possible to find an asymptotic solution for Eq. (1.15); the method is similar to that used to find the 
quasi-classical approximations for the W-function in quantum mechanics? or the geometric-optic methods 


used in the analysis of the propagation of electromagnetic waves.’ For this purpose we write the solution 
of Eq. (1.15) in the form 


D (y) = et®O), (3.1) 
The equation which describes the function © (7) is of the form: 


108 — 30D" 1" — [2 E+ | ear — oO) + [ames gt L(Y 4 eli 4 re —Tl=0. (3.2) 


In the case in which E and gy’ are constant in time, the function D is a periodic function of 7, With 
frequency” 


O=VPE +e. (3.3) 


If the amplitude and phase of the field do not vary significantly over a period of the function D, we can 
introduce a large parameter , which characterizes the rate of change of the function D as compared 
with the variations of the functions E and 9’: 


(Baad CCN a Des Og eae (3.4) 
In this case, the function @ in Eq. (3.1) can be expanded in powers of A 
ae al 3.5 
D = Og (1) +O, (4) +-5- y(n) se 
Substituting (3.4) in Eq. (3.1), expanding the left half in powers of 4, taking account of (3.4), and 
equating terms with the same power of 2, we have 
22) — 03 + (77E* + 9'2) & = 0, (3.6) 
, , ’ , f , tis , ie , Shh , iM hee 
12)— 80, O, — 3iO7@, + 2 = Oo? + 7 Oo + ivrE?®, + io”?@, — 72E? op pe = = 0: (3.7) 
The solutions of these equations are of the form: 
, , ST Raa anes Q’ - ae yE 
M1 =0; Des=4+-V PE +9”, Lesa ays wa Dyo.3 = Berane (3.8) 


Substituting these solutions in (3.1) and taking account of the boundary conditions (1.16) we can obtain an 
approximate expression for the function D in the case in which the amplitude and frequency of the field 
which acts on the beam are slowly varying 


t 12 is 1, Q’ t)@’ (t — x/v) 
ae (: —=)eos | 2 (eu) +4 ne dt, Ue Es) 


2s a Talat ol A Sane Sa arden ee Sead (3.9) 
Dit) = (i) — 9? (t) | 40" * [PE (f= a/0) — 9 (t — #10) [405] 


This expression, which applies when 
ot /VPPTO KE, EVP F<, eat 


indicates that the beam tends to average the effect of the field with variable amplitude and frequency dur- 
ing the time in which the molecules move through the cavity; this effect, however, is small because the 
changes are slow. Substituting Eq. (3.9) in Eq. (1.12) it is easy to determine the polarization of the beam. 


4. APPLIED FIELD WITH RAPIDLY VARYING AMPLITUDE AND FREQUENCY 


Equation (1.15) can also be solved approximately when there are very rapid periodic changes in the 
amplitude and frequency of the field which acts on the beam, i.e., changes fast as compared with the time 
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of flight of the molecules through the cavity. Let | 
Fyo= Ey +e(,t); o =a +x (ut), (4.1): 


where E, and 01 = 6/2v are constants (E, 40,6 = w — Wo), which characterize the mean amplitude and | 
frequency deviation of the field while e(t) and y(t) are periodic functions of time whose periods are 
smaller by a factor of A than the molecular time of flight through the cavity (A >> 1). 

In solving Eq. (1.15) for D(7) in this case we can separate terms which vary rapidly with a change in | 
the argument from those which vary slowly: 


1 < 1 
D (4) = Dy (a) D3 (4) Hoe odo (hy %) + sr de (A a) +--- (4.2) | 
We substitute (4.1) and (4.2) in Eq. (1.14) and collect terms in the same power of the parameter X. In the 
zeroth approximation we have 


n n 


Do + dy = — 7B? \cos 8 (4 — 6) Do (6) ab — 1B xe (2, 9) \cost (n—C) Dol )d. a | 
—= —£ | 
Separating rapidly-varying and slowly-varying terms in this expression we obtain | 
Do = Ei cos 8 (y —C) Do (0) dl, (4.4) 
—E 
dy = (e/E,) Do: (4.5) 


The solution of Eq. (4.4) indicates that in the zeroth approximation rapid variations in the amplitude 
and frequency of the field which acts on the beam have no effect on the distribution of the molecules over 
states—the field is averaged. The rapid time variations in the molecular distribution over states are 
small in absolute magnitude and are determined, in accordance with (4.5), by the change in the field am- 
plitude. The rapid changes in the frequency of the field affect the function D(7) only to second order 
in 1/A. 

In a similar fashion we can extend the calculations to the higher approximations. By this means it 
can be shown that the slowly-varying part D,(7) = 0. 

Hence, with accuracy up to terms of order 1/) inclusive, for a field which is characterized by rapid 
changes in amplitude and frequency the solution of Eq. (1.15) is given by the relation: 


D (4) = Dy (0) + = dy (2 1). | (4.6) 


The polarization of the beam, given by the expression | 


Bie Soler sine a ae TS (4.7) 


can now be found easily. With accuracy to first order this quantity is 
P= Pa Pe, (4.8) 
where Pg is the part of the polarization which varies slowly with time 
1 : ; — F Be 
Pe — py AE {2 sin 2Qx [E, sin wt + ey cos wt] + 6(1— cos 2Qx) [E, cos wt + ey sin ot}. (4.9) 


Here ey is the mean value of the product of the amplitude deviation and the frequency deviation. 
The rapidly varying part of the polarization is given by the expression: 


t 
Pr=—£ Dy (x) \ e (t’) dt’. (4.10) 
t—xiv | 
In conclusion we may note that the relations which have been obtained for the polarization of a 
beam of molecules are rather simple and can be used directly in studying quasi-periodic modes in 
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the molecular oscillator; an investigation of this kind, however, is beyond the scope of the present 
paper. 
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The transition radiation and the Cerenkov radiation which are produced when a charged 
particle moves successively through two media which differ in their dielectric and mag- 
netic properties are considered. The cases in which the particle moves from vacuum 
into the medium and from the medium into vacuum are considered in detail. 


Tue transition radiation which is produced when a particle moves from a medium characterized by a 
given dielectric constant into another whose dielectric constant differs from the first was first considered 
by Ginzburg and Frank! (see also Refs. 2—4). In the present paper we consider the radiation fields which 
are produced in the general case for media which differ in both their dielectric and magnetic properties; 
certain particular cases are analyzed. 


1. GENERAL CASE 


We consider the field associated with a particle which has a velocity v and moves from one medium 
into another. The first medium will be characterized by the macroscopic constants e€, and yp, (the di- 
electric constant and magnetic permeability); the second medium is characterized by €, and pj». We shall 
assume that the energy lost by the particle per unit length of path is negligibly small compared with its 
kinetic energy. Under these conditions the field associated with the particle is given by Maxwell’s 
equations 


curl H 2 ee es (r= vi), curl e = coi hia 
c - Ot Cc Caot (1) 
divB=0 div D = 4xe8 (r — vt). 


It will be assumed that the particle moves along the z-axis from — to + and that the interface 
between the two media is the plane z = 0 through which the particle moves at t= 0. We resolve the field 
and currents in triple Fourier integrals:° 
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E (r, t) = E (k) ef (ko) dk ete., (2) 
where | 
o=kv=k,v, Dy» (k) = £4,9 (w) E,,2(k), Bis (k) 3 (@) Hy,> (k) 


(here and in what follows, quantities which refer to both media will be denoted by the subscripts 1, 2). _ | : 
The Fourier components of the field have the following form:® 


; o/c? —k 
E,a(k) = 5 1 (0/67) X,9V Hy,2 (kK) = (&1,2/¢) [vxE,,2 (k)], (3) | 


we, B—(@/cePay, ” 


where x42 =€12M1,.. The fields in (2) with Fourier components (3) do not satisfy the continuity conditions: 
on the tangential components of E and H and on the normal components of D and B at z= 0. To satisfy | 
these requirements we must add to the solution of the inhomogeneous Maxwell equations given above the 
solutions of the homogeneous equations with arbitrary Fourier component, and then determine these from | | 
the continuity requirements on the fields at the interface between the two media. | 

We use the symbols p and x to denote the components of the vectors r and k which lie in the xy- | 
plane. The solutions of the homogeneous Maxwell equations are written in the form 


Esa (Fy t) =) Es,2 (k) exp {i (xp + s.22 —ot)} dk (4) 


and similarly for Hj 2(r, t). In order for the expression given in (4) to be a solution of the homogeneous 
Maxwell equations, we require that 


= (Of0 5,4 (5) 


We use the symbol »’ to denote the real part of 7 and 4” to denote the imaginary part of A. The first 
medium is located in the region z<0. Hence, to prevent the field given in (4) from diverging at z—~ — ~, 
we require that M0: It is also obvious that the radiation field in the first medium (4) can propagate 
only in the negative z-direction (reflected waves) whence it follows that Ae <0. From similar considera- 
tions we find that )5>0 and Neue The signs for \4 and ne which have been indicated refer to positive 
w. For negative values of w these signs must be reversed. 

It also follows from the equations for the radiation fields that 


Hy. (k) = (C/ ope) + 14,2) Ei,2 (k)],. (% + my,2) Ey,2(k) = 0 (6) 


(the unit vector n is taken in the direction of the positive z-axis). The last condition can be written in 
another form, resolving Ei2 (k) into tangential and normal components: 


%E} of (k) + Are ee (k) = 0. (7) 


Equating the field components at z = 0, we obtain four conditions for determining the Fourier compo- 
nents of the radiation field. It is easy to show from these conditions that the Ej ot (k) vectors are in the 
same direction as the vector x. Assuming this to be the case, it turns out that only two of the four condi- 
tions are independent; we take the following two conditions: 


Cis x ei x 


Dae? &, k®— (w/c)? % ea (k) = Qn? k® — (w/c)? x2 + Ex: (k), 


; 8) 
ei (©/c?)X0—k, ei (w/c) you — kz , ( 
2n2 hk — (w/c)? x1 se “1 Ein (= ~ Qn? “R2 —(w ; C)? YX + &2E on (k). 
From Eq. (8) we obtain the following expressions for the Fourier components of the radiation field: 
’ aN 2 i kze 
Ey (k) = aS os %, ie ees nee a 1, Hy (k) a a = : be 7. (9) 


The following notation has been introduced 


1=(E—3%)[(@—Sa)+(—14 9) [(#-—Bu), t= ean. (10) 
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The radiation fields in the second medium can be obtained from Eqs. (9) and (10) if the subscripts 1 and 2 


are interchanged. If in Eq. (9) we take H4= Mg and €, =€, all the Fourier components of the radiation 
field vanish, as is to be expected. 


2. VACUUM-TO-MEDIUM CASE 


We consider now a case which is of practical interest, i.e., the case in which the particle moves from 


vacuum into a medium; we set €,= y= 1, wp =1 and eg=€ =e +¢’’. We shall be interested in the field 
_ which is produced in the vacuum, i.e., the radiation field er and Hie 


We shall not write expressions for all the vacuum fields, as these can be easily obtained from Eqs. (9) 
and (10); the expression for Ej is: 


' et A, cos O : 
Ei, = 4 een exp {i (pcos ® + yz — af)}xdxdo & (11) 


where ® is the angle between xk and p, while 


m=(s—2)/(@+G—S)+(—1+ Sa) /(@+ 2-20), Y= (/qt—#, B=(o/ote— we. (12) 
The integration over ® extends from 0 to 2m, that over xk from 0 to oo, and that over w from —o to 
+e, The integral over ® is easily computed in terms of Bessel functions. 

We introduce R, the distance from the point at which the particle enters the medium to the field point 
being investigated, and the angle 6 defined by the expression p = R sin 6 and z = — R cos 8; it is as- 
sumed that R is large. If very small values of @ are not considered the asymptotic expressions for the 
Bessel functions’ can be used: 


: f D : 
Jo(xRsin’)=V sRapy 00S (-Rsino— F— =). (13) 
Thus we have 
igs aps Ba pees x) R—3ri | x) R+3n1]/ —iot wah 6 
Ey. = ey oes Van he )R-3ni/4 1. eg ( +3 4) ¢ V x dx do; (14) 
f («) = ixsin 6 — id, cos 8; (x) = — ixsin 8 — i), cos 6. (15) 


For very large values of R, an integral of this type is most conveniently computed by the method of 
steepest descent. In this case the integrand must be an analytic function af x. However, the presence 
of A, and A, in the integrand mean that the integrand is double valued. Hence, before deforming the 
path of integration we must take cuts in the x-plane to make this function single valued.* 

Above we have imposed certain conditions on the signs of the real and imaginary parts d4,. along the 
real x axis. We have taken kK = k;,+ik,. We require that A 14<0 and A»,>0 over the entire plane of the 
complex variable x. It is easy to show that the sign of A, must correspond to that shown in Fig. 1 so 
that 2; >0 in the 1-st and 3-rd quadrants and A{' <0 in the 2-nd and 4-th quadrants. The cuts are taken 
as shown in Fig. 1 by the heavy lines. The integration over x from the point 2 to + is taken along the 
lower edge of the cut. 

We now turn to the integral in (14), proceeding with the integration of the first part 


Cc 


eon | Mas NN ef (x) R Vx dx. (16) 


fAy _— Xe 


It is easy to show that the saddle point is Ky = (w/c) sin 6. Two lines on which Re f(x) = 0 pass through 
this point. One of these lines is the k,-axis while the other is the solid line shown in Fig. 2. In the cross 
hatched regions Re f(k)>0; in the non-cross-hatched regions Re f(k)<0. It can be shown that the line 
of shortest descent in the vicinity of the saddle point is at the angle gy = — m/4 with respect to the k, 
axis, as shown by the dotted line in Fig. 2. We introduce a new variable b which is defined by the 


* The ambiguity due to the presence of vk in Eq. (16) is easily removed by taking the cut along the 
negative k-axis. 
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He 


FIG. 1 FIG. 2 FIG. 3 


relation kK — Ky= b exp ig. The integral in (16) along the line of shortest descent is easily computed if 
we carry out the integration over b from — ~ to + ~. In this case, because of the sharp maximum in 
the exponential at the saddle point, the expression which stands before the exponential may be taken out- 
side the integral sign since it varies only slightly in this region and we then perform the integration for 
the exponential function alone. 

It is still necessary to integrate the second term in Eq. (14), in the exponential of which we have the 
function g(x). Inacompletely analogous way it can be shown that the saddle point is now ky=(w/c) sing, 
while the dotted line in Fig. 3 is the line of shortest descent. It is easy to see, however, that in this case 
the deformed path of integration does not pass through the saddle point (Fig. 3), so that this integral 
vanishes in the approximation of large R. It is also easy to show that in this case the poles of the inte- 
grand do not affect the calculations. 

As a result we have 


co 
, 2 s ° 
Exe = wor \ Sin 6 cos® Bee!l(RIO—H des, (17) 


—© 
where 


ai (ec — 8 Ve — sin? 6) / (1 — 82 cos? 6) —1/(1 + 8 Ve — sin26) 


ecos 0 ++ Ye — sin? 6 (18) 
Similar calculations lead to the following expression for the normal component of the radiation field: 
-+0o 
po eeneee \ in? 6 cos Hei [(Rle)—#] 9 
in= zap \ Sin? 6 cos bie dw. (19) 


= OC) 


; It is obvious from the formulas which have been obtained that the electric vector of the radiation field 
E, lies in the plane which passes through the ray to the point of observation and the trajectory of the 
particle and is perpendicular to the observation ray, i.e., the direction of R. We have 


+09. 

Ey = Eygcos6 + Ei, sind = \ sin 9 cos bet (Re) dep, (20) 
Finally, we can also obtain an expression for the magnetic field Hi which, as is to be expected, is the 
same as the expression for E,. Thus, at large distances, we have a spherically diverging wave with 
Poynting vector parallel to R. The Poynting vector flux in the solid angle dQ = sin 6 dé dg during the 
time of flight of the particle is 


co 


divans c Ve ery! ce” sin? 9 cos? 0 B4 C SIN (M as bP eae 30) 2 
—pans: — 7 R? | El Higdt = ae) ede Vem aa 
dQ ise ) 141g mv? (1 — 8? cos? 6)? | (ecos 0+ Ve —sin? 6) (1 + 8 Ve — sin? @) pe (21) 
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The expression which has been obtained coincides with the corresponding formula in the paper by 
Ginzburg and Frank,! which was obtained in a more approximate manner.* 

In the extreme relativistic case the radiation has a sharp maximum in the direction 6 ~ m/E. Thus, 
in integrating Eq. (21) over angle, it is convenient to remove all factors which have a weak angular de- 
pendence from under the integral sign, substituting 6 ~ 0 in these expressions. The result is 


"err agg AT aa 
trans. alee ee (Inqaz —1)do. (22) 


In conclusion we may note that in integrating over x certain restrictions have been applied; the re- 
sults must therefore be qualified. In particular, we have taken the asymtotic expansions in place of 
the Bessel function and have used method of steepest descent in the integration. It is obvious that this 
procedure is valid when (w/c) Rsin?@>>1. Thus, in the spatial region close to the trajectory of the par- 
ticle, bounded by the surface R ~ x/sin’ 6, the Poynting vector associated with the transition radiation 
is not given by Eq. (21). In this region there occurs the “formation” of the transition-radiation wave field 
which then, at distances R »x/sin’ 6, is given by Eq. (21). The existence of this region is unimportant 
for that part of the transition radiation which is not emitted at small angles. However, in the extreme 
relativistic case, in which the radiation has a sharp maximum in the direction 6~m/E, this “formation” 
region is extremely important and is defined by R ~ XE*/m?. 


3. MEDIUM-TO-VACUUM CASE 


We now consider the case in which the particle moves from medium into vacuum, i.e., €» = pl, = 1, 
y= 1 and €,=€E = e’+ic’’. It is obvious that in this case the radiation field in the vacuum will consist 
of both the field due to transition radiation as well as that due to the Cerenkov radiation which is gener- 
ated in the medium and then propagates into the vacuum.}{ 

Thus, just as in the preceding section we write an expression for E20 , integrate over angle ® and 
take the values at large distances R(p =R sin 6, z=Rcos 6): 


’ r ; #) re, - (23) 
Ee = Ponee BE Dees) \ See No (ef: (x) R—Bril4 er (x) R+3ri/4) e—iot x dx do, 
% poV2nRsind J&2—™ ia ( ‘e ) As 
where 
v ( ae o? v o? @? 2 ee ee Sherk 
mm =(1- 2) [fe +$-—Se)t(—e+ Gn) /(?+G—-F), hy = oe /c? — x?, ko = € x, (24) 
fi (~) = ixsin6 + ih, cos 8, 91 (x) = — ixsin 6 + thy cos 8. 


We set Aj <0 and Ne >0 over the entire plane of the complex variable k. Then the signs of n’; and A’, 
are the opposite of nS and Ne respectively, as given in the preceding section. 

It is easy to show that the saddle points and lines of steepest descent of the functions f,;(k) and o4(k) 
coincide with the saddle points and lines of steepest descent for the functions f(x) and g(x). However, 
in contrast to the preceding case, the following two factors must be kept in mind in the integration over k. 

First, in deforming the line 0—© in the line of steepest descent, account must be taken in certain 
cases of the pole of the function n,, which adds the residue at this pole to the integral along the saddle- 
point line. Such a pole of a function mn, is kK = (w/v) VB*%e(w) — 1. Since € >0, the pole contributes to 
the integral in this case if it is located in the « plane in the region which is cross-hatched in Fig. 4. It 
will be shown in the following that this term yields the Cerenkov radiation which is generated in the me- 
dium and then passes into the vacuum. For small values of ¢€ 


= 2 VF 1+ hte / VW Pe. (25) 
*The above-mentioned formula [(32) of Ref. 1] contains an error: the denominator of the first term in 


circular brackets should read w/v + Vk3 — k?sin?@ and not w/v — ¥k} —kjsin’?@. This error arises as 
a result of the wrong sign in the expression for the retarded phase of the refracted wave. The author is 


indebted to V. L. Ginzburg for this information. 

+In this case the expression for the transition radiation cannot be obtained for all media from Eq. (21) 
by simply reversing the particle velocity. This is immediately obvious from the fact that in the denomi- 
nator we have the term 1 — Bve — sin? 9, which vanishes at certain frequencies for transparent media. 
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Secondly, it can be shown in our case that for certain media and frequencies the above-mentioned pole 
is close to the saddle point or coincides with it. Then the part of the integrand in front of the exponential 
is not a slowly-varying function in the region of the saddle point and cannot be taken out from under the 
integral sign as in the preceding section. It can be shown that such a situation occurs if < “(w’ )<¥c/w'R 
for the frequency ranges w’ + Aw’ where w’ and Aw’ are defined by the relations 


82 e’ (wo) — 1 = 8? sin? Gand Aw’ ~ Vc/a'R (de / do’). 


Since the increment Aw’ is small compared with w’, for the latter case we obtain a formula which re- 
fers only to the frequency w. 
For simplicity let us assume that e =0. Then, from (25) it is obvious that the pole adds to the inte- 
gral if 
26 
0< Be’ —1< B? sin? 6 (26) 
Then we have 
os Ge * sin § cos @ e+ 8Ve—sin2 0 1 io (Rle=t) i 2e 
Exe TuR \ ecos@+Ve— sin?0 1 — B? cos? 6 a ae peace v V 2nR sin 6-v 


iy eae (s%e’ — 1)"*V/ ie exp{i(—ot + SV Fe — 1 Rsino + 2 = VTE UF Reost da, 


1+eVi+ p2(1— 


The first term in this expression is to be associated with the transition radiation since the second term | 
appears only if the condition in (26) is satisfied, yielding the Cerenkov radiation. The exponential term in 
the integrand of this term shows that the Cerenkov field of frequency w is propagated at an angle 3(w) to 
the direction of motion where 3(w) is defined by 


sin 9 (o) = V Pe (o)—T/. 


This result can be understood on the basis of the following simple observations. Cerenkov radiation of 
frequency w moves at an angle given by cos @’ = 1/BVe’(w) inthe first medium. If now we apply the 
law of refraction, the angle %4(w) is given by the above expression. The left-hand part of the double in- 
equality in (26) is the condition for the production of Cerenkov radiation in the first medium. The right- 
hand part, however, which now can be written in the form 3(w)=<6, indicates that the field at frequency 
wW moving at an angle 3(w) can be seen at angles larger than or equal to 3(w). 

Using similar arguments, we can obtain expressions for Em and Hy . From Eq. (27) it is obvious 
that the transition radiation and the Cerenkov radiation do not interfere. The total amount of transition 
radiation emitted during the time of flight of the particle, in the solid angle dQ = sin 6 d@ dg, is 


CMatansy ce? sin? 0 cos? 9 : ( (e—1)(1—p—8Ve—sint) (28) 
dQ my2 (1 — B? cos? 6)” J (c cos § + Ve— sin? 6) (4— BVe—sin? 6) Q@. 


In the case of transparent media, the integration in the last formula does not extend over frequencies 
which lie in the region w’ + Aw . 

For the Cerenkov radiation, we compute the Poynting vector flux through the annular area p, p+do 
during the time of flight of the particle: 


+o 
qWirans.__ c 4e2 V (B2e’ —1) (4 + B2 (14 — 
ae | dt EH. cos 9 («) 2np = ( ae Ss ode. (29) 


The integration in the last integral is performed only over those frequencies for which the condition in 
(26) is satisfied. 

When w=w and ¢” = 0, the saddle point is simultaneously a pole of the integrand, which is trav- 
ersed from below. The integral along the line of descent is divided into the integral (in the sense of the 
principle value) and the half the residue at the pole. As a result, for frequencies close to w’ the follow- 
ing formula applies: 
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M2 


dWirans __ ce? sin? § cos? 6 B4 e+ 14 ‘ 
dQ. rz Tey (1 — 8? cos? 9)? \ (- cos § + wae) ‘ (30) 
The Poynting vector associated with the Cerenkov radiation also 
changes but only at the individual points w =w’. 
We may note that here, just as in the preceding case, there is a re- 
%, gion in which transition-radiation wave field is formed. 
In conclusion the author wishes to express his gratitude to I. I. 
Goldman for a number of interesting discussions. 
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M. Z. MAKSIMOV 
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A formula for the dependence of the cross-section of a nuclear reaction involving the emis- 
sion of several particles on the energy of incident nuclei has been obtained using the statis- 
tical theory of the nucleus and Bohr’s concept of nuclear reactions, The formula has been 
used to compute the cross-sections for nuclear reactions involving the emission of 1, 2, 3, 
or 4 neutrons from Bige’ and Te! when bombarded with protons, deuterons, or a particles. 
The dependence of the entropy of a nucleus on the excitation energy and mass number has 
been determined using the gas model of the nucletis. The results of the calculations agree 
satisfactorily with the experimental data. 


Ir is known that an excited nucleus emits particles (n, p, @, y, etc.) in transition to the ground state, the 
energy distribution of the particles being approximately Maxwellian (as follows, for example, from the 
evaporation model of the decay’). Accordingly, the mean energy carried away by an emitted particle is 
much smaller than the excitation energy of the nucleus.” If the excitation energy is sufficiencly large the 
nucleus cannot, therefore, return to the ground state emitting a single particle. 

Both theory! and experiment®»4 show that the probability of emission of a single particle decreases with 
increasing excitation energy of the nucleus. Consequently, in transition to the ground state such a nucleus 
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will emit several particles, the number of which depends on the initial excitation energy and on the bind- | 

ing energy of the particles in corresponding nuclei. | 
In the present note we calculate approximately, as a function of the excitation energy, the probability 

that a certain residual nucleus will be formed after consecutive emission of several (k) particles by the 

excited nucleus. Since excited nuclei are obtained by bombarding the target nucleus A with another nu- 

cleus a, it is easy to find the dependence of the investigated probability on the energies of the incident 

nuclei. b. 
Consider the following reaction: 


(4+a)+(A+a)'>(A+a—)) bs) + > (bi), (1) 


i=1 i=1 


where (X) denotes a nucleus with mass number X. Since, according to Bohr, reaction (1) consists of 
two independent processes (formation of the compound nucleus (A + a)*, and its decay), the cross-section 
for such a reaction can be written as! 


O, = 9¢ (2) Mr, (2) 


where 0,(a) is the cross-section for the formation of a compound nucleus by the nuclei A and a, and 
Tk is the probability of the decay of the compound nucleus into final products. | 
The cross-section for the formation of the compound nucleus can be determined by means of the clas- _ 
sical formula 
BONS 
1 —= BolEa lar, Bas 
where Ry = ry Al/s + Pa, Eg is the energy of the incident particle in the center-of-mass system of A and — 
a, and B, is the Coulomb barrier, given by the formula 


Bus ZaZeyRe (3), 


Quantum-mechanical calculations show, however, that oc(a) is different from zero even for Eg = Ba, 
when it equals® a 


O¢ (a) = 0.81g~ *aRi. (4) 


It is therefore possible to determine the cross-section for the formation of a compound nucleus by charged! 
particles, with sufficient accuracy, in the following way (By, = 0 for neutrons): 


9¢ (a) = =RG(1—(1— a) Ba/Ea), Ea > Ba; (5) 
Oe (2) = TRa%a exp {—2g f (Ea/Ba)}, Ea< Ba, (6) 
where 
f (x) = x—"karecos x‘? —(1—x)'®; ag = 0,819"; g = (2MaZaZae?Ra)'2/h. 


The cross-sections for reverse reactions, necessary for finding Nk» Will be computed using formula 
(5) only, which considerably simplifies the calculation. 

Formulae for the probability m, of decay of the compound nucleus with emission of 1, 2, 3, etc. par- 
ticles are given by various authors.!®-? The formulae, however, have been calculated for the case when 
the compound nucleus, after emitting k, particles, may be found in any state compatible with the law of 
the conservation of energy. As a rule, the values of Nk» calculated according to those expressions, either 
increase or decrease very slowly with the excitation energy, leading to a large discrepancy between the 
theoretical and experimental cross-sections.’ This is connected with the fact that after emitting k par- 
ticles, the residual nucleus can emit the next (k + 1)-th particle if the excitation energy is larger than 
the binding energy of any particle in the same nucleus. (Here, as in the following, we neglect the proba- 
bility of y emission since this process, on one hand, does not change the residual nucleus and, on the 
other, is very small compared with the probability of particle emission, when the excitation energy is 
larger than the binding energy.) In the following, therefore, we shall consider only the case when the nu- 
cleus, after emitting k particles, is in a state with excitation energy smaller than the binding energy of 
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any particle in it. The probability of such a process is equal to the difference of the total emission prob- 
abilities of the k-th and the (k +1)-th particle, i.e., 


R k 
m= Tn(Ua + Diem) — Dy lnsa(Ua+ Ds so: Sonya) 
i=] v i=1 


where €p; are the binding energies of particles bj in the corresponding nuclei A+a—b, —...— bj_4> 
and U, = E, — €g is the excitation energy of the nucleus (A +a). Summation over pv in the second term 


corresponds to the fact that the (k +1)-th particle may be a neutron, a proton, etc. (Dy, yom at Dhesere ). 
If > 


k 
Ua < ea: >} Sp; ~- bn 44, 2 (Tha — Q), 
i=1 


then Eq. (7) coincides with the expressions given in Refs. 1, 6—9. 

Equation (7) determines the probability of formation of the residual nucleus (A +a — by —... — by) 

_ as the result of consecutive emission of the particles b,, bg, ..., bk from the nucleus (A +a) ina given 
order. The same residual nucleus can be formed by emission of the same k particles in a different order 
or by emission of entire complexes of nuclei. For the description of a nuclear reaction it is therefore 
necessary to average Eq. (7) over all permutations of the k particles and then to carry out summation 
over all possible groupings of the emitted elementary particles, i.e., 


4 = Digg DO) (8) 
group (Rk) 
where (k) denotes permutation; )'(k) =k! 
The cross-sections calculated by means of formulae (5), (6), and (8) can be compared with experimen- 
tal data and used to compute the yield of various isotopes. 
As an example, let us consider the following reaction: 
Ny-+ pz 
Cuss + p —> (Zn3o)* > Cus + {Pi + Ne - 
d, 
Accordingly, the formation probability of the nucleus Cuss will be 


n = [No (M13 Po) + M2 (P15 M2)]/2! + M1 dQ) l! 


In order to calculate Ix(x) we make use of the following equation:® 


x x—Ep, 
Ine) = Vis (Ep,) dEs, ( fs (Es) dEp,-.cdE,, (9) 


0 0 


where fj (Ep; ) dEp; is the relative differential probability of the i-th emission process, as given by the 
formula! 


Eymax 


fs (Ea,) dEa, = Betej20 (bi) EoeordEn| © §  fi(Es,) dE vis ~) 


where bj, Ypy> and Ep; are, respectively, the mass number, statistical weight, and kinetic energy of the 
emitted particle; o,(b,;) is the production cross-section for the formation of a compound nucleus from 
the nuclei (A +a — bj —...— b;) and (bj). We shall use the following approximate expression for 
oc(b;) [ef. Eq. (5)]: 
ee ee By,/Ev;s Eo, > (1 — ;) Boj: 
3 (bi) = =i, | 0 : Eo, <(1 — %,) Bo;- (11) 


w; is the level density in the nucleus (A +a — bi —... — bj), given by the following formula: 
Sores (s;ctlye 2, (12) 
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where Jj is the spin of the stable or metastable state of the nucleus (A +a — by —...— }j), and S; is 


its entropy: 
i 


SSS eee Aa =>, be). (13) 


e=1 el 


Taking Eqs. (11) and (12) into account and introducing the notation 


Yi = Ey, —(1 — &;) By» Wo, = — &, + (1 —%;) Boy Bi = bi'{»,Rb; (2; + 1), ee 
we obtain 
Yymax is 
fi (yi) dy: = giyi exp {Si} dyi/ >) \ fiv (yi) dis (15) 
EY) 
where 
i i-—1 
Si s(Uz Bek. Wo, ai Yo); A+a— y 3 6): Yimax = U,g— >, (Wo, + Yo) ea Wo; (16) 
o= e= 7 e=1 


Consequently, the expression for n, is 


tn = In (Ua — Wr) — Dlg (Ua — Wa — Wry 4, (17) 
k 
where I,(x) is given by (9) and (15); the quantity W, = De Wp, exceeds the threshold of emission of 
i=1 


k particles from the excited nucleus, since we are determining the cross-sections for the reverse reac- 
tions induced by the charged particles by Eq. (11). In the case of neutron emission, W, is exactly equal 
to the threshold. If both charged particles and neutrons are emitted, W, represents excitation energy 
for which the yield of a given reaction becomes significant. In that case, W, will be called the effective 
threshold, equal to W, + SUN Siertlcet for any (k + 1)-th emission process. 


In order to obtain the dependence of 7, on Ug, a k-fold integration of Eq. (9) is necessary. It can be 
seen from Eqs. (9) and (15) that the inner integrals depend also on Ug, which makes the computation 
(numerical integration) difficult. In order to simplify the calculation, it is convenient to make first the 
following substitution: 


Ua— Dd) (Wo, + Yo) = ti. (18) 
e=1 


The calculation of I, (x) presents no difficulties when the dependence of the entropy of the nucleus on 
the excitation energy and on the mass number is known. If the results are applied to the simplest nuclear 
reactions, where neutrons are emitted from heavy nuclei (A>100), it is possible to make several ap- 
proximations. 

First, it is possible to neglect the emission of protons, a particles, etc. We have then, since the last 
inner integral in the expression for Ik(x) equals unity, 


nn Th (Ua— Wr) — Th (Ua — Wry), (19) 


where W; and W,,; are the thresholds of emission of the k-th and (k +1)-th neutron from the excited 
nucleus, 


Taking it into account that n, #0 only when Ug >W,, and that 


3, < Wes Yu<Atba (20) 


e=1 


h 
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we obtain the following approximation for Si: 


i i 
aS, aS, : : 
Si=Sa— 35D bo — sy) (Wo, + Yo). (21) 


e=1 


o= 


Substituting (21) into (15) and then into (9), and taking it into account that (8S,/ 9U)Yp max > 1, we 
obtain, after a few transformations, 


' aS, Tene 
Tp (x)= Palsy), Pr (y) = (2e=u)! \ t2h—1e~! dt. (22) 
‘ 0 
The functions Px (y) are tabulated’ for various values of k and y- Graphs of the functions P, (y) for 
four values of k (indicated on the curves) and for 0Sy=15 are given in Fig. 1. 
The dependence of the entropy on the excitation energy and mass num- 


ber can be obtained by assuming a specific nuclear model. Using the re- ss 


sults of the gas model, we have® 
as 
Sgn V (Aa) U3/838> Ug = E.— ey. (23) os 
The cross-section for the reaction (A +a)—~(A +a — kn) +k(n) is, us 
therefore, a2 
orn (Ea) © Se (2) [Pr—1 (Yr) — Pr (Yatr)); (24) 9 6 ba Ra Mag ieee 
where 
FIG. 1. Graphs of the 
n= Be ee way ee, functions P,(y). 


Eg is the energy of the incident particle in the center-of-mass system, and €, is the binding energy of 
this particle in the nucleus (A +a). 

The cross-sections for reactions accompanied by neutron emission have been calculated according to 
the formulae (24), (5), and (6), for incident protons, deuterons, and a particles. Certain thresholds Wy 
necessary for the calculation of theoretical curves have been determined by comparison with experimental 
cross-sections, mainly from their ratios, in order to exclude the cross-section for the compound nucleus 
formation. A direct determination of the thresholds from mass values is difficult, especially in the case 
of emission of two, three, etc. neutrons, since the masses of corresponding isotopes are known to an ac- 
curacy of 1—2 Mev. In addition, the following radii Ra have been assumed for the interactions between 
the incident particles and the nuclei:! 


Ra=Rp= 1.5A%- 103 em; Ry, = (1.54% + 1,2)-1078 em. 


The interaction radii are rather arbitrary and, as a rule, yield an overvalued geometrical cross- 
section (by ~ 10%). However, since the production cross-section for a nucleus as calculated from Eqs. 
(5) and (6) is only approximate, it is not necessary to know Rg very accurately. Moreover, the depend- 
ence of the reaction cross-section on the energy of the incident particles will not change significantly 
since all cross-sections are calculated for E, $ 0.5 Bg, in which region the cross-section of compound 
nucleus formation depends relatively weakly on E, and is not very sensitive to small variations in Rg. 


Proton Energy, Mev The results of the calculations are shown in Figs. 2 and 3. It 
; me tf [Bec a3 a7 dt can be seen that the cross-sections obtained with Eq. (24) are in 


good agreement with the experimental data. The cross-section 
for the (d, n) reaction has not been calculated, since this proc- 
ess is mainly due to deuteron stripping and to splitting of the 
latter in the Coulomb field of the nucleus. The cross-section for 
the (a, n) reaction is not shown, in view of its smallness. 


~ 
S 


S 
eS 


g 


FIG. 2. Dependence of the Biz? reaction cross-section on the 

LE : s energy of incident particles: 1—(p, n); 2—(p, 2n); 3—(p, 3n); 

7) a 4 28 ane 56 0 4—(p, 4n); 5—(a, 2n); 6—(a, 3n). The solid curves are drawn 
a -Particle Energy, Mev according to Eq. (24); e—data of Ref. 4; O—data of Ref. 3. 
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In conclusion, the author wishes to express his gratitude to M. M. Agrest for valuable advice and 
discussion. 


ee TP Ura) Sater FIG. 3. Dependence of the Bi$? reaction cross-section on the deuteron 
energy: 1—(d, 2n); 2—(d, 3n); and of the 18" cross-section: 3—(d, 
2n); 4—(d, 3n). Solid curves drawn according to Eq. (24); +, e— data of 
Ref. 11; O—data of Ref. 3. 
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It is shown that if finite conductivity is taken into account, the equations of magnetogas- 
dynamics become parabolically degenerate. The set of equations is replaced by an approx- 
imate but completely hyperbolic set, for which the characteristics are found. It is shown 
that the equations of a stationary one-dimensional flow have a singularity where the flow 
velocity is equal to the local sound velocity. Conditions of the transition of the flow veloc- 
ity through this critical value under the action of a magnetic field have been studied. Small 


oscillations in a conducting medium, shock waves, and the structure of the shock are 
investigated. 


Tue magnetogasdynamics of an ideally conducting medium have been sufficiently studied. Types of vi- 
bration, !»? shock waves,°»4 and their structure®~" have been investigated; one-dimensional motions have 
been studied,® where the characteristics were found for a system of equations and the particular 
(Reinmann) solution was found for arbitrary isentropy. 

Taking the finite conductivity into account greatly complicates the equation by introducing new non- 
linearities, raising the order of the system, and changing its character. As will be shown below, the 


4 


4E. Segré (editor), Experimental Nuclear Physics, vol 2, part II, Wiley, | 
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system of equations changes from completely hyperbolic to parabolically degenerate. Finally, account of 
the Joule heat makes the motion essentially non-isentropic. 


Small vibrations were first studied;® then, the possible types of arbitrary vibrations of the medium!!)"” 
were treated on the basis of the general wave equation. ! Recently, Staniukovich found the particular so- 
lution by a perturbation method" for the case in which the conductivity is very large but finite. 


In the present paper, several problems of one-dimensional motion are analyzed for a medium possess- 
ing arbitrary conductivity. 


1. EQUATIONS EMPLOYED 


lity + Hoi E, where v= (ua, 0, 0), H=(0,H, 0), and E =(0, 0, E), then the system of equations 
of magnetogasdynamics has, for the one-dimensional case, the form: 


‘ du du , 10 h [ah a 
TE 1) ; p ( é mee 
Qe 1 oe SUB Mie ar sah reer onc yal @rcamrery eae ts 


Op Op Ou Oh de \2 Oh Ohu 0 7. /foh de de Oh 
at is gs WY Iyn(S - 5) noe ar Ox = $.[«($ sr)): “Ox col (1) 


Here, in addition to the usual notation, we have used 


h=H/V 4x; e=E/V4n; Y=Cp/[Co3 x=? / 4x2, 


where c is the velocity of light, and o is the conductivity of the medium, which we shall henceforth con- 
sider constant. The first equation of (1) is the equation of continuity, the second is the equation of motion, 
the third is the energy equation, the last two are Maxwell’s equations with account of Ohm’s law for a 
moving medium. 


If we neglect the displacement current, then the system (1) is simplified: 


ou ou i be 
ag a eet rer (P= 


Pe) dp Ou Oh \2 Oh Ohu i& Oh i 
att get Poe Nae) ae hae oe 


(2) 


2. GENERAL PROPERTIES OF THE SYSTEM OF EQUATIONS 


We shall show that the set of equations (2), together with (1), is parabolically degenerate.* We write 
down the set (2) as a set of five first-order equations for five unknown functions: 


de de On Ou Ou top We 
Be gp ie ta or ee 


e Ox ° 
Op op Ou oh oh Ou Op Che: 
thee gy i ee Oe Se ae PP ae eg Oe (2a) 
We convert the system (2a) to the characteristic form" 
Yy + UY2 p 0 0 0 
0 y+ Uys 1/0 0 0 
C(y)= 0 YP Yi + UY2 0 0 
0) h 0 Yr + UY, —*Y2 
0. 0 0 Y2 0 


The system would be completely hyperbolic if the algebraic equation C(y) = 0 had five real, not neces- 
sarily different, roots. But we have the equation 


y2 (Yr + Uys) [(Yi + 4Y2)? — 1P/ 9] = 9, 
which has only three roots. 


*The possibility of parabolic degeneracy was pointed out to us by B. L. Rozhdestvenskii. 
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In similar fashion, if we look at the set (1), we then obtain a set of six equations for the six unknown 
functions. The corresponding characteristic equation C = 0 has only five roots for yj. 

The parabolic degeneracy is unfortunate in that it deprives us of the possibility of studying the system 
by the method of characteristics. However, we can replace the set (2) by an approximate set of the hy- 
perbolic type. Let 9*h/ax* be bounded everywhere. We then write 


(dh | Ox)? = b,0h/ Ox, 02h | Ax® = 6,0h | Ox, 


where 
Oh 0 Oh 
Lae? bo = 5 (In 5). 


After such an averaging, we can write the set (2) in the form 


a) 


Ou Ou dep h Oh 


Fe) Op ae 
grt lige gg Wacaermeege ei ce 


a ah ah an au dh | 
ta pe (¥ 1) xb, 5 = 0, at + us. St Oe (2b) | 


It is not difficult to verify the fact that this system is completely hyperbolic. The characteristic rela~ | 
tion for it has the form 


“u— x 0 Oras 0 

0 ex lobe h/o 
jp u—x —xb(y—1) 
A OS eth 


Expanding the determinant, we first get 


u—x=0; dx/dt=u. (3) 
This is the equation of the flow line. Along it, the equation 


dQ = T dS = (j?/ ps) dt, (4) 
is satisfied, since dQ/dt = j*/po is the influx of Joule heat per unit time. Furthermore, we get 
bs [(u — x)® — a2] + hb; (y — 1) /¢ 


(u — x)? ae ai % ° ’ 
Li, 


where 
a, = wile th/p=a+v?, 
In the zeroth approximation, o — ©, i.e., kK ~ 0, and we get the well known result® 
dx /dt =uam. (5) 


If we take into account terms of first order of smallness in x, we can compute 


dx [dt = u+ Am (« / 2a?) (b,V? + hb, (x — 1) /o]. (6) 
The equation 
gee eyes! ‘ A al (a4 
d[p ~ =) = + 9a, du aa bo V2? + sak (y— 1) | (an a or ys e 
which is computed in the same approximation, is satisfied, along this sytem of characteristics. 


It is evident that the velocity of transfer of the excitation in the gas diminishes with increasing k, 
i.e., decreasing conductivity. 
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3. STATIONARY MOTIONS 


_ In this case, the set (2) becomes a set of ordinary differential equations 


dou du d fe ee dp du dh \2 dhu d? f 
Fee Se aera Ae 2 )=0 Uae aie Al 1)» (Fe) ee ae (8) 
This set has a series of integrals 
} 
pu=m, mu+p+h?/2=J, udp/dx+ypdu/dx =(y—1)(dh/dx)?, hu =xdh/dx + mb, (9) 


Bere m, J, and b are constant quantities. From (9) we can obtain a single second-order equation for 
i: 


pa Wee , mb (yh’ + mb / x) h3 
BS cpa Nadtign hee ree mea (10) 


It has a singularity where 


jh (J — h® / 2) — (y + 1) m xh’ + mb) = 0. 
Since 


J—h/2=mu+p, xh'’+mb=hu, m=ou, 
p 


then at the singularity u? = yp/p. Here too, as in ordinary gasdynamics, the flow velocity, which is equal 
to the local velocity of sound, has a critical value. It should be observed that this result is valid for any 
value of the conductivity, large or small, and also for values varying with distance, as is readily seen 
from (8) and (9). Morozov arrived at the.same result by an entirely different method. 

The order of Eq. (10) can be lowered; it is not difficult to integrate it numerically, following all pos- 
sible stationary flows. However, clarification of the behavior of quantities near the critical value of the 
velocity is also possible by direct consideration of the problem. 

For stationary flow we can write down Bernoulli’s equation 


dp du2 dh2 
p oF > ae 20 = (0. (11) 


Let the pressure be a function of the density and entropy, p =p(p, 8S). Then, using well known thermody- 
namic relations, we get 


: cp \d (12) 
Comparing (11) and (12), we get, considering that pu = m = const, 
pH Bag [aur 2 ($e) as. 
Introducing dQ = TdS and M = u/ag, we obtain, after a number of transformations, 
(Ute tee (ae ee ae ye 
In our case, dQ = (j*/po)) dt and dt = dx/u. Maxwell’s equation gives 
: c dh 
= Ves, ER 
As a result, 
dQ = (x/m) (dh | dx)? dx. (14) 


Equation (13) is the standard form of the Vulis law of the inversion of action,'* which states‘that iden- 
tical conditions produce in a flow opposite effects for subsonic and supersonic flow. For example, con- 
traction of the jet accelerates the subsonic flow and retards the supersonic. In ordinary gasdynamics, 
this fact is associated with changeover of the flow under the action of the excitations propagated in it with 
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the velocity of sound. In a conducting medium in a magnetic field, the excitations are propagated with a 
velocity greater than ay = Vyp/p. Why is a exactly the critical velocity in our case? 

If u=ap, ice., M = 1, then the left side of (13) is equal to zero. For this to happen, we must have in 
the critical cross section 


dh | dx =0. (15) 


If this is so, this field will not affect the motion in precisely the critical region of flow, since the corre- 
sponding terms in the equations disappear in this region. Therefore the excitations there ought to be 
propagated with the ordinary velocity of sound. 

The right side of (13) also vanishes for 


h =h,exp(— x /pa2«), where * = — (0p /0T)px/m, 


But such a special value of the field has only an accidental relation to the critical point. 
Let us investigate the conditions for the possibility of going through the velocity of sound. 
For M < 1 and an accelerating flow, the right side of (13) must be less than zero. Let us write it in 


the form 
a = |( SE) oar ae) > ge ae (ae eee 


In our case of an ideal gas, (dp /8T )py= — p/T <0, therefore a >0; dz <0, if dh/dx > 0 and if 
h/paz > — adh/dx. Thus, if the field increases with x, or falls more slowly than hp exp (— x/p ata), 
then the subsonic flow is accelerated. 

For M >1, dz > 0, and for an accelerating supersonic flow, the field must fall more rapidly than 
hy exp (— x/p aa a). In the opposite case, the sign of the effect does not change, and in a stationary mode 
the flow velocity cannot be greater than aj. Thus, by passing definite currents through the gas, we can ~ 
accelerate the ionized gas, i.e., we can construct a magnetic jet of a kind. 

It is not difficult to obtain expressions analogous to (13) for p, p and h, and to carry through other 
detailed studies just as for ordinary flows.'® The behavior of all the quantities close to the critical value 
is given in Fig. 1. 


Although the critical velocity of flow, which is equal to the local sound ve- 
\ locity, does not depend explicitly on the field, it depends on the field implic- 
itly, since p and h are connected with one another in a conducting medium. 
It is possible to find the dependence of the critical velocity a , on the field for 
an ideally conducting medium and to estimate the dependence in our case also., 
Let us transform the expression for the flow of energy (26a) [derived in 
Sec. 6] with the help of the relation h/p = b = const. and the adiabatic of Pois-. 


d\nz 
ax 


son pag” Bp Mi = const. = Ay. We get 
3 u? ay 2 ao ! 
FIG. 1. Diagram of BE ee yp gee COTS ass ae acl (16) 


the current relationship. 
The direction of the proc- 
ess is shown by the ar- p = Ay b? a2@-v) | r-0), 
rows. 


We introduce the parameter 


For y = 5/3, p has the meaning of the square of the ratio of the Alfven ve- 
locity V =h/Vp to the sound velocity ag), determined for the gas at rest. When the flow reaches the 


critical velocity, u=a,. Introducing the ratio x, =a,/ag9, we rewrite (16) as 


ee 2 Vasil ss 
- LX — + u rs 


(16°) 
This equation determines the dependence of the critical velocity on the parameter Lt, which charac- 
terizes the field. Let us represent (16’) in the form 


4) 
Soins mace. Nar et 
w(1 x? YD) + rane (1— 5 #2) = 0, (16”) 
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SSE Ss 

| As yp changes from 0 to ~, x, changes from ¥2/(y+1) to 1. The depend- 
, a Fe 


) ence x, -x,(y) for y =5/3 is shown in the table. For y= 1.4, this dependence 
is still weaker: x, changes from 1% = 0.9129 to 1. . 


0 036 
ya | $e 
J. SB 
9-8 / 0 4. SMALL EXCITATIONS 
1.4 0.3 ; 
24322 | 03 Let u be a small quantity, and let p=pet+p, P=pstP, h=h,+h’, where 
gota | 40 smnall quantities are denoted by a prime. In what follows, we shall omit the 
= 1.00 primes. The system (2) is linearized in the usual fashion: 
Ge. du _g 4 , 107, ty dt_y hy, du Om _ 
atteg=9. atoatea ata —*3e =9- (17) 


‘Bince the Joule losses are neglected in the linearization, the energy equation is equivalent to the adiabatic 
“‘€guztion p= const - p’. In this case, it is possible to make the following transformation: 


We look ior all quantities in (16) proportional to exp {i(kx — wt)}. Eliminating p/p» = ku/w, we get 
(Fajo—e)u + (ZA,/o,)h=0, khou —(o+ ik’x)h=0. 
As the condition for nontrivial solution of this system, we get the dispersion equation 


a (18) 
Le us investigate the solution of Eq. (18) in two limiting cases: 
a o> ae ,/% — the case of a weakly conducting gas (x large); 
(2) wo « 24,,/«x — the case of a strongly conducting gas (x small). 

. With accuracy up to terms of first order of smallness, we have 


EF = (o/a,) + (V7/20,7): ky =(14+ i Vo)d, 
B=(14+iI)Vo/%(a./a,); hk =(w/an) + (iw/20%,). (19) 


“The wave numbers kj and ky correspond to the ordinary acoustic wave and a wave propagated with the 
Elective magnetogasdynamical sound velocity*?*. The quantities kj and kj correspond to waves of 
the skin type, and are rapidly damped. The indices + correspond to the sign chosen in front of the inner 
roct of the solution of the biquadratic equation (18). 

It is interesting that the ordinary acoustic wave and its analogue in the case of infinite conductivity 
belong to different frequency modes and never cross each other upon corresponding increase or decrease 
of the conductivity, but degenerate into waves of the skin type. It is true that for such a change of the 
magnitude of the conductivity, we pass through regions of strong absorption, where the wave and its ve- 
locity lose meaning, so that this result takes on, perhaps, a somewhat formal character. 

An equation of the type (18) was earlier obtained by Anderson;!’ however, he assumed that am is 
close to a, (weak field), therefore, he did not obtain from his approximate solution that = ee and a, be- 
long to different frequency modes. 


5. ANOTHER METHOD OF INVESTIGATION OF SMALL EXCITATIONS 


By linearization of the system (17), we can obtain a single equation for the velocity potential y, which 
is introduced by the equation u = 3 ¢/@x: 


— F952 } = at\ar — 9 ax?) ° (20) 


We note that the form of Eq. (20) is strongly reminiscent of the equation of thermal condictivity, which 
again bears witness to the parabolic degeneracy. 
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We seek the solution by the method of separation of variables: 
o= AG) AD: 
Let 
KOE NOE, OX" RX “= 0, 
Thence _ 
X = B,coskx + B,sinkx. 
Then we get for T from Eq. (20): 
T4+aRT + R(T + kT) = 0. 


We seek a solution in the form T = exp (at). For the determination of a, we obtain the cubic equation 


a3 + kx (x2 + a2k*) + ain,k?x =0. (21) 


This equation, for arbitrary values of x, has two complex and one real root. 
We first consider the case of small x. With accuracy up to terms of second order of smallness in k, 


xk 72 ; x 
= Vo tiank ltras 


m 


C5) = — 


Hee 3a? : 22 / 72 
4 Vo 1+ —-— = —x«M +i, as = — xazh?/a?, = —xR 


2 
2 
a, 2ain 


(the notation is self evident). As a result, 
T = e—*™! (A, cos Nt + Asin Nt) + Aze-***. 
We can always write down a certain particular solution of Eq. (20) in the form 


% = 0, cos[N (t —*)] cos [R(x — 1)]. (22) 


To find k, we must solve some sort of actuai boundary problem, for which we can construct a general 
solution in the form of the superposition of standing waves, summing all possible particular solutions of 
type (22). However, this is not necessary for the determination of the phase (or group) velocity of propa- 
gation of a small vibration. For example, we get for the phase velocity v = N/k = w/k, 


3a? 


| u2R2 fe 
— Am | — —— : 1 : 
F sok aan + oe | (23) 


In the case 0 + © we get v — am, as was to have been expected. 

In the limit o — 0, we have xk — © and from Eq. (21) [with accuracy up to terms of the second order 
of smallness in 1/k] we get @; = + iagk, whence the phase velocity is v = ap. 

We shall not carry out any further investigation for obtaining skin waves. 


6. SHOCK WAVES 


For simplicity, let us consider only a rectilinear shock propagated with a velocity u, in a motionless, 
conducting gas located in a magnetic field h,. The wavefront is parallel to the field. 

The equations of stationary one-dimensional flow have the three integrals (9) of mass flow, momentum 
flux, and magnetic field flux: 


cu=m, mutp+hH/2=J, uh =xdh/dx + mb. (24) 
The Maxwell equations yield 
= eOng Hep eee 
Cc ; V40~ dx : (25) 


The equation of energy flux has the form: 


ays 2 —, 
mo. (i == a = V 4zje, 
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where i is the specific enthalpy. Substituting Eq. (25) and integrating, we get the integral of energy 
_ flux: 
m (i oh Ht) = mA frat u,h,h, where A —= const. (26) 
We can rewrite Eq. (25) in the form 
i+ (u?/2) + bh= A. (26a) 
The set of equations (24) and (26) completely determine the parameters of stationary flow. 
It is now easy to write down the conditions on the front of the discontinuity: 
Px] = Pelle, 
oyu SW OE Ta hy/2 = Poll + P2+ h;/2, 
by + (u2/2) + bh, = ig + (u2/2) + dhe, 
uh, — (xdh/dx), = ugh, — (xdh/dx)>. (27) 


The index 1 denotes the parameters in front of the shock, the index 2 those behind the shock. If the con- 
ductivity is infinite, then h,/p; = h/p = b = const, k = 0, and the conditions (27) coincide with the known 
expressions on the front of the shock.? 

It follows from the first two equations of (27) that 


aue% eee} ‘pata h2 — h2 
a geey ead ee Pa. Bs hy ae tO Bes LAT shay ot re 
1 e1 | P2 — 1 ~=—- 2. (P2— 1) 2 pe | P2—P1 2 (PP) (28) 


For p,. = py + Ap, pp =p; + Ap, hy = hy + Ah, we shall have 


u2 = u2 = a2-= (Ap/Ap) + (hAh/Ap), (29) 


1 2 


where a, is the effective sound velocity in the medium under consideration. From the last equation of 
the system (24), 


h x dh 
Panera (30) 
whence 
Ah x A [dh x dh\2 % x dh\ A (dh 
BORE aa ne Pay) 8 EAB Eh ayae) tice UP + ae) He as) 
This expression, with the help of (30), can be put in the form 
fe a a beds 
at eniogee = tT he ae (Ge) (31) 
Since the flow takes place from right to left, then dh/dx < 0 and 
at < din = a5 + h?/p. Tee) 


We estimate the value of the contribution connected with the conductivity, relative to h?/p. We have 


x= c?/4no = c?m,/4nne*r. 


As will be shown later, change of the field takes place at a distance of the order of the mean free path 
0 =megayo/ne*. Then 


The ratio in which we are interested will have a value of order 1/IIg, where Ig = ( e?/mec’) nf is a 


dimensionless quantity, the so called “linear” electron. 
Let us compute the change in the entropy for a weak discontinuity. In this case, 


uyH—uUzg=—a ; he — hy = Ah = (x/a,) dh/dx: 


*? 
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From (14) we get 


Ee 
1s Se e) densa Se BS (ey dx. 


Obtaining the mean values T and dh/dx over the region of change of the quantities (0 to L), we get 
S, —S, = AS = (a2L/mTx) (Ah)’. (33) | 


Thus, the change in the entropy is a quantity of second order of smallness in comparison with the change 
in the field. 


7. STRUCTURE OF THE SHOCK WAVE 


Although this question has already been studied in detail by Marshall®»? with consideration of viscosity | 


and thermal conductivity, it occurred to us that it is of methodological and some practical interest to con- | 


sider the weakening of the front under the action of conductivity alone. 
Let us introduce the dimensionless variables 


yv=u/a; 7=p/pis ~=A/Ay, where % =V Pi/er- 


We choose é = x/d as the dimensionless unit of length, where ) = c?/4n ga, =K«/a,. The conditions (27) 
become in the non-dimensional form, 


, e ; d 
kvtyt+ Qa?=J, paoytks + nix = 4’, YL 


(34) 
where use is made of the fact that i = (yp/p)/(y — 1) for an ideal gas; k = maj,/pj; J’ = J/p43 A’ = | 
Am/p4a43 Q; = h3/2pj. From the first two equations of (34), we have 

pr te te: Poe 2 By A) cgr a 
1=91() = aay W’ — Qu) + [ote W — Ge) — geaay 4 — 2nd} ees 


As computations have shown, the minus sign in front of the root has no meaning. From the last equa- 
tion of (34), we now find & — é) by quadrature. This integral was computed for the case of monatomic 
deuterium at T = 20,000°K, p,; = 20,000 g/cm-sec? (about 15 mm Hg), H, = 689 oersted, and y,;= 2. As 

is seen from Fig. 2, the change in all the quantities takes place 
peut over a distance on the order of two units. If we assume that in 
this case, o % 10 cgs units, then the change will take place 
over a distance of approximately two mean free path lengths. 

If A — 0, then x= &AX— 0. Thus, in the case of very high 
conductivity, we get a sharp discontinuity. It should be pointed 
out that in fact a large thermal conductivity also corresponds to 
very high electric conductivity; therefore the jump will be 

0 / 2 Zs PE = xafe Strongly diffused by reason of the thermal conductivity.’ 
FiGedeproliiaommequmpe The If the conductivity is low, the field will change slowly at 
Pe ee fey Hee pone large distances, on the order of x/a;. If the jump is strong, 
ee then it is clear that the field should have no effect on the shock 
wave. We shall analyze this in detail. We write down the condition for conservation of momentum for the 
specific volume V = 1/p: 


20 


Li Lo, 


15 


p+ mV + h'/2 = p, + mV, + hy/2. (36) 


We differentiate this equation with respect to V: 


be ana Ge! +m +h a = 0. (37) 


(O0p/aT),, >0 for all gasses; dT/dV < 0, since the gas in the shock wave is heated in the compression; 
dh/dV <0, since dh/dp > 0. On side 1 we have 


| 
| 
| 
| 
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a (sr i a a Ga rk ; (38) 


since uy >a,, and to satisfy Eq. (37), we must have dh/dV < 0, which is to be expected. | If the intensity of 
the shock wave is so large that 


Op\ aT a 
tiers IG ), ay t (wv ) I, ; (39) 
then to satisfy condition (37), we must have dh/dV > 0; this would mean that upon compression from V, 
to V, the field passes through a maximum, and thereafter falls to the value h,; this cannot be. The real 
picture is the following; at first, in the compression from the volume V, to some intermediate volume 
V ,a slow continuous change of the quantities takes place. Here dh/dv < 0, and the field changes from 
h; toh). After the shock, a compression takes place from V’ to V». The field in this case does not 
change, while the velocity, pressure, and temperature undergo a jump. If condition (39) is not satisfied, 
then there will be a slow continuous change of all quantities to a distance of the order x/a;. This phe- 
nomenon is very much like an isothermal jump; therefore, by analogy, it ought to be called an isomag- 
netic jump. 
The condition (39), as is easily seen, is equivalent to u, <a. It is possible to show that it reduces to 
3 
Q.{22— 7) 42-1 — (4 — <x 0(4—1). (40) 
If u;/u, > 2.64 for y = 5/3, then the left side of (40) will be less than zero and the jump will always occur. 
For smaller intensities the fact as to whether a discontinuity is approached or not will depend on the 
magnitude of the field. 
When Marshall, by numerical integration of the differential equations for a certain example, obtained 
this picture, it appeared strange to him that all the change of the field took place in front of the jump. 
We see here that it could not be otherwise. In this lies the essence of the isomagnetic jump. 


In conclusion, we express our deep appreciation to Academician M. A. Leontovich for his constant 
interest in the work and for many useful discussions. 
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The position of the possible frequencies of generation and amplification, with saturation 
by an auxiliary field taken into account, is investigated on the basis of an analysis of the 
polarizability of a quantum system situated in two resonance fields. It is shown that an 
amplifier or a generator can operate at two frequencies which depend on the amplitude 
as well as on the frequency of the auxiliary field. 


Basov and Prokhorov! have considered a molecular generator and amplifier that does not utilize a mo- 
lecular beam. In this case an auxiliary field of higher frequency is required for obtaining active mole- 
cules. 

In contrast to the generator with a beam, where, with any kind of excitation (state selection), only the 
number of active molecules obtained plays a role, in generators and amplifiers with an auxiliary field the 
molecules must be situated simultaneously in two resonance fields with a common resonance level. In 
this case the auxiliary field will affect the shapes of the lines and the positions of the resonant frequen- 
cies of the transition used. Similar effects were observed by Burgess and Norberg? in the hyperfine 
spectrum of the (SO3),NO ~ radical and are easily explained on the basis of the quantum theory of 
dispersion. - 

Let two resonance fields with frequencies w, and wy, act simultaneously on a quantum system with a 
nonequidistant discrete spectrum; et these frequencies be close to the transition frequencies wy, and 
Wmgq between any levels of the system (these levels will be called resonance levels), under the condition 
that one of the resonance levels be common to both fields. | 

We shall give an expression for the Fourier component of the average dipole moment of a gas, in 
which T is the average time between collisions of a molecule, obtained under the usual assumptions,’ 
but in the presence of two fields with frequencies 


10; —Omnn| <1/t, |; —O@mg| < 1/t 
and a common resonance level m. The perturbed Hamiltonian is Hi (t)= Hy +hv (t), where the per- | 
turbation has the form | 

V (t) == Pt et iot of (pt ot iat 


(summation over +). The resonance part of the density matrix D is determined from the equation 


ap 


0 4 4 5 o — 9 [av 
@ + i@ay + ) Dab + i D Ver (t) Dro— DarV eg (t)) = | ngs (1) 


where 

0° = exp(— H/&T)/Sp exp (— A/T) 
is the equilibrium distribution function in the absence of a field. Near resonance with |v| 2 1/r (strong 
field) it is necessary to take into account the second term in (1), because of which the equation for D be- 


comes linear with variable coefficients, which leads to “nonlinear” effects. For definiteness let m >n >q.. 
We seek a solution of the form 


D=R+ Qtet io Sh Stet io EH Tie itera 


1100 


INTERACTION OF RESONANCE FIELDS 1101 


in which we retain only the resonance matrix elements 
Ram, Ran: Rags OF Qaim Ny Sim Tos Ton- 
The resonance part of the average dipole moment of the system is (omitting the indices of degeneracy) 


d (é)e= DRE {dan Qaner ™ idjmShge lt bdjn THe re (2) 


In the limiting case of a strong field Y and of a weak ® 


eed A+ Bi GIDi 
Qinn =a nh Res 5A: aan Aw, — AQ», =a} : (3) 
where 
A®, = Omn —@, A®, = Omg—M, AQy. = Aw,/2 FV (Aw,/2)?+ | FP, 
A = (x,A@, — 72,AQ,)/(AQ, — AQ,), A+ C=%, B= (Ys— Y2)/t (AQ, — AQ,), B4+-D =0. 
a pee eS aE 
Tr iin na Kop + to 4 | YY \2 y 
and where k = 1, 2, 3; |w|*= IYmql’, and 
Tn = (1/@mn) (09, — P2)+ Ymg = (@2/@mng) (9%, — 09): 
From formula (3) it is evident that in general the absorption curve has two maxima. 
Let ||? > Aw, r-?. Then the positions of the two absorption maxima are given by the relations 
(Aw); = —|P] + Aeo,/2 — 7,,./81207|F], (Aaja =| P| + Aere/2 + ¥,.6/81.7° | FI, (4) 
and the values of I = Ones : a at these points are given by 
_ a(t 4 he ag fth g Aasea) | 
fee ea ay te I= 1 — peyton J (5) 


As is evident from (5), in this case the absorption curve has two approximately equal maxima, almost 
symmetrical relative to Aw, = 0. 
If |v|?, 7-2 <Aw, the positions of the maxima are 


(A)1 = re | ie ?/Aes, (Aa,)» => Adds, 
and their magnitude is given by 


| 


Ba2 
Aw? Gee <7 ‘ma)® 


hat 
Ii =n = (Cpa oF ign) ’ I, =~ 
2 


In general the real part of the polarizability vanishes at three points. For ||? > Auk, T~*, the po- 
sitions of these points are 


—|F| + 1/.Ae, + (27, — 7,)/27,77 | FI 


Aw, => Aw, ene) 
[P| + eA, — (27, — 1,)/215°? | FI: 


The formulas obtained allow us to draw the following conclusions about the molecular generator and 
amplifier with auxiliary radiation: 

1. If the auxiliary radiation is large, then the amplifier can operate at two frequencies. 

2. The molecular generator is excited at those frequencies for which the real part of the polarizabil- 
ity is equal or close to zero. Therefore, for the type of generator considered, oscillations can arise at 
three frequencies, the oscillations being unstable for the central frequency. 

3. The frequency of the oscillations of the generator will depend on both the frequency and amplitude 


of the auxiliary field. 
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Note added in proof (November 16, 1957). We note that the solution of (1) for both fields of arbitrary 
intensity is very cumbersome, but does not lead to results new in principle. Because of the transitions 
through the common level, which is an intermediate one, the absorption maximum is split for the fre- | 
quency w, as well as for We. 
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For reactions involving two or three channels and reactions with the formation of three 
low-energy particles, it is shown how the phases of the matrix elements of the S-matrix 
can be expressed in terms of measurable quantities by using the unitary property of the 
S-matrix and the invariance of the theory with respect to time reversal. The reactions 
7+ —» 2n' + r~ and p+p—D+#nt are considered. 
In papers by Aizu, Fermi, and Watson!? a relation has been established between the phases of the am- 
plitudes for photoproduction of mesons on a nucleon and the scattering phase shifts for scattering of 
m@ mesons by a nucleon; this relation follows from the unitary property of the S-matrix and the invari- 
ance of the theory with respect to time reversal. Subsequently analogous relations have been obtained 
in connection with a number of other reactions. But in all these cases the interaction in one of the chan- 
nels was assumed to be weak. It seems that it may be of use to consider similar relations in the case of 
strong interactions. 

The consequences of the unitary property of the S-matrix and of the invariance of the theory with re- 
spect to time reversal are usually discussed by means of the so-called K-matrix. That is, S is written 
in the form 


Sik) 


and it is shown that in virtue of the properties of the S-matrix the matrix K is real and symmetric in a 
representation in which spin components are not included in the set of quantum numbers that specify the 
states of the system. If there are n channels, this means that the matrix elements of the S-matrix are 
expressed in terms of n(n +1) /2 independent real numbers. But the matrix elements of the matrix K 


are not directly measurable quantities. The quantities directly measured are the squares of the absolute 
values of matrix elements of the matrix T=—i(S— 1). 
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The matrix elements of T, however, are complex. Therefore it is of interest to express the phases 
of the matrix elements of the T-matrix in terms of the squares of their absolute values. In a number of 
cases this can be done. At the same time, there appear several inequalities connecting the squares of the 
absolute values of the matrix elements of the T-matrix. The use of the K-matrix is particularly incon- 
venient for the consideration of states in which there are more than two particles. In these cases it is 
more convenient to start directly fro. the conditions for the unitary property of the S-matrix. 

In the present paper these conditions are used to determine the phases of elements of the T-matrix in 
terms of scattering phase shifts and transition probabilities for the case of two or three channels. It is 
shown that the phases can also be determined in those cases, in which one of the channels contains three 
particles with small energy of relative motion. The imaginary part of the amplitude for the decay of a 
T meson into three 7 mesons is expressed in terms of the real part and the scattering amplitudes for 
collisions between a mesons. At the same time it is shown that the interaction in the final state changes 
considerably the angular distribution of the decay products. The corrections caused by the interaction in 


the final state are determined for the phases of the matrix elements that fix the angular distribution and 
polarization in the reaction p+ p—D+a?*. 


( 


1. CASE OF TWO OR THREE CHANNELS 
From the equation SSt = 1 it follows that 
iT) oP 


Let us consider the matrix elements of the right and left members between states |a> and |b> of the 
type indicated. Using the symmetry of S and the rule of matrix multiplication we get 


4 . 
Im<a|T |b» =-5 D\<a|T |c> O|T | cy, (1) 
(a|T |by = ¢a|T’|678 (Pa — Ps) 8(Ea-— Ep), (2) 
E,, P, are the energy and momentum of the system in the state la>, and <a|T’|b> is the T matrix on 
the energy surface. Substituting Eq. (2) into Eq. (1), we get the well known relation 
, 1 , TL AXK*ESD 
Im <a|T’|by = = >) <a|T’ |e <6| T’ | cy" 8 (La — Ee) 8 (Pa — Px). (a 


Carrying out the summation with respect to Pc, Ee on the right side of Eq. (3) we get 


Im {a|T’|6> => dy <alT’|e> €6/T" [o> Iv. ae 


Here the summation extends only over states for which 
Po P= Pi a 
T, is the phase volume of the states |c > with energy Eg. Multiplying the right and left members by 
3(T,lp)? and writing 


= <a|T’|by V Tale fap (5) 


we get 
Im hole = tee: 
In the case a=b 


Im fas = D)\ fac? 


and we get the usual result 


=(y ea —1)/2i, 7, =1—4 DyIf,./: 
hoa = (ge? — 1) /2i, Dilec Re 
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Let us examine the case in which there are only two channels, as for example in the reaction n° +p 
_+qt+norin K+N—-2 +7 if the initial state has isotopic spin T = 0 and we can neglect the processes 
K+N—~+2D+7+n, A+n+7 because of threshold effects for small energies of the K particle. In these 
cases we have 


Im hab — Ae (8) 
Substituting Eq. (7) into Eq. (8), we get oP ||| 
ie Wee rs Coane =U. (9) 


Since na = Np by Eq. (7), it follows from Eq. (9) that 


las a Rae (8a+*s) (10) | 


where Xap is real. Equation (10) is a generalization of the relations of Aizu, Fermi, and Watson in the 
case of strong interactions. 

In the case in which there are three channels, as for example in the scattering of K mesons by nucle- 
ons in the state with isotopic spin 1, when besides the elastic scattering there are possible the reactions © 
K+N—+A+a andK+N—-2+417, we have instead of Eq. (8), if the reactions K+ N—-A+ 27, 2 + 20 
can be neglected, 


Int fan = faaten chaleston tal tie (11) 


Setting fap = ara and using Eq. (7) we get 


4 F 
5 Nq EXP (218,—i¢,,)—N, EXP (— —2id Pe AY A By wee ca &XP (i(P,-—Peq)) =9. 
Equating the absolute values of the two terms we have 


XA Sh KAO X4, ee xe. Keres oe GS 


cos 2 (6 >. — o> i= ? 
Sani ioe natoX ap (12} 


Equation (12) solves the problem as stated, but in order for it actually to determine the phase it is 
necessary that the right member be less than unity in absolute value. This condition gives 


X aX neX ac > XapX bo + XacXte + Xan Xac- (13). 


| 
Or, solving for X,p for example, we get | 


1/(L +9) <Xa»/2XacXeo<1/(1—%,). (14) 


| 


2. DECAY OF THE t MESON 


For small energy of the relative motion in one of the channels, we can treat also more complicated 
cases, for example those in which states with three particles are possible. As an example consider the 
decay of the T meson, on the assumption that the decay interaction is invariant with respect to time re- 
versal and that the spin of the T meson is zero. We shall treat the 7 mesons as nonrelativistic and re- 
gard their wavelengths as large in comparison with the radius of interaction. In this case Eq. (3) gives 


Im <xt | pk | TyTtsP3kyo> = “ > { dp, 40 Fes cael fal TTT, pk (ty ToTtsP3k 12 | dix | cat Paki» 8 6 (M —E, 0 ys 
eae Ps Sie (15) 
Here 7, T2, 73, are isotopic spin components for the three mesons, kj, is the momentum of the relative 
motion of the identical mesons, pz is the momentum of the third 7 meson in the rest system of the 
T meson, and M is the mass of the T meson. 


Equation (15) contains the matrix element of the scattering of the three 7 mesons by each other, which: 
can be represented as the sum of four contributions in the following way: 
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<tTet3P3ky2 | T’ | 7! han P3ki.> = 9 (Ps — P,) ° On” 1 Cty Tokyo | T’ | cht) io 8 (Pa P;) ea <tyt3 ki, | 7’ | cin, k' > 


13K 13 


+) (pi; — P;) One! oo <totgko5 | T’ |=," oKog> + CtrtatsPsk ye | 7” Tt at aP aK we | (16) 


In terms of Feynman diagrams the first three terms in Eq. (16) correspond to diagrams in which the 
line of one of the mesons is not connected with the others, and the last term corresponds to the connected 
diagrams. If we assume that the interaction between the mesons has a definite radius, then the first 
three terms correspond to processes in which one of the particles was outside the region of interaction 
during the scattering of the other two. It is also clear that the first three terms contain scattering am- 
plitudes of pairs of m mesons. Such a decomposition has meaning, since it will be shown that for small 
energy of the relative motion of the 7 mesons the contribution of the last term in Eq. (15) is small. In 
fact, substituting Eq. (16) into Eq. (15) we get 


Im cat | T’ | t2tsPsky27 = By » \ dd, ao sare 71% tsP3K12) (tytekys|T’| 7 oki)” 


ain! 
12 


1 , 
=F Te UR s = Jao, Cae fy | tytetspokis) (tyt3k 15 | thy | tytokis> az ~ Kos > \ doy, h all hi | TyTatsP1 Ko» 


Ti73 G ae 
, nl TX , % Pp. 
x Ctetgkos | T’ | 77, 7, + > (ap,/ » = Ph 10 
Ce ea 12 
12°3 
eee) at, #0 DK). (Ty TatsPsK 12 | T’ | tt) TDA a. 


(17) 
Here wy is the mass of the meson. 

If we consider the right member as a function of the energy of the relative motion of the 7 mesons, 
then it can be seen that (because of the tendency of all the matrix elements to a constant limit) the first 
three terms in Eq. (17) go to zero like ky, ky, or kg3, i.e., proportional to (M — 3y)2, while the last 
term varies as (M — 3)". If we neglect all powers of ky, Kyg, Kog3 except the first, we get 


all , i tee 2 
T, T_T 
at , on ‘ at 7178 iN 23 
Im (07 | T’ | tytetspsky29 = my a uh Be | tyt9%3) (3 yt, Ons 12h, = Oo Lik Ry3 + One! Ueoty any ’ (18) 
i 7, o, 


Here <1+t|T’|7; 7, 73> is the amplitude for decay with neglect of the energy of the mesons (a real 
LA ? 

quantity) and Bia is the scattering amplitude for collisions between t mesons of zero energy. If we 
172 


make use of invariance in isotopic spin space, then we have 


at? = ye TER) Cl cI) (19) 
Here (17,17)| 11TT’) are Clebsch-Gordan coefficients, and ay, a, are the scattering amplitudes of 7 me- 
sons in the states with isotopic spins T = 0, 2. 

It must be noted that Eq. (18) is valid only under the condition that the scattering of the 7 meson by the 
mq meson does not have resonance character, with ka ~ 1 already at very small energies, since in this 
case the neglect of high powers of k is not permissible. Equation (18) is of interest in the following con- 
nection: if we expand the decay amplitude in terms of spherical harmonics, then for example for the de- 


cay Tt — 27+ +77 we have 


Colle ete taka 2) Pi (cos 8) GUT ethan Lis. (20) 
Here L is the angular momentum of the relative motion of the two 7 mesons; L = 0, 2, 4, since particles 
1 and 2 are identical; L is also equal to the angular momentum of the third particle relative to the cen- 
ter of mass of the first two, because the spin of the t meson is taken to be zero; and 3 is the angle be- 
tween p; and kj. If we neglect the interaction of the 7 mesons in the final state, then for small p; and 


1106 Vie (NG OG TS. © V. 


kj. the matrix element in Eq. (20) is proportional to pekh, i.e., the coefficient of cos?3 in the angular 
distribution is about (M — igs But according to Eq. (18) the coefficient of cos’? 3 is different from ZeY O| 

= . 4 
already in the first order in k ~ (M — 3p)2, since 


Dues bikie eee 
Ris a Vas PS —- ws ee + 7 Pskiz cos a, 


and k,3 has an analogous dependence on the angles. 

Accordingly the interaction of the 7 mesons in the final state decidedly changes the energy dependence } 
of the matrix elements that determine the angular distribution. In another paper it will be shown how this 
fact makes it possible to determine the scattering amplitudes for collisions between 7 mesons from the 
angular distribution of the decay products. In a similar way one can treat for example the photoproduc- 
tion of two m mesons from a nucleon for energies near the threshold. 


3. THE REACTION p+p—D+a* 
As another example of the application of Eq. (3) we can take the reaction 
p+p—-D+ rt. 


The amplitude for the reaction in the center-of-mass system can be written in the form 


dksz|T’ | o,93p) = Di(L lms, | £ Lip) (U’s’m's’, | Us" jp) "a Yo 4492 | 9/2 4/2 8’s2) <jlk| T” | il’s’ p> Yim (Qu) Ym Qp,). (21) 


Here k is the momentum of the meson and p that of the proton. The remaining notations are obvious. 

Gell-Mann and Watson have shown’ that if one neglects the scattering of the meson by the deuteron 
the phase of the quantity <jlk Ee | je’s’p’> is equal to the scattering phase shift for proton-proton scatteri 
in the state |j0’s’p'>. Equation (3) enables us to calculate the correction to the phase caused by the inter- — 
action in the final state. Since we are interested in the reaction amplitude for small energy, we confine — 
ourselves to £= 0, 1. Under these conditions 2 and 2’ are good quantum numbers and it follows from 
Eq. (3) that: 


Im ¢jlk|T’ | jl’s'py == + pM (jlk|T" | jl’s'p) ¢jl's'p|T’ | jl's'py* + > kee (jlk| T’ | ily Cil's’p| T’ | jl” 


+> \ q2 dq, p?dp,d(E—Ep,, 4) <jlk|T’ | jLp,Aqs">, (jl’s'p|T’ | jLpyAqus" yo 


LAs" 


+ > \ 9 4a,p}dp,2 (E — Ep, a) ilk|T’ | iLp,Ag,s">,/il's'p IT" | jLpAg,s"7',- | 
LAs" (22) 


M and yp are the masses of the proton and the meson. The third and fourth terms arise from the re- 
spective processes 


ptp>pt+pt+r—-D+n, ptpoptn+ D+", 


which are possible if the energy of the + is larger than the binding energy of the deuteron. In the case 
in question these terms need not be small in comparison with the second, since at low energy the nucleons: 
have a resonance interaction. 

Setting 


: rAd Yard 4 i 1 hat at idy, : 1 . oN i . | 
Kile yl s py = pe, + PM ¢jl's'p|T | jl’s’p> = (e*! Ny —1)/2i;” =a Red jle| T [eS aa Oe o=oy+oQ! | 


and using equations analogous to Eq. (22) for the amplitudes appearing in the right member, we get the 
first order correction 
1 


, > 
o = 0,-+— 
: io 


Ds | 93 dap? dpi’ (E — Ep, 9) Re <ilk|T’ | LpyAgis"ys, ; 


LAs" 


Il of ig " 1 : . 
x |<il’s’p|T"| jLp:Ams’>o| + > > \9 dq,p} dps (E —Ep,, g,) Re<jlk|T’ | Lp, Aqs”>, | <jl’s’p |T’ | jLp,Aqs”), |- 
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Since in this approximation 


. rhe ” 4 “1 ot rhe 
Im <jlk| T’| jLp,Aqs"> = p> pM | <jl's'p| T’| jLp,Aqs”> | , 
the right member contains experimentally measurable quantities. 


1k. Fermi, Supplement, Nuovo cimento 2, 17 (1955). 
2K. M. Watson, Phys. Rev. 95, 228 (1954). 
3M. Gell-Mann and K. M. Watson, Ann. Rev. Nucl. Sci. 4, 219 (1954). 
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It is shown that, subject to certain assumptions about the motion of the electron, the Feynman 
path integral is identical with the propagation function of the Dirac equation. 


1. INTRODUCTION 


The problem considered below was initiated by Feynman and has been discussed in Refs. 1—4. The 
main result of the first paper! is the relation 


R (X11 | Xete) = a es (f). (1) 
Here R(x,t;|xot,) is the solution of the Schrédinger equation which becomes 6 (x; — X2) for t; = t;; 


te 
ee \ L {x (t), x (t)} dt 
iy 
is the increase of the classical action along a path; and [6x(t) denotes integration (summation) over all 
trajectories x(t) for which x(t,) =x, and x(t,) = X,. 

Together with certain other rules, the relation (1) gives a closed formulation of quantum mechanics. 
This formulation is mathematically equivalent to the usual formalism, but the Feynman approach has a 
number of advantages. In particular, the formal solution of any problem is obtained in the form of an 
infinitely multiple integral over the paths. There is a hope that just this approach will give a simple and 
perspicuous system of concepts and notations which will make it possible to get beyond the framework of 
perturbation theory in quantum mesodynamics. 

Another virtue of the method is the space-time description and the absence of operators. One can fol- 
low in thought the motion of the particle—the motion turns out to be a special case of a Markov random 


process. 


1108 G. V. RIAZANOV 


at ae 


One further important advantage is the connection of the method with the Hamilton principle of least 
action. The formula (1) gives so to speak the probability of those virtual trajectories which are consid- 
ered in the formulation of the principle of least action. And whereas the classical equation of motionis ‘ 
obtained firstly from a Lagrangian (specific information about the system) and secondly from the prin- 
ciple of least action, the quantum equation of motion in the nonrelativistic domain (the Schrédinger equa- — 
tion) is obtained firstly from the same classical Lagrangian and secondly from the Feynman principle, 
Eq. (1). The extension of this scheme to the relativistic domain is the purpose of the present paper. In 
analogy with the use of Hamilton’s principle in classical physics we can expect that the principle (1) will 
be important for the solution of various theoretical problems. 

But there is another side of the question: Strictly speaking, Eq. (1) is not applicable to any physical 
system except the electromagnetic field and the nonrelativeistic case, which is of little interest. Indeed, 
if we substitute in S{x(t)} in Eq. (1) the classical relativistic Lagrangian, we do not get on the left-hand 
side the solution of the Dirac equation, above all because of the absence of the spinor indices in the clas- 
sical picture. 

But it turns out to be possible, even in the classical picture, to give a geometrical meaning to the 
spinor indices (see below) which makes it possible to obtain the Dirac equation from the Feynman prin- 
ciple. The considerations on which the proposed solution is based are explained in the conclusion. Use 
is also made of some ideas from Refs. 3—6. 


2. A TWO-DIMENSIONAL ANALOGUE OF THE DIRAC EQUATION 


In considering the problem of the relativistic formulation of the Feynman principle we use as an ex- 
ample the equation 


: : F sh TG 01 | 
[(0 /t + is) + 05 (0/ Or —iA,) + ipa p=0, P= PCD, o=(5_4), 1 =(i o)- (ya 
In this case the classical action has the form- | 


\(—p Var — dr? + A, dr — A; dt). (3). 


This is, as it were, half of the Dirac equation, and the results of the analysis will remain in force for 
the electron. All of the developments for Eq. (2) are simple, and the paths can be drawn on paper. 
For what follows it is convenient to take instead of Eq. (2) the more general equation 


[(0 Ot + iA) + 9, (0 / Or —iA,) + 93 (0 / Os + iv)] } (r,t,8) = 0. (4) 
If the coefficients and the initial condition do not depend on s, then Eq. (4) reduces to Eq. (2). 


We give the name of the propagation function R(r, t, s|r’, t’, s’) to the solution of the equation which 
reduces to the 6 function at the initial time. This function has the property 


b(r, t, s) = \ R(r, t, s|r’, t, 8") (1, t, 8") dr’ ds’. (5) 


| 


In order to construct the integral (1) for Eq. (4) we must first relate the propagation function of Eq. (4) 
to the classical action for small time intervals. Noting the results of Refs. 3—6, we shall seek this re- 
lation in a mixed representation, i.e., we shall number the columns of the propagation matrix with eigen- 
values of the matrix 03; (which we denote by n, with n = +1) and the rows with eigenvalues of the matrix | 
o; (which we denote by m, with m = +1). 

To avoid difficulties with continuous paths we shall assume that the particle can exist only at the nodal 
points of a space-time lattice with the period €; then Eq. (4) is replaced by the corresponding equation in 
finite differences. The relationship expressing the Feynman principle for this equation has the form 


ISG a0 (7 =F fr, t+ s,S -+ e5|T, ibs S) = leven exp {— [Ss + iA,;s a iA;s}. (6) 


Here Rpm is the propagation function, ey = me is the change of the coordinate, €, =ne is the change 
of the proper time, and 


gt a ee 
og Vie ant =o Ve 
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Substituting Eq. (6) into Eq. 
The paths of the particle 
the particle was at the point 


(5) we get, for « — 0, Eq. (4). 
are obtained from Eq. (6) in the following way. Suppose that at the time t = 0 
r= 0, s=0 with the spinor index m, and that at the next instant of time, 


t=e, the spinor index is equal to n. From Eqs. (5) and (6) we get that at the instant t = « the wave func- 
tion is different from zero only at the point r= me, s = ne. To the four possible combinations of initial 
and final indices there correspond the four paths shown in Fig. 1. 


FIG. I. (a) n=1, 
m = 1; (b) n=—1,m=1; 
(c) n= 1, m =—1;(d)n= 
—1l,m=-—1 


FIG. 2 


Let us follow the path of the particle (Fig. 2). If n= 1 at the instant t = 0, 
the transitions a and c are possible, and at the instant t = € the particle will 
be either at A or at B. If the particle has come to the point A, the transi- 
tion has been of the type c and the particle has the spinor index m = —1. For 
m = —1 the possible transitions are c and d (Fig. 1), and consequently at the 
instant t = 2e the particle will be either at C or at D. If the particle has 
come to the point D, then n = —1 and the possible transitions are b and d, 
and so on. 

To each path in the space r, s there corresponds a definite succession of 
indices (and vice versa), and thus the geometrical significance of the spinor 
indices becomes clear. Namely, the two values of the number n denote two 
modes of intersection of the world line with the r, t plane, and |, (r, t) i? 
and |~_,(x, t)|? are the probabilities for finding the particle moving through 
the point (r,t) in the directions of larger and smaller s. 

This interpretation of necessity leads to the appearance of spinor 
indices on the propagation function. The transition r , t' —- r, t oc- 
curs along one of the paths, and the prescription of the path means the 
prescription of the displacements along the path. Therefore the tran- 
sition amplitude is obtained by addition of the amplitudes for the sep- 
arate paths, and the amplitude for each path is obtained by multiplying 
together the amplitudes (6) of the displacements. If spinor indices are 
prescribed at the instants t’ and t, for example n’ and n, the tran- 
sition is possible only along a particular type of path, Fig. 3, and only 
these paths contribute to the transition amplitude. The four amplitudes 
that form the matrix propagation function correspond to the four pos- 
sibilities for the paths (see Fig. 3). 

These considerations, i.e., the repeated application of Eq. (6), give 
for t — t’ = Ne 


Ringer (r, bs Sia; ie s’) = Sy Ean! ae (7) 


, k ok 
Se ig Ep has 
SAS y with the condition ~ <K a et Ge =s—s'; ras = 
\ Pi m,¢ = +e is the change of the coordinate of the particle 


Z during the time interval (t,4;, tk), with t, =t’+ke, 


and ek =n,e =+e€ is the change of the proper time dur- 


Ue \ to ing this same interval. The summation is taken over all 
wo , 


the successive displacements, i.e., over all the paths in 
\ ; the space, and 


—N 
: aw es aes os Ennt = 1 m,VmreMrama@ many «++ Naymy Nmynt = 2. 


an Unlike the case of Eq. (1), part of the paths occur 
be with the opposite sign. But all the paths for which the 
‘ sign of €,, i.e., the sign of the change of the proper 
time, does not change along the path, occur with the 


YA ; \ Te Ps sign +. Only these paths remain in the nonrelativistic 


x approximation 
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5 = — Dywet + DAs (tas ta) ef — D} As (ths ra) © =— Dy (Se — Sea) + D) Ar (tes ty) (Pa Ma) — BAe (th ta) (E — tah 


‘ 


s+ —\vds + | Arar —\ Ar at for ¢—>0. 


The propagation function R(r, tlr’, t’) is the sum over paths with arbitrary change of the proper time. 
Therefore 


Rav (r,t |r’, t’) = \ Ran» sift, S)aS— 6) — ) Ene oe tee 
a oa (8) 
The meaning of the factor Enn’ is partly revealed if we go over to a new representation py = eitn/ 44 
and introduce the notation én, =Nk+, — NK; we get 


, ; a) ; it 
Re aero ee iS Toa, eee Dexp fis + Ze Dyn dnnt, hy =h, Nyy =. (9) | 


From this it can be seen that the sign factor Ey, is the exponential of the sum along the path. In the 

classical action there appears an additional term depending on the signs of the displacement. This addi- 
tional term can be shown to be equal to the quantity (mh/2)(M — L), where M is the number of turns to | 
the right and L the number to the left along the path; that is: | 


Rane = Syexp {iS +f (M-—L)}. (9) 


Here one needs to take account only of turns with change of n or only those with change of 
m ( ))m,6n, = — )'n, d6my,). In the latter case reflection in the line S = const of a part of the path 
bounded by that line does not change the action along the path. But on reflection left and right turns are 
interchanged, so that if the reflected part of the path contains a turn the new path occurs in the sum with. 
the opposite sign, and the contributions of the two paths cancel. There remain only transitions that are 
asymmetrical with respect to the turns, and the particle turns out to be “rotating. ” 

Here there is an analogy with the expression for the nonrelativistic propagation function for several 
electrons, R = )'exp(iS + imP), where P is the number of interchanges of the final coordinates. In the 
relativistic theory the antisymmetry with respect to interchanges is supplemented by an antisymmetry 
with respect to replacement of one of the left turns by a right turn. 

Let us consider further the calculation of the sums (7) and (8). If there is no external field, i.e., Ay = 
At = 0, these sums are easily calculated by the method of Markov (the motion of the particle is a Markov 
process). In Eq. (8) we must replace the condition en =r-—vr’ by the factor 


k 


de \ exp {a( ep lr |p" fey ape 


The expression under the sign of summation is the product of N two-rowed matrices. Let the trans- 
formation Q bring each of the matrices to diagonal form with eigenvalues ), and Ay. Then 


1 es 0 = - Dy eal , as SO > ’ 
R= a \0(" mn) Q ‘exp {—i(r—r’)p'/e}dp’, Mea=lrisVe +p, p=p'/s. 


For ¢€ ~0, Ne =t 


4 6 ofexp{it Vi? +p} 0 ee ee 
R>5 \ a ‘ ox VE) 2 exp {— i (r—r’) p} dp. 


3. TRANSITION TO CLASSICAL MECHANICS 


The transition to small h is made as in Ref. 1. In this connection, there appear in the relativistic 
domain new features that are of interest from the point of view of the relation between the classical and 
quantum pictures of the motion. 
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_ Let us go back to Eq. (7) and divide the time t — t’ into q intervals of size a, such that the external 
field can be regarded as COS a for regions of space or time that are smaller than a (the speed of 
light is equal to 1). Let r’, Ty, +--+, fg ar and s’ » $1, ++-,8q=8 be the coordinates and proper times 
of the particle at the instants t’, t?+a,..., t’ +qa=t. One can divide the summation over the paths 
into two stages and first take the sum over All paths that pass through r’, Dien sa teandess, Sisesst ogee 
and then the sum over all values of r; and s,. Carrying out the first summation and setting « = 0, we get 
R(r, t, s|r’, t’, 5’) = \exp{i DiGatiAsnet Anti nAre—A; Garr Ats)} T] (Asn, Arn, Atn) dridsn, 
k 
ASz = Sh — Sr—1 Afn = fr— Tra, Atn = te — tri, (10) 
p will obviously be the propagation function of a free particle with p = 0. 
For h— 0 (i.e., p - ©), because of the rapid oscillation of the factor exp {—ip (sk — s,_;)}, the 
contributions from regions with smooth variation of p cancel each other and there remain only paths 
along which p has a singularity, i.e., paths with Asi = Ate — Arj.. In this approximation 


R(r, tir’, t) = Vexp {i (eu V Atk — Ark + Ar, —ArAte)} T] ¢’ (Arn, Ate) dra. (1) 
k 

Here the largest contribution will be from the region with slow variation of the phase of the exponential 
function (we denote this phase by S), i.e., with 8S/dr, = 0. If the sign in front of the square root changes 
on the passage of the particle through r,, then, as can be shown, there will be no stationary solution (if 
the field varies smoothly). There remain only paths for which the sign of the root does not change and 
as/a r, = 0, i.e., the principle of least action is satisfied. 

Thus for h — 0 the picture of the motion undergoes an essential change. Thus for the quantization of 
the relativistic equations, i.e., formally, for the reconstruction of the theory from its limiting case, the 
nonrelativistic Feynman principle or, what is the same thing, the replacement of the momenta by opera- 
tors, turns out to be insufficient. 


4, DERIVATION OF THE NONRELATIVISTIC FEYNMAN PRINCIPLE 


The nonrelativistic approximation means that all distances are large in comparison with the Compton 
wavelength h/mc. Therefore, as in Sec. 3, wAs, — © and ee (10) goes over into Eq. (11). In the non- 
relativistic approximation all the elements of the matrix p’ in Eq. (11) go to zero except p4, if the plus 
sign is taken in front of the root, or p_;_; if the minus sign is taken. Therefore, as in Sec. 3, there re- 
main only paths for which the sign in front of the root does not change. We get the nonrelativistic Feyn- 
man principle (1) for the classical Lagrangian (3). 


5. THE FEYNMAN PRINCIPLE FOR THE DIRAC EQUATION 


We take the Dirac equation in the Majorana representation: 


[1 (0 / Ox, —iAy) +e] p = 0; Yi =— 53, Y2=F1 Ys =%392PsP1. Ya = £8%rPis 


1 000 101 
0-10 0 it td 
-( 014 i Geo 
Our0 0=1 \0 0 


In addition to the usual representation, in which the matrices 03 and p3 are diagonal (in this repre- 
sentation we shall denote the spinor index by the letter a), we take a representation in which p,; and o; 
are diagonal (and in which we denote the spinor index by 8). The Feynman relation for an infinitely small 
time interval is obtained in this mixed representation by a simple generalization of Eq. (6) and has the 
form 


4 . iy CP a 
Rag Gs ae ey|Xy) any: exp {i (= pEs = Aye,)}; f&y=4s, ies = 8, (12) 


Here ¢ is the change of the proper time. 
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The choise of signs is determined by the values of the indices a, f, i.e., the Dirac equation is re- | 
placed by the relation | 


Pa (Xv) = > Nap Xp {i (— pes + A,ev)} Pe (%V—e&), w= i (a, B)e, f(«, B) =—+— L Neg =r Mo. 
ic} 


The four values of the initial spinor indices and the four values of the final spinor indices give 16 possible: 
combinations, and each combination prescribes a choice of the signs, i.e., a path of the electron from the 
center of the four-dimensional cube of side 2e to one of the 16 vertices (space x, y, Z, t if €g is pre- 
scribed, or x, y, z, S if e¢ is prescribed). 

For finite time intervals t —t’ = Ne, 


R (xy, S| xy, s)=4-" > +e’, Seb =u — XH Des=s—s’, S+—Snds + | Avdx, e—>0. 


Riek 
Cera 1] 


The sign of the path is the product of the signs of the successive displacements. As in the two-dimen-_ 
sional case, this sign is determined by the numbers of left and right turns (in the planes x, y and Z, s). 
The expression (12) is interesting for the reason that not only does the path, i.e., the succession of co- 
ordinate values, determine the succession of spinor indices, but also conversely the succession of indices } 
determines the path in space. One can renounce the latter requirement and seek the Feynman relation in — 
the form 


Reitieck ss = >; 4 (a, a’, y)exp {i (— zs + Ayey)}, ey =f (a, a’, ye. (13) 
¥ 
The sum over y denotes the sum over all displacements with prescribed a@ and a’, For each choice of 
the elementary displacements (i.e., each concrete meaning of y) and each representation one can choose 
f(a, a’, y) (i.e., the geometrical meaning of the indices) and the sign factor n(a, a’, y), using the re- 
quirement that Eq. (13) go over into the Dirac equation for «€— 0. 


6. CONCLUSION 


Let us examine the physical and mathematical considerations which have made it possible to general- 
ize the Feynman principle. 

The first of these is a more precise interpretation of the meaning of relativistic wave functions. As 
has been shown, the relativistic wave function Ya (xp) gives not only the probability of the particle being | 
at the point x,, but also certain indications about the motion of the particle through this point. This in- 
formation is contained in the index a. All the paths that arrive at x, are divided into four classes, and 
%q(x,) means the sum over all paths of the type a. 

Although the physical facts are simple, it is hard to write them down in the language of continuous 
paths. Therefore one has to regard space and time as discrete and correspondingly to alter the meaning 
of the symbol 6x(t) as compared with the use in Ref. 1 [cf. Eq. (1)]. The formulas become somewhat 
cumbersome but, as can be seen from Sec. 2, the infinitely multiple sums encountered here can be calcu- 
lated relatively simply. 

In Sec. 3 one more difference from Feynman’s results appears. The domain of paths of integration 
(summation) in Eq. (7) turns out to be broader than the domain of comparison paths in the classical prin- 
ciple of least action. The form of the action is just the same: — Juds + JA,dx, (or JA, dx,, a =1, 2, 
3, 4, 5 in a five-dimensional notation). But in the principle of least action one considers only paths for 
which ds? = dt? — dx? and ds > 0. In Eq. (7) one does not have this limitation and the “actual” classical 
picture (i.e., the picture for which the Feynman principle gives the Dirac equation) turns out to be sym- 
metrical in relation to all five coordinates. 

Finally there remains the antisymmetry of left and right turns considered in Sec. 2. This antisym- 
metry is obtained automatically if we replace the usual requirement on the Lagrangian—that it leave the 
principle of least action invariant—by the requirement of covariance of the Feynman principle.! 

In conclusion I warmly thank V. Ia. Fainberg for direction and advice. 
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Nonradiative (“phonon”) recombination of a current carrier at a Coulomb impurity center in 
n-type germanium is investigated at helium temperatures. Interaction between an electron 
and acoustic vibrations of the lattice is taken into account by successive diagonalization of 

the original Hamiltonian by a unitary transformation. The tensor nature of the effective car- 
rier mass and also the general expression for the deformation potential are taken into account 
in the calculations. 


1. FORMULATION OF THE PROBLEM 


The complex character of the energy bands in germanium and silicon, which has been revealed in 
cyclotron (“diamagnetic”) resonance experiments and in certain other experiments, again raises the prob- 
lem of calculating the energy levels and wave functions of the electron in an impurity center in these crys- 
tals. For n-type samples there exist experimental data concerning the existence of a “longitudinal” ef- 
fective mass, Mg» and a “transverse” effective mass, py, of the electron. The tensor character of the 
effective mass has made it necessary to reexamine the old “scalar” model of impurity centers.'»? In 
these investigations, however, the interaction between the electron and the lattice vibration has not been 
taken into account. On the other hand, Deigen’s*® work has shown, that when one takes account of such in- 
teractions (deformation potential) for impurities in homopolar crystals, there appear in some cases 
comparatively deep levels, located below the bottom of the conduction band. Apparently, with respect 
to this so called “condenson” effect,4 one encounters in Ge a case of weak binding. General expressions 
for the deformation potential in n-type germanium were obtained by Dumke,° who calculated, in the same 
paper, the scattering of current carriers in an ideal crystal by interaction with the lattice vibrations. 

The purpose of the present work is to take into account the deformation potential for an electron in 
an impurity center by means of the weak-coupling approximation, and also to construct a corresponding 
theory for non-radiative recombination. It must be emphasized, that within the framework of the pro- 
posed method of calculation, the discrete and continuous spectra of electrons in impurity centers are con- 
sidered together and thus the well known difficulties in this question® can be avoided. 
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2. ENERGY LEVELS AND QUANTUM STATES OF THE SYSTEM 


It is known, that the conduction band in n-type germanium has eight degenerate energy minima or en- , 
ergy valleys, oriented along the [111] direction of the first Brilliouin zone. In the vicinity of each of these 
minima, the constant energy surfaces have the form of elongated ellipsoids, whose major axis is oriented 
along the [111] direction. Lampert! has shown, following the analysis of Koster and Slater, that the ground 
state of the electron in an impurity center can be found by the method of effective masses, by considering | 
only the wave function belonging to a given energy valley. Such a treatment remains valid when one sets 
out to construct a theory of thermal transitions, if the thermal dissociation of the impurity center gives 
rise to electrons with a wave vector k, which does not exceed the bounds of the given valley. For the in- 
verse process of thermal recombination, this essentially presupposes that the probability for capture of 
an electron with a vector k, associated with a particular valley, by a bound state associated with another — 
energy valley, is small. Such “intervalley” capture can occur in principle, but will not be considered in 
this paper. | 

In what follows, it is convenient to choose a coordinate system such that the Z-axis coincides with the 
major axis of the ellipsoid associated with the given valley. If one takes into account the interaction of 
the electron with the potential due to the strain and shear deformations,° then the generalized Hamiltonian 
of the system, after transformation to the second quantization representation, can be written in the form 


ig. PRD Ota ee ee 
= a tae TVR) + 3 Sheu Biba + ) 
= 
Here 


V (R) = —ze?/eR (2). 


is the Coulomb energy of the electron; ¢ is the dielectric constant; Bi, and Byj are Bose operators, 
and Hj is the operator for the interaction of the electron with the free phonon field: 


3 
H; = Gy) DS) (Reng; / 20g; L9)" fF; (8) (Baye + e'*8 Bai), fi (8) = 1 + (Ge/ G,) (3 cos? 6 — 1), 


j=iag 
fo (8) = (3G, /G,)cosGsin6 cosy, f; (0) = (3G, /G,) cos @ sin 6 sin x. (3) 


Summation over j in Eq. (1) and (3) includes one longitudinal and two transverse waves for every 
acoustic-wave vector! q. In Eqs. (3), @ is the angle between q and the Z axis for the given energy val- 
ley; x is the angle between the direction of polarization €q, of the acoustic wave and the plane passing 
through the Z axis and the normal to q; the energy constants G, and G, are chosen to give the best 
fit between the theoretical calculations of the mobility of current carriers in germanium and experimen- 
tal measurements.° The elastic constants Ggj» as shown in Ref. (5), can be considered independent of the: 
wave vector q and for germanium crystals one can substitute certain average values corresponding to 
longitudinal and transverse waves; L? is the volume of the fundamental cell of the crystal. 

In what follows, we shall change for convenience from the variables X, Y, and Z in Eqs. (1) and (3) to) 
the variables x, y, and z defined thus: 


x=X; y=¥3 2=Z/y 1=Vu,/y- (4) 


We take advantage of the method of successive diagonalizations of the Hamiltonian by unitary transforma- | 

tions® in the form proposed by Bohm and Pines and employed subsequently by Toyazawa? in his investiga- 

tion of the “electron polaron.” Such a method allows us to take into account the interaction of the electron) 

with the phonon field with an accuracy to second-order terms. 
The transformed Hamiltonian Eq. (1) has the form 


A =U AU. (5) 
The unitary operator U is chosen to have the form : 


O = exp (i$ / x), (6) | 
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where the Hermitian operator S$ is defined below. 
Omitting the details of the calculations, we arrive at 


H= p? | Que — V (Vx? “ y? + m2) +. D) erg dba; + fH’ + H". (7) 
qj 
Here 
bay = eSIMByjye-!5I0; BH = e—iSIHB* eidin, (8) 


, ” 
A’ and A” are second-order operators. 


H=— a8, Aa, = — iS V VET PETA, Hh 


A i th Aa as hw a _ b “A 
A; =e!3" Hye-Sih== G, 3/ sc_paht (8) [bay xP (2 (qe + Udy -+ 12G2)} + exP {— i (9x + Yay + 1292)} Fail. (49) 
q J 


The operator S is defined by equating the sum of first order terms to zero, thus; 


4—<[8 2]-£[8 (Broybi by] =. 


(11) 
It can be put into a more convenient form as follows: 
§ = SV (Hq; bay exp {i (xq + Y4y + 1202)} — exp {— i (xGx + Ydy + 1292)} Hai Oat). (12) 
q J 
After evaluating the commutators in Eq. (11), we arrive at: 
a Te, 7 “a 
Wes ons G, ) \/ oma Ti fi (8) (bq; L | oie et It Vy t¥242) __ bi em (X9x +I y +292) Ley, 
q, j (13) 
ba Gh + +70) — 2G, Py + IyPy +19, P,) + 20 
=~ Quy qe qy if q; ee qx De i VyPy 19, P, qi° (14) 


Using the given value of 8, it is possible to arrive at explicit expressions for. fH’ and A’. 

The calculations are greatly simplified if the operator L~! is expanded into a series in the ratio of the 
electron momentum to the phonon momentum, which is a small quantity. Such an expansion can be made 
for all q, which satisfy the relation: 


gp [i = V PE ion/ t= 10° em=!. (15) 


1 
Since Qmax = (612/a3 a°’)3 & 10°cm~! (a is the lattice constant), the inequality (15) embraces, as will be 
evident from Eq. (20), the region of the largest most important values of (q). 
Calculation of H” yields: 


x aes 6 XIp + YIy + 1924, bq, exP {i (x4, + YFy + ¥24,)} — BF exp {— i (x9, + Udy + ¥29,)} 
Ue » 2C, mths () 2 2 FS ie ee iT on Ow eI ie PE Te ee 
(x? + y? + yz?) [(e? / 24) (Ge + F + 92) + hog) (16) 


To determine i’, note the following. The eigenvalues of the energy operator Hi can be obtained if 
Eq. (7) is first averaged over oscillations of the field. Then, in the energy of the electron there appear 
additional terms only for the averaged operator H’. They have the form 


<A’) = Go— (02 + P2) | 2Mi— p22 Mi. (17) 


Here <...> signifies an averaging over the virtual phonon field. To simplify the calculation, we con- 
sider the case of low temperatures, when we can with great accuracy say that 


<bi bg) = O(L™); <b by = 1+ 0(L~). (18) 
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The expression for €,) has the form 
nG? : ; ae f 
Go = — ape Dyfi (8) 9) /Cajl-++], [+++] = (CR / 2p) (G2 + + 1°92) + Rergs]- (19) 
a, / 
The quantities 1/M; and 1/Mg are respectively given by 
1 / Mz = (Gin? / pi L®) DS FF (8) ap 992 / Cai [+ «P= (GER? / pRL?) DY Fj (8) 4 995 / Cai LP - 
qf qf 
L/ Mr = (PGin* /weL*) 2) F7 (0) @q)992/ Cai L-+ +P (20) 
qi | 
Thus, one can speak of an equivalent Hamiltonian H, in which fi’ is included: 
ow} SO 21) i r 
fa Pet Py 4 Pe LV (VP EP LTA) + Di tery Bei bas + Eo A” | 
2H eff 2U off qi 
L/ ere = 1/ Pe, —1/ My 1] Pee = 1/2, — 1M, (21) _ 


The Hamiltonian H describes a motion of a condenson, similar to that of a quasi-particle in the Coulomb | 
field of the impurity center. 
In the approximation of an isotropic crystal, pw eff and @) are readily determined. If one assumes 
y =1; G,=0, Wg = wed (we is the “longitudinal” velocity of sound), then changing the summation in 
Eqs. (19) and (20) into an integration in spherical coordinates, we find: 
; AG? Imax 


a2 a iia ies nigh PAE gedq 
Oa 4n? pw, , hw, + hg /2u ’ Bett =e 5 drew, h8 \ ae: 


(22) 


where p is the density of the crystal. This result agrees exactly with the calculation (by Pekar and 
Krivoglaz) of the ground-state energy and the effective mass of the condeson in a homopolar crystal; 
they used a different method. '® 

If we take into account the tensor character of the effective mass and neglect for simplicity the shear 
deformation in describing the deformation potential, we obtain the following result: 


Rmax!2e-t Y] = pencil 
w Giusy \ x? x(t—y) +Vx+1 ie | 
nphs V1 — 72 : Vx(x+1) ; | 


ory Veq—)—Ve i (23) 


: h@ [24 w 
ue? mae ade fg, Aeetitotle | Ved a—Viee 
mpoeviae =) Ute | Va=aagas “Vea eVi ee 


, 


U off 
My 


u 
Ohms ts 


ettlte = 1+ we/My Mix M,/100,2. (24) 

Including the shear deformation in Eqs. (19) and (20) complicates the mathematical description of the 
final results somewhat, but does not change their numerical value very much. 

The fact, that in the approximation adopted in this analysis, the binding energy of the condenson €, 
does not depend on the quantum number of the electronic state in the Coulomb field of the impurity, be- 
comes understandable if one notes that the radius of the electronic state is very large even for the ground 
state (the ionization energy of the impurity center is about 0.01 ev). | 

In what follows, the operator fi” plays the role of a small perturbation that induces quantum transitions} 
between stationary states of the system, obtained from solutions of Schrédinger’s equation 


(7 — A) = EW, (25) 
The wave function in the zeroth approximation assumes the form. 
Weng). = e(% Ys 2) [TA (qj — n8)) 
OL Fe qj ; i (26) 
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where s(x, y, z) is defined by the equation 


2 
Pz ze? 


ey ep aa is 
ie ete el yeh atet OE Cee 


a 
a) 

+ 

u 
we 


(27) 
The second term in Eq. (26) is the wave function of the oscillators of the field in the second-quantization 
representation (A is the Kronecker function). 
The ground state can be obtained from Eq. (27) by the variational method. Let us neglect the differ- 
ences in the effective masses of the “longitudinal” condensons and adopt the approximation: 


Mose © Pete, ~My (28) 


We can then take advantage, for example, of Lampert’s results.! We must take it into account here that 
the energy level of an electron in an impurity center is always shifted by an amount 6), which equals for 
Ge crystals amounts to 8 — 10% of the theoretically calculated ionization energy of the center. 


3. NONRADIATIVE RECOMBINATION OF A CONDENSON AT A COULOMB CENTER 


The problem of non-radiative recombination in Ge crystals has been treated in Refs. (11) through (13). 
These investigations are not satisfactory from our viewpoint, because of the way that the interaction with 
the lattice vibrations is handled. Thus some of these authors completely neglect the lattice vibrations in 
the zeroth approximation; others consider it in the tight-coupling approximation. The use of the adiabatic 
method in Ge cannot really be justified, in view of the exceedingly small value of the thermal -dissociation 
energy of the impurity. Besides, the calculations mentioned above are based on the “scalar” model of the 
center, which therefore reduces the theoretical significance of the results. 

Let us consider one of the problems of the theory of nonradiative transitions, namely, the thermal 
transition of a condenson from the ground state of the Coulomb center to the conduction band under the 
action of the perturbation operator a”. Furthermore, let us assume that the condition described by 
Eq. (28) is satisfied, thus allowing us, in effect, to change the word “condenson” to “electron.” The 
uniqueness of the diagonalization of the Hamiltonian manifests itself above all in the theory of thermal 
transitions, principally because the form of the perturbation operator is changed substantially. Let us 
choose for simplicity the following initial form for the electron wave function ¢, 

bs = Aexp {— a? (x + y”) — BP2"}. (29) 
Here a? and B are variable parameters, determined by the condition that the energy E in Eq. (27) is a 
minimum. 

The wave function of the final state of the electron in a crystal with a large dielectric constant is usu- 
ally assumed to have the form of a plane wave.'!»8 However, as has been correctly pointed out by Gummel 
and Lax, the replacement of the Coulomb function by the continuous spectrum of a plane wave leads to a 
lowering of the transition probability by one or two orders of magnitude. 

Solutions of Eq. (27) for electronic states in the continuous spectrum cannot be obtained directly. One 
can hardly expect success from the generalized variational method for this case. On the other hand, in 
crystals like Ge, the large effective-mass anisotropy allows one to introduce the following approxima- 
tion into the potential-energy terms of the Hamiltonian for large distances from the center: 


T= w/e = 0. e? 
Transforming Eq. (27) into cylindrical coordinates and making use of Eq. (30), one can arrive at an ap- 
proximate expression for the wave function of the continuous spectrum 


, , . i 1 6 
Pru me hy = Creel"? (Dikop)"e MF (m +2" -+ 53 2m + 1; Dike). 


Oa Vad eka VR+ Re, a, = uer/en®, (31) 


F (a, b, c) is the confluent hypergeometric function and Cy is a normalization constant. 
Calculation of the matrix element from such a function is an extremely complicated mathematical prob- 
lem, whose solution can be obtained only by numerical methods. To illustrate some of the characteristics 
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of the theory of thermal transitions which follow from the theory described here, we should try to obtain 
the final equations for the transition probabilities by analytic methods. In view of this, let us limit our- 
selves to considering functions of the form 


Digs hy hy = L "exp {i (Rix + hy + hz2)}. 32) | 


The transition probability of the system from the state (S...Ng;..-.) toall states (ky, ky, koe 
ngj---) should be averaged over all initial vibrational states of the lattice and summed over all final~ 
states of the electron and the lattice. Utilizing the method of summing probabilities given by Lax, 14 
‘one can obtain the following expression for the transition probability: 


k q,j oo 


W ion = a SO \ \(s| H” | R) |? ((q7 +1) ell? +. nye !°ai') exp ie a) i} Ae (33) 


Here Ngj is the average value of the quantum number: 


Nqj = [exp (he, ;/kyT) — 1] & exp (— hegj/koT) (34) 
and 6, is defined as 
Gk = WR?/2Qu,,. 
The matrix element that enters into Eq. (33) has the following form in cylindrical coordinates: 
vi Apu +00 ez? +iv2z(72 — kzI¥) 


f AB,; Pi 
Cio Vadis nh gels arse Fe 
0 —oo 


2m 
\ exp {ip [(q, — Rx) cos 9 + (9, — Ry) sin 9]} (99, cos > + pg, sin + +°2q,) do, 
ra) 


4 


A = (2/n)"Ba®, Bg; = eg; e*Rf2 (8) G2/2L4Cqje°i2 [- - -]*. (35) 


Let us change the summation over q in Eq. (33) to an integration in spherical coordinates, with the 
polar axis chosen to coincide with the original Z axis. Todo this we must bear in mind that there are 
(L/2r)*dt,, acoustic vibrations in an element of volume in q-space, associated with a given direction of 


polarization. Integration over the variable t yields a 6-function, with which one can immediately calcu- 
late the integral over q: 


3 q 2 Tw 


Ie RW ;9,; 
Wion = agz DD) gh \ do (| 41k) Pexp(— GO") sin 6 ab. 
*i (36) 


In the above the dispersion law we used Wgj = Wj}, where oj is the wave number, determined from the 
conservation of energy: 


= 
i} 

[m 

r) 


RW Qo; = WR? /2u, + | (ES |. (37) 


At low temperatures, the quantity oj that enters into the matrix element of Eq. (36) can be written 


oj = E,|/ hw,. (38) 


It is assumed that in crystals like Ge and Si the anisotropy does not alter the inequalities, which are 
valid at helium temperatures for isotropic crystals,” namely 


Gr Rol K RVD —|Es|, (39) 


where ©) is the Debye temperature. 

The integrals in the matrix element of Eq. (35) can be evaluated by expanding the integrand in a series 
in terms of the Small-valued parameter y ( Y&e = 0.059, cf. Ref. 1). Furthermore, in accordance with 
Eq. (39), the quantities k,, ky, and k,/y can be neglected compared with the wave vector of the lattice, 


oj: Integration over ¢ in Eq. (35) leads to Bessel functions, and subsequent integrations proceed in a 
straightforward way. Finally, we obtain 


4 


¥ 
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: ae ABq / ge, sin®@ 3 gz, sin?@ 2 gq? cos?Q F (5/9; 2; g?. sin?6/4a2 
(s|H"|k) = = / wg sin®9 exp(— a )F (55 25 =) (1 ge [— gg SS oY i 
2a8 JERS SOU \ 4q2 2 4q? ai 282 2 av F (3/2; 2: gi sin29/4a2) (40) 


(6 is the angle between the vector q and the z axis, and F (a, b, c) is the confluent hypergeometric 
function). Further, substituting Eq. (40) into Eq. (36), we replace summation over q by integration in 
spherical coordintes, with the polar axis chosen as before to coincide with the original z axis. The in- 
tegrand in the integral with respect to the variable cos @ = x has a sharp maximum near the point Xm = 
1— y ; the functions that change very little with increasing x can be taken outside the integral and re- 
placed by their values at x = x,,. Omitting the details of the calculation, we arrive at the result: 


16a?Getu)! (koT) exp {—| E,|/ koT} 3. f2(x,) 202 
j\“m 190; 
Sr peryans » Cie, E 997 (t — 1270 ()], (41) 


jin 


Won a 


1 — x?)8 1+ 3y2711 
o()=\5 eR dx + t E ia ie 6) In| 
0 


4— +? 
wD 


lk (42) 


The hypergeometric functions are replaced by their asymptotic values. 
Summation over j in Eq. (41) yields, 


1602°G?wietu 2 (kT) exp (— | E, |/RoT 2 2p 18°C, G? 3 2E2 (1 — 12y? 
Von eee (14+ Sy pe (1 —12140)]4 ey 1 - |t 
mC *y*hE? 1 2728 ?w? CAG, OF 2h232%w? 


Following Ref. 5, we use for the elastic constants Cy, and Cry the arithmetic means of the elastic con- 
stants corresponding to the directions of propagation [110], [100] and [111] for longitudinal and transverse 
waves. Note that the expression that is subtracted from unity in the brackets of Eq. (41) is the second 
term in the expansion of the matrix element in terms of the small parameter y*. For Ge it amounts to 
only several percent of the first term in the series. 

In a manner similar to that presented above one can calculate the probability for capture of a current 
carrier by the ground state of the impurity center. 

The corresponding calculation leads to: 


32 V 2ra2uzes i -++ 2G)? w3 Ht ee | 


Wrec~ 33e2R2 ES 4 L9 Cc, Cr (44) 
The same result is obtained directly by applying the principle of detailed balancing. 
One can evaluate a?, B’, and Ee in Eq. (44) with the help of the variational method, and obtain the 
following: 
aH /zeru, \? on ; Waite. a, Oe ncee V 2ra8 
P= 7 V 202; of = \o55 (CRT Oy me el he aa = (45) 


Using the following values'® for the parameters of Ge: 
p = 5.4 g/cm’; py = 0.083 m; yf = 0.059; € = 16; wy = 5.16 x 10° cm/sec; wy = 3.2 x 10° cm/sec; 
‘ 


Cy, = 14.2 x 101! dynes/em?; Cp = 5.8 x 1014 dynes/cm?; G,  — Gp; G, = 5.84 ev. 


We obtain: a 
a? = 2.62 x 10%em™*; g2= 0.905 x 10%cm™; E = 0.0115 ev 
Equation (44) yields 
Wree= 1-48-10°8L3 sec™!, (46) 
Replacement of the plane wave by the more accurate function, Eq. (31), should increase the calculated 
transition probability by one or two orders of magnitude. For low temperatures this, apparently, is a 


general result.®? @ pant 
Note, that the value of Wrec calculated by Sclar and Burstein, © who used the equations of Gummel 

and Lax! and took into account the Coulomb function for the electron in the continuous spectrum, is 3 
3.5x10~L7~sec™!. This is three orders of magnitude smaller than the value determined from data 
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on the photoconductivity of Ge and Si. It follows directly from Eq. (46) that, within the framework of the 
theory presented here, we have succeeded qualitatively in eliminating the above discrepancy with exper- 
iment. We have also indicated what must be done for an accurate quantitative calculation. The question 
of competing mechanisms of recombination’ will be investigated separately. 

In conclusion I wish to express my gratitude to Iu. E. Perlin, M. F. Deigen and V. A. Moskalenko for 
discussions of the results of this work. 
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The method of Ref. 1 is applied to the problem of the magnetic structure of the antiferro- 


magnetic crystals MnF,, CoF,, FeF;, and NiF,. It is shown that crystals with such sym- 
metry may possess a weak ferromagnetism. 


In Ref. 1 the problem of the weak ferromagnetism of certain antiferromagnetic substances was treated 
on the basis of Landau’s theory of phase transitions of the second kind. In the present work the same 
method is used to study the magnetic structure of MnF,, CoF,, FeF,, and NiF>. 
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These orystals are isomorphic; they have a simple tetragonal lattice and the 
symmetry of space group Di. 2 In their unit cell there are two metallic ions in 
positions (000) and (2 % 2) (cf. Fig. 1; here only the metallic ions are repre- 
sented). The magnetic structure of the substances under consideration was 
studied neutronographically by Erickson.’ It was found that they are all anti- 
ferromagnetic; the spins of the ions located at the centers of the crystal cells 
are equal in magnitude, and opposite in sign, to the spins of the ions located at 
the lattice points. In the case of MnF,, CoF,, and FeFy,, the spins are directed 
FIG. 1. Unit cell along the crystal axis. In the case of NiF,, the small intensity of the magnetic 


of MnF,. Only the scattering by the nickel ions makes it impossible to determine with great cer- 
Mn** ions are shown. tainty the direction of the spins; Erickson himself concluded that the picture that 


agrees best with the observed intensities is one in which the spins make an angle 
of about 10° with the crystal axis. | 
It follows from Erickson’s work that the antiferromagnetic transition, in all four fluorides, occurs 
without change of the unit cell; therefore their magnetic structure is described by the mean magnitudes 
8; and s» of the spins of the two metallic ions located in the unit cell. As in Ref. 1, we expand the ther- 
modynamic potential @ of the crystal as a power series in the components of s, and s,. For this pur- 
pose it is convenient to introduce the vector m = s; + S82, representing the magnetic moment of the unit 
cell, and £=s; — 8». It is easily verified that in all transformations of the symmetry group Dif the 
vectors m and £ transform independently of each other. With a view to consideration of the behavior of 
a crystal over a wide temperature range, rather than specifically in the neighborhood of the transition, 
we shall write the expansion of @ in powers of the magnetic moment m and of the unit vector y in the 
direction of 2&. 
The thermodynamic potential consistent with the crystal symmetry, to terms of the fourth order, has 
the form 


B b D 
=F e+5 me + 5m + e(y,m, + 1ym,) +> (my)? + 2d (my) 1,7, + fa + $27. 


The terms in m? and (my)? correspond to exchange interaction of the spins. The coefficients a, e, d 
stand in front of terms that represent relativistic interaction of the spins, and they are therefore propor- 
tional to the small quantity (v/c)*, where v is the electron speed; the coefficients f and g are pro- 
portional to (v/c y4. The presence of the term yx my + Vy Mx in the expansion of the thermodynamic po- 
tential leads, as in Ref. 1, to the result that the crystal in some states may possess a small spontaneous 
moment, of the order of (v/c y2 times the nominal. 

Crystals of the symmetry under consideration can exist in three magnetic states; one or another cor- 
responds to a minimum of ©®, according to the relation among a’ , f, and g, where 


a’ =a+e/B, g’=g + 2eD/B(B+ D) + 2d?/(B + D). 


Namely, in the case in which 2a°+f{<0 < o or 2a’ +f< g < 0, the spins of the two metallic ions are 
equal and of opposite signs and are directed along the crystal axis (state I). Such an antiferromagnetic 
structure was observed by Erickson in MnF,, CoF,, and FeF,. In the case g’ > 0, 2a°+f> 0 (state II,), 
the spins of the two ions, in the first approximation, are compensated and are directed along the [100] 

(or [010]) axis of the tetragonal cell. In the next approximation, 


Ae She s however, they are rotated toward one another about the crystal axis, 
‘ : J remaining in the (001) plane, so that there results a spontaneous 
magnetic moment mg = |e|/B(~(v/ c)?), directed along the [010] 
eet we (or [100]) axis, i.e., perpendicular to the vector y (Fig. 2a). Fi- 
' 77 4 
aia 3 nally, in the case g < 0, 93-41 > oa (state II,), the spins, in the 
ol BE i first approximation, are likewise compensated, but are directed 
. 2 . s 2 
a ' ey along one of the [110] axes. In the next approximation there arises 
-22+-7 Sy ; 
b a spontaneous moment mp = le+d|/(B+D), directed along the 
i, same [110] axis; that is, the spins of the metallic ions become un- 
FIG. 2. a—orientation of the equal in magnitude without change of direction (Fig. 2b). 
spins in state Il,;; b—orientation All three antiferromagnetic states, I, II,, and II,, can orig- 


of the spins in state I]. inate directly by a phase transition of the second kind from the 
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paramagnetic state. Transitions between them occur in the range where the coefficient a’ is approach- 
ing zero. When a’ becomes small (~ (v/c)*) [in general a’ ~ (v/c)*], two additional states are possibg) 


besides those already indicated. For —f <a’ < 0 < g’ (state III,), the vector y lies in the (010) [or (100)| 
plane at a small angle @ to the crystal axis, with cos @ = ¥—a’/f; then there is a spontaneous magnetic | 


moment my = |e|V¥1+ a’/f/B, directed along [100] (or [010]). In state II], (—f< a’ < g’ <0), y and m 
lie in one of the (110) planes; m in this case has a component along the crystal axis. We shall not give 
the unwieldy formulas for @ and Mp that apply to this case. 

We now ask: between which of the states of the crystal mentioned above are phase transitions of the 
second kind possible? According to Landau’s theory, a phase transition between two states can occur only) 
if the symmetry group of the one state is a symmetry subgroup of the other. We write the symmetry ele-| 
ments that describe the magnetic symmetry classes of the various possible states of our crystal: * 


[7s 020, ROU. 20, Rulagi moo Racoon 
[iC sRs Uphsy Up el mOL cokes 

IGG CRU, Re Use aicrRimonne, 

His Weel, soy 

NUT oc oe 


It is easily seen that only the following transitions of the second kind are possible: 


[<—+IIl,, WI,; <> I,; U,<— Il. 


Furthermore, it can be shown that in the expansions of the thermodynamic potential that correspond to 
these transitions, third-order terms are absent, so that according to Landau’s theory the indicated tran- 
sitions are actually allowed. 

States III, and III, are realized, as has already been pointed out, in a very narrow temperature range. 
where the coefficient a’ is approaching zero; that is, in the ranges where transitions between states I], — 
and I, or between states II, and I, occur. Let us consider, for example, how a continuous transition be-: 
tween states II, and I occurs. In state II, the spins of the two ions in the unit cell are arranged as is 
shown in Fig. 2a. At some temperature TG a transition occurs between states fl, and Hl;. With further 
change of temperature, the spins leave the (001) plane and begin to approach the crystal axis. The spon- 
taneous magnetic moment thereupon decreases in magnitude, retaining the direction [100]. Finally, at 
some other temperature T¢ a continuous transition occurs from III, to I. At this point the spins of the 
ions lie along the direction of the crystal axis, and the spontaneous magnetic moment is equal to zero. 
Thus the transition between states II; and I occurs by two successive transitions of the second kind. 

The measurements of Erickson, who found in the case of NiF, and angle of 10° between the spins and 
the axis, show that at T = 25°K the NiF, crystal is in one of the transitional states (III, or III,). How- 
ever, aS was mentioned above, Erickson’s experiment has too low precision. Measurements of Stout and 
Matarrese,‘ who observed a spontaneous magnetic moment in NiF,, show that NiF, at this temperature 
cannot be in state I. 

I express my thanks to E. M. Lifshitz for discussion of the work. 
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*Here C, denotes a vertical twofold axis, C4, a vertical fourfold axis, U, a horizontal twofold axis 
directed along [100] or [010], U, a twofold axis directed along [100] or [110], S, a fourfold reflection- 
rotation axis, o, and oy vertical symmetry planes perpendicular respectively to axes U, and Us Co 
a horizontal plane, I the operation of inversion, and R the operation of change of sign of the spins. 


SOVTET PHYSICS JETP VOLUME 6 (33), NUMBER 6 JUNE, 1958 


ELECTROMAGNETIC RADIATION IN HIGH-ENERGY NUCLEAR INTERACTIONS 
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Submitted to JETP editor June 20, 1957 
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Bremsstrahlung emitted by charged particles participating in high-energy nuclear interactions 
is computed on the basis of the hydrodynamical model of an elementary act. The radiated en- 
ergy is found to be a constant fraction, whereas bremsstrahlung from point charges increases 
logarithmically with energy. 


Tue problem of the electromagnetic radiation which accompanies nuclear interactions has arisen fre- 
quently. Since the radiation from suddenly stopped charged particles increases logarithmically with the 
particle energy,! attempts were made to explain the soft component of cosmic radiation in this way at a 
time when the existence of 7’ mesons had not yet been established. The question has appeared again,* 
but now we have a better understanding of the structure of nuclear particles and of the character of high- 
energy nuclear interactions (there exists a consistent hydrodynamical theory of multiple particle produc- 
tion). The electromagnetic radiation from real particles participating in an elementary act can therefore 
be discussed without being confined to estimates! which, as we shall see, are correct only when the par- 
ticles are assumed to be extremely small. 

In the present article the electromagnetic radiation which appears in nuclear collisions due to the slow- 
ing down of extremely fast charged particles is investigated on the basis of Landau’s® hydrodynamical 

model of nuclear interactions. 


i Ae For simplicity we shall consider the col- 
N lision of two identical nuclei at high ener- 
x gies. In the center-of-mass system after 
N oe 
5 IN i contact the nuclear matter is symmetrically 
iN compressed by a shock wave and a hydro- 
A dynamical system is formed. As has been 
N shown by Khalatnikov,‘ after the passage of 
nN the shock wave and the complete stopping of 
: AN the nuclei symmetrical expansion begins which 
: : aes is first described by a traveling wave and 
FIG. 1. “Stopping” stage: a—initial instant of colli- then by a general one-dimensional solution. 
sion; b— compression of the nuclei by the shock wave; The formation of new particles takes place 
c —instant when the shock wave has reached the edges of in the last, three-dimensional stage. The 
the nuclei. electromagnetic radiation which appears 


can obviously be estimated classically by 
assuming the charge to be distributed uniformly over the entire mass, with the charge density thus pro- 


portional to the mass density. 
The energy radiated in an element of solid angle do and in the frequency interval dw is 


dW nw = €| [kxAQ] |? Ro do do, (1) 
where A, is obtained from the usual formula for retarded potentials: 
eRe, 
Aw =s cRo { Je dV, 


and j,, is determined from the hydrodynamical solution. 
*The author is indebted to V. I. Zatsepin for calling her attention to Friedlander’s article.” 
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Earlier calculations! show that energy is 
emitted principally at high frequencies. The > 
characteristic frequency of the first stage 
(stopping) is determined by the transit time | 
& of the shock wave through the nucleus, which) 
is av1— #*/u, where u=c/3 is the ve- 
locity of the shock wave and a is the diam- 
eter of the nucleus. In the expansion all of 
the matter is set into motion, mainly during 
the time required for the trailing edge of 


P 


LLILLLLLLLLLLLLLLLL LL 


CLLLLLLLL 


XX Qh SSS 


4 


OL iat Loop 0 L,4 the traveling wave to reach the plane of 
patie fet symmetry from which expansion takes place, 
FIG. 2. Stage of “acquiring motion”: a—the instant This time is av1 — B?/4cp, where Cg = 
when the shock wave reaches the edges of the nuclei; b— c/V3 is the velocity of the traveling wave. 
passage of the rarefaction wave; c —the instant when the The time of the remaining stages is about 
traveling waves meet. 1/(1 — 6”) greater and the accelerations 


are correspondingly smaller; it is there- — 

fore clear that radiation occurs principally during the first two stages. | 

We shall assume that the initial charge density p is Ze/Vp, where Vp = (1a*/4)/aV1 — 6" is the in- 
itial volume of the colliding nuclei. The current j differs from zero and is equal to pv for all |x] in 
the range (2/4, ©) when —|x|/v <t <—|x]/v+2/v, and for 0/4 >|x| >0 when —|x|/v <t< |x|/u 
(2/4 = av 1 — 87/4 is the longitudinal dimension of the nuclei after compression by the shock wave). Be- 
hind the shock front the fluid is at rest and the current vanishes (Fig. 1). 

In the traveling (rarefaction) wave 


os pc? (< £5 Ve (f'— to) + (x — x0)] fe (4— fo) — (x — x) 1-2 
is Co \E + Lo [e(¢—t,) + = Koyo Horiace 


where ty =2/4u and x = £/4 are the initial coordinates of the front of the rarefaction wave. This cur- 
rent differs from zero for 


L/4 <|x|<(Oand|x|/C) + 1/4u<|t| <l/4e, + 1/4u 


and for 
L]4<|x|<Cl/4 + Ic/4cy and|x|/e+1/4u<|t|<l/4ce,4+1/4u 
(Fig. 2). 
From this definition of the current we obtain jw andthen A: 
= eBac? (a® |. (14 + 38) ; aw3 + cos 9) -_; aw (3+ cos 9) cel® fo *0le) 76 __ 69 \c12€0 | 
Aw Row sin > Ji (52 on $) \z (3 + cos $) (1—8 a2 8c wre 4c | 2V2c, (3) | 
ik 
exp {iw(1 —& cos $) 1/4 co} — 1 . exp {iw (1 —& cos 9) 1/4 co} 24 

“ 2@| arstos op Te = a eepeny ae [et Cy 
_d— £)(C—C0)/2Co (Cole + &) | 
9 (6) i (4 + Herenlar : | 


In Eq. (2) the expression within the curly brackets corresponds to radiation to the right; the first term > 
within the brackets pertains to radiation from the left-hand shock wave (the first stage; for an undeform- 
able “point” charge we obtain an analogous term); the second term gives the radiation from the right-hand 
traveling wave. A symmetrical expression for radiation to the left is obtained by changing the sign of 
cos%. Equation (2) shows that the radiation is concentrated within small angles [because the denomina- 
tors contain the factors (1 — Bcos%) and (1 — écos$)]. Since we will ultimately be interested in radia- 
tion in the laboratory system and the center of mass is regarded as moving from left to right in the lab- 
oratory system, we shall neglect radiation to the left and AZ will hereinafter be dropped. 

When the traveling wave is taken into account the expression for the energy contains terms of the order 
of (1 - 8”). This results from the fact that whereas in the first stage the entire charge is slowed down 
from its relativistic velocity, in the second stage it acquires motion gradually, and only a small portion 
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| (close tg the front of the traveling wave) acquires a velocity ~c during this period. Thus the entire ra- 
| diation is determined by the stopping stage and we have 


(Ze) Ce a, J? (ata sin 9/2c) sin? (le (3 + cos 9)/8c) sin Sd9d ; 
Moe 2na* (1 — 6?) 70) ot (1 — B? cos?o)? = , F(8) = (1 + cos 9)7/(1 + 3cos 9)? (3) 


0 


Making the substitutions sin3/V1- 6? =y and wf/2c =z together with the assumption 1/V1 — #° 


= ©, we find that up to terms containing (1 —- Bp?) the radiated fraction of the energy in the laboratory 
system is 


A = (130 Z?/nA™") u/M (4) 


_ where the factor p arises from aw (fi/uc yat/ 3 and M from V1 — #? = MAc?/E. For proton collisions 
Z=A=1 and Aw 0.4%. 


This value of the radiated fraction of the energy is much smaller than was estimated for point parti- 
cles.' The difference is explained by the fact that Eq. (4) does not contain the large logarithmic factor 
-—Inv1 — #. This factor disappears because the integrand in (3) contains the function J < (wasin $/2c) 
which oscillates rapidly at high frequencies and which arose from the extent of the nuclei in the transverse 
direction. In the center-of-mass system the particles have the shape of discs because of the Lorentz con- 
traction. At high frequencies the radiation from different elements of a slowed-down disc will interfere 
and give a sharp maximum only at angles < 0/a = V1 — #* around the direction of motion. However, it 
is easily seen that in the earlier formulas! the principal term —InV1 — 6? was derived from the angular 
range 1 > 9 >V1- 8. 

The former result is obtained from (3) if we make a approach zero. In order to obtain the final re- 
sult the integral over w must, as usual, be cut off at a certain Wmax: 


max 
sin?9d9 4 
Wiso~ do\ = Besa ~ Smee (Marz my + const). (5) 
In our expression (3) for the energy the integral converges because of the interference term a4 (wa X 


' sin3/2c) at frequencies wg for which weaVv1 —- B*/2c ~ 1. These frequencies are present in (3) be- 
cause for a =fi/uc we have 


ee = uc? /V 1 — BCE, 
where E is the energy of the colliding particles in the center-of-mass system. 


For particles with dimensions much smaller than their Compton wavelength it would be necessary to intro- 
duce the cutoff at we ~ E. Then(3) forthe given we would contain a logarithmic region of integration for 


the angles V1 — fp? « 3 « (A/a)V1 — B* (Ap is the Compton wavelength), which would lead to In (A)/a), 
thus somewhat increasing the result. 

The hydrodynamical procedure developed here is inapplicable for electrons, and evidently also for 
muons, because of their weak interactions. The radiation must then be determined from the usual for- 
mulas,! which contain a logarithmic factor. The applicability of these formulas is determined by the pos- 
sibility of using perturbation theory. 

The author is grateful to E. L. Feinberg for suggesting this research and tol. L. Rozental’ for valu- 
able discussions. 
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The surface impedance of a metal is calculated, with arbitrary dispersion law and collision 
probability, for the case of radio-frequency and constant magnetic fields both parallel to the 
metal surface. The field-dependence and temperature-dependence of the surface impedance 
are studied over the whole range of possible field strengths. It is explained how one can de- 
termine the form of the Fermi surface, the velocity of electrons in the surface, and the prob- 
ability of electron transitions caused by collisions. The predictions of the theory are com- 
pared with experiments on cyclotron resonance in metals. 


1. INTRODUCTION 


Tue authors!** predicted and investigated theoretically the phenomenon of cyclotron resonance in metals: 
This resonance differs basically from the well-known diamagnetic resonance® in semiconductors in two 
respects: (1) Cyclotron resonance occurs not only when the imposed frequency w is equal to the cyclo- 
tron frequency 2, but also at the multiple frequencies wz, 20, ..., whether the metal is isotropic — 
or not. (2) Cyclotron resonance in metals is possible only when the constant magnetic field H is strictiz 
parallel to the metal surface. A small angle between the magnetic field and the surface makes the reso- 
nance disappear. 

Cyclotron resonance has recently been observed in tin by Fawcett,‘ Bezuglyi and Galkin,® and Kip, and 
in bismuth by Dexter and Lax® and Aubrey and Chambers .” At the same time the variation of the high-fre: 
quency surface resistance of tin, copper, and bismuth in strong magnetic fields, predicted by us earlier,® 
has been confirmed. 

We are concerned now with four problems. 

(1) To compare the experimental results with theory. 

(2) To extend the theory to arbitrary field-strengths. 

(3.) To find the temperature-dependence of the impedance. 

(4) To explain how the field-dependence of the surface impedance gives information about the Fermi 
surface* ¢€(p) =. 

In Section 4 we show that in principle the experiments enable us to determine completely the shape of 
the Fermi surface and the velocity of the electrons in it. 

It is particuarly interesting to find that the geometry of the Fermi surface (especially the main com- 
ponents of it) has a qualitative effect on the behavior of cyclotron resonance. This allows us to make AY iy 
deductions about the Fermi surface from a rapid look at the experimental results, without any complicatee 
analysis of the resonance curves. 


2, FIELD AND TEMPERATURE DEPENDENCE OF THE SURFACE IMPEDANCE 


The main objective of our work is to determine and study the complete surface impedance tensor of a 
metal in radio-frequency and constant magnetic fields both parallel to the surface. Anomalous skin-effect 
conditions are assumed (6 «r, £, v/w). The surface impedance tensor Zup expresses the relation be:! 
tween the electric field E(0) at the metal surface (z= 0) and the total current I following in the metal 


*Here ¢€ is the energy and p the wave-vector of an electron, £ isthe chemical potential of the elec-- 
tron gas in the metal, and €(p) is an even periodic function of p with the reciprocal lattice for 


period. 
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ice 

E, (0) = > Zuvly = tra D ZyvEy (0), Zuy = Ruy + iXuy (u,v = x, y)- (2.1) 
v=1 


The problem involves four quantities with the dimensions ofa length, the Larmor radius r, the effective 
electron mean free path logf = vto/(1 + wty), the actual mean free path £ = vty (v is the electron velocity 
and t) the mean collision time), and the skin-depth 5. Convenient asymptotic expressions for the sur- 
face impedance are obtainable only in the limits of very weak fields (r > 0°/ 6) and of fairly strong fields 


(r = £). We shall exhibit the final formulae for both cases, taking the results from Eq. (3.1) and (5.8) 
— (5.10) of Ref. 2. 


1. Weak Fields 


ste simplicity we assume a quadratic dispersion law ¢€ = p*/2m, where m is an effective mass. 
Then 


3 # j* 7(0) 82 vA — 
ZH) =20(14. = HN z0 — (13 i) (1271/3); (2.2) 


cto 


yes : ; : 
where 7°) is the surface impedance in zero field, o* =a/ (1+ iwty)), o is the static conductivity of the 
metal, 


[= 1/(1 + iwt), y= r/l" = iw/Q + 1/Qt, = Ho/H, Q = eH/me. 


The small parameter, in which Eq. (2.2) is an expansion, is [o*2* 7) /o2 ]. The effect of the magnetic 
field becomes noticeable as soon as H = Hy, with H, H; « |H)|. This is natural, since the value 


Hy THe [a2 2 eal Hay 
defines the field strength at which the arc length s = Vrée¢¢ of an electron path in the skin becomes com- 
parable with the effective mean free path fess. Apart from a numerical factor, Eq. (2.2) remains valid 
with any dispersion law and any direction of the magnetic field relative to the metal surface. 


2. Strong Fields (either resonant or non-resonant ) 


LNyy = 2 (V3 rar/cty ree (AT uv, Zax, yy 2 (V3 meat/ct) Me! [(E + be) Exbo + Ave, yyl/Erke (8 + bike + 8), 


Ley = Lyx = 2(V Bres?/ct) se" Any (Et + take + 8), (2 
with 
1 (Aves Ay a Tle Be? (1, (9) 2, (9) " 
boa = {5 (Ase t Ay) (5) +48)" ais | Me epemeocme (24) 
) 


The cube roots are to be taken with arguments in the interval (—7/6, 7/6); this is always possible since 
the radicands have positive real parts. The real part of the impedance is then necessarily positive. The 
notations are: e the electron charge, h Planck’s constant, v =vn the electron velocity, K the abso- 
lute value of the Gaussian curvature of the Fermi surface, Q =eH/me the cyclotron frequency, m = 
(1/21) 9S/8e the effective mass of an electron, S(€, py) the area of intersection of the surface €(p) 
=€ bythe planet px =const. The integration in Eq. (2.4) is along the curve vz =0 on the surface 
€(p) =, @ is the angle between the velocity (i.e., the normal to the Fermi surface) and the direction of 
the constant magnetic field H, and 1/7) = (1/t)) is the average along the path of integration of the rate 
of collision of electrons with impurities, phonons, electrons, lattice defects, surface irregularities, etc. 

In general, the complex tensors Ayy and Z,, cannot be reduced to diagonal form by a rotation of 
axes. But if such a reduction is possible (for example, if Rup and Xv are proportional) then the prin- 
cipal values of Z) are given by 


+The x axis is taken parallel to H, sothat px is the component of the wave vector parallel to the 
constant magnetic field. 
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Za = 2(V 3re®/cty he! Az (2.5) 


where Aq are the principal values of Ayp. | 

(a) Resonant Region. The dependence of the surface impedance on magnetic field and frequency in the — 
resonant region has been already discussed by us in detail.'? We have shown that the form of the disper- 
sion law has an important effect on the shape of the resonance curve. Resonance occurs at values of the 
effective mass (1/2m)(8S/8€)ex¢ which are extremal with respect to gy. An extremum of the effective 
mass will in any case occur at the central section py =0, € =¢, and also at elliptical points of support_ 
of the Fermi surface* (i.e., points at which the electron velocity is parallel to the constant magnetic field; 
such points have m = 1/vVK). 

It can be shown that a resonant behavior (i.e., a minimum of R and X), will be seen only in the 
Zy'x’ component. Here x’ means the direction of H when the resonance corresponds to the effective 
mass at an elliptical point of support, and x is the direction of the velocity at the point vz =9 ona cen- 1 
tral section of the Fermi surface when the resonance corresponds to the effective mass on a central sec- 
tion. 

The absorbed power P is given by 


P = 5 (Rex (Ev)? + Ryy (ES) (2.8) 


(E(i) is the field amplitude of the incident wave) and has a resonant behavior only when the incident wave 
is plane polarized in the plane of x’. More exactly, the angle between E(i) and x’ should not exceed 

X~ fRTES/R() 1/2, In the case of a maximum effective mass y < (q2/wry)!/2, and in case of a minimum 
x S (q2/w))?/, Here q = w/Qreg is an integer. 

If a resonance corresponds to an extremal effective mass which is neither equal to the mass at a cen- 
tral section nor to the mass at an elliptical point of support, then all components of the tensor Zuv have 
resonant behavior. Resonant absorption of power will then occur for any polarization of the electric field 
in the incident wave. The formulae for all components of the impedance which have resonant behavior 
have been exhibited previously!” for frequencies close to resonance. 

(b) Nonresonant Region. When the magnetic field is so strong that 


QS> 2n/x), 2nw, nw-wt, C24 ) 


the tensor Ayp can be reduced to the principal axes ( x v); and its principal values are given by 
Ag = st (ico + 4/t)"! (2Q/R) (2.8) 


where the bar indicates an average with respect to the angle y. Hence Eq. (2.5) gives 


2.(H) = 2(*) ‘ome (eae) (~ aah + otgyterp[ F(t tant om)] (2.9) 


One of us® obtained this formula earlier in the case of a quadratic dispersion law. In particular, when the 
frequency is low (wT) « 1) 


1 


3h 


V3 rw? ye [ 82 ee 


2.=(—3 K a+ iy~(#2) Wir, (2.10) 


while at high frequencies (wT) > 1) 


Za = 2 ees aes Nien a io) > Ra~H~h/xy, Xa~oH—h, (22019) 


In the case of high frequencies (wT) > 1), the formulae are still simple in the range 


270K OK rH- Wty. (2.12) 


*Resonance occurs in this case only when the frequency is not too high. The skin depth has to 
be small compared with the Larmor radius, which itself becomes small near to an elliptical point 
of support. 
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where the magnetic field is of intermediate strength. The result is then 


2m 2 
42 (9) 2, () 4e? ( m,() n, (9) . 
Mas aieean \ a KO Dt oa) Re a3) 


0 
and the impedance is independent of Tos 
Ry ~ Hh, Xy,~ oh, (2.14) 


The temperature dependence of the surface impedance can be obtained from the results of Refs. 1 and 
2 and the present paper by substituting 


Ary == U/ege8-+(1/s2) (T/8)* + —(T/B.)?, (2.15) 


This behavior of Tt) holds for fw <« kT; foe is the relaxation time corresponding to the residual re- 


sistivity, 7) and T) the relaxation times for scattering by phonons and electrons, © is the Debye tem- 
perature, and Oe is the characteristic temperature for electron-electron collisions. Equation (2.15) is 
valid because of the possibility of defining a mean time of free passage t)(p) in the theory of the anom- 
alous skin effect.':? 


In particular, when phonon collisions are preponderant, we have the following results: 
(1) Quadratic dispersion law, 


Rres~ (T/9)?, Jo — 9 Qres| ~ (7/8), 
Xres~T/9, |@— Qe! ~ (T/8)3, (2.16) 
(X/R)res ~ (T/8)—*2, | — q Qres| ~ (T/8)"s 


(2) Nonquadratic dispersion law, 0S/de having a minimum, 


Rres~ (T/0)*s, |@ eh | Qres| a (TO); 
Xres ~ (T/9)'#, |o— q Qres| ~ (T/8)*, ; (2.17) 
(X/R)res~ (T/8),  |© — q Qres| ~ (T/8)*s 


(3) Nonquadratic dispersion law, 9S/d€ having a maximum, 


Lies™~ (7/8), | OG) Qres! San (Tj8)* Ores = CHres/CMext = w/q (2.18) 

with q an integer. 

(4) Strong field, (Q > 27w, TW"Tp, 2n/T)). For wT «1, Zq is proportional to temperature. For 
wT) > 1, Ra ~ (T/@)* and Xq is independent of temperature. 

(5) Intermediate field, (27%wW «2 « mw*Ty). At high temperatures the impedance is independent of 
temperature. 

Naturally, the above results are valid only so long as the skin effect is anomalous, i.e., for 6 «r, |2 
This means that the frequencies are restricted by 


= 


c2/Inol®@<w < (u/c) V 2nne*/m 
and the fields by 


H < v[2rnmor,/ (1 a WT) ]'ls 


where n is the electron density in the metal. At low temperatures, taking T) ~ 1071! sec, n ~ 1072 cm™3, 


m~ 1072" g, these limits become 10’ sec! « w « 10'3 sec™!, H « 10° [wry/(1 + wTo)]!/? oersted. 


3. COMPARISON BETWEEN THEORY AND EXPERIMENT 


In the introduction we mentioned that the variation of surface resistance with magnetic field has been 
observed in three metals, tin,‘ copper,‘ and bismuth®*? (see Figs. 1 and 2). In all cases there is quali- 
tative agreement between experiment and theory. (1) A resonance is observed, except in the case of 
Fawcett’s experiment with copper, in which the quantity wt) is of the order of unity and is not large 
enough for a resonance. (2) The surface resistance decreases monotonically in strong magnetic fields; 
the increase of surface resistance in bismuth for H > 2000 oersted is probably due to the onset of nor- 
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FIG. 1. Cyclotron resonance 
in tin according to Fawcett. 
Figure taken from Ref. 12. Ex- 
perimental points for w/2m7 = 
24% 10°; T =4.2°K, wry ~ 27 
are marked O. The upper curve 
is theoretical. 


The larger the field, the more strictly must the directions be parallel. When Eq. (3.1) is not satisfied, 
the effective distance which an electron can travel while remaining in an appreciable electric field in- 
creases more slowly with magnetic field than it does when @=0, (see Fig. 3). The variation of the im-; 
pedance with magnetic field is therefore smoother when Eq. (3.1) does not hold, and for sufficiently high 
fields the impedance will saturate. Fawcett’ observed just such a smoothed-out variation of R(H) for — 
copper and tin, using an angle @ of the order of one degree, whereas in a field H ~ 10‘ oersted with 


Q3 


Q2 


Qi 
SFIR(O, 
4X/R(0), 
Exp. g| oe 


0 0 


FIG, in 


FIG. 2. Cyclotron resonance in bismuth according to Aubrey and Chambers.’ Full cir- 
cles show AR/R(0) against H, open circles show AX/R(0) against H, for w = 21x 
9 x 10° cycles, T=4°K. The full curve gives theoretical values of AR/R(0), the dotted 
curve theoretical values of AX/R(0). AR=R(H) —R(0), AX =X(H) — X(0). 

FIG, 3. , Path of an electron in a magnetic field making an angle @ with the metal sur- 
face. Neff is the effective number of revolutions of an electron within the skin depth; N 
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mal skin-effect conditions when r < 6. (3) R(H) is slightly de- 
creasing in weak fields. (4) The resonant frequency is displaced 
as the temperature decreases,° because of the increase in wty. (5) | 
The surface resistance is anisotropic, even in the case ofasingle crys— | 
tal of copper which possesses cubic symmetry, the axis of the asym- | 
metry being provided by the direction of the constant magnetic field. 

Nevertheless, the experimentally observed resonance is less 
deep, and the decrease of surface resistance in strong fields is 
smoother, than the theory predicts. 

In the case of bismuth, the discrepancy between theory and exper-— 
iment is apparently connected with the anomalously small density and 
effective mass of the electrons, which cause the basic assumption 
6 «<r _ to be violated. / 

In the case of tin and copper, we believe that the cause of the dis-- 
crepancy is as follows. The theoretical formulae apply only when 
two conditions are satisfied. 

(1) For any value of the magnetic field, the angle between the / 
field and the metal surface should satisfy | 


® << (r/l) (8/r)** = (@r/13)'*» ~~, 


(3.19) 


to4 acl H 
b Cc 
NTT SS ST ST SS SOOO IOOOOOOO000 — 
103 0’ H,oe a | 
FIG. 4 


is the total number of revolutions between collisions. 
FIG. 4. The “surface” mean free path of an electron. g is the angular inclination of a 
surface irregularity. a shows an electron path in the interior of the metal, b and c are 
paths of electrons near the metal surface. 
———_— ee 
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wt) ~ 27 the required upper limit for & is of the order of a few minutes. The inclination of the magnetic 
field will also produce similar effects in the resonance region. 

(2) The second possible cause of departure of experimental results from theory is the imperfection of 
the metal surface. The collision rate (1/t)) which determines the depth of the resonance is an averaged 
rate of collisions for electrons close to the metal surface, since only these electrons contribute signifi- 
cantly to the current. The “surface” mean free time tf may be quite different from the mean free time 
tj” in the interior of the metal which is calculated from the static conductivity (see Fig. 4). For tf and 
ae to be comparable, the angle of inclination gy of surface irregularities which are not small compared 

with the skin depth must also satisfy Eq. (3.1). Figure 4 shows how, if gy does not satisfy Eq. (3.1), 
deff. and hence also ty, will depend on H. In this case the dependence of the impedance on magnetic 
field is caused only by the fraction of the metal surface which is effectively parallel to the magnetic field, 
and this fraction in turn depends on H. Thus the values of wti" can be much larger than the values of 
wt? which determine the depth of the resonance. This is probably the explanation of the large width of 
the resonance in Fawcett’s experiment,‘ in which Wty ~ 27 > 1. 

Finally, it is possible that extremum values of m_ will occur only at points of support and at central 
sections of the Fermi surface. In this case one will observe sharp resonances only by using incident ra- 
diation with a definite polarization (see the preceding section). 


4. THE POSSIBILITY OF DETERMINING THE FERMI SURFACE 


The determination of the Fermi surface €(p) =£ and of the electron velocities in it is the basic prob- 
lem of the electronic theory of metals. The problem is extremely difficult, partly because hitherto we 
have known nothing about the general shape of the surface except that it has central symmetry and the 
periodicity of the reciprocal lattice. The surface might be multiply connected, intersecting itself, or open. 
This makes difficult and partly ambiguous the theoretical interpretation even of those experiments? which 
allow in principle a determination of the form of the surface and of the velocities in it. It is therefore de- 
sirable to begin by exploring the topology of the surface, to find for example the number of nonsingular 
components into which it can be separated. 

The results of Sec. 2 and of Refs. 1 and 2 show that the study of the anisotropy of cyclotron resonance 
leads to a number of conclusions about the geometry of the Fermi surface. 

(1) If for every direction of the constant magnetic field and every polarization of the incident radiation 
we observe a resonance with the relative depth ( Rres/R”) ~ ( wr /2mq)~2/ 3. this resonance is evidently 
produced by ellipsoids. The number of ellipsoids is equal to the number of fundamental frequencies (w 
~ Q) corresponding to resonances of this type. 

(2) If, for some directions of the constant magnetic field and for some polarizations of the incident 
radiation, the relative depth of a resonance has the behavior (Rres/R")) ~ (wr,/a2) = 9 or ( ReeoRe ) 
~ (wT /q?)! 6 then one or more components of the surface ¢€(p)=£ are not ellipsoids. The resonance 
is produced by an extremal value of the effective mass, which is a minimum in the first case and a max- 
imum in the second. 

(3) The number of fundamental resonant frequencies with the polarization parallel to the constant mag- 
netic field is in general greater than the number appearing with any other adjacent direction of polariza- 
tion. The difference between these two numbers of fundamental frequencies is equal to one half the num- 
ber of elliptical points of support of the Fermi surface corresponding to the given direction H. As the 
direction of the constant magnetic field varies, the minimum number of elliptical points of support cannot 
be less than twice the number of closed convex components of the surface. In particular, if for any direc- 
tion of H the number of elliptical points of support is zero, then the surface €(p)=¢ has no closed 
convex component. It may happen that there are no points of support in this direction, so that the surfaces 
are all open, or it may be that there are points of support of hyperbolic of parabolic type. If one knows 
the number of elliptical points of support in every direction, one may be able to deduce the number of non- 
singular components of the surface «(p)=£, and the number of open sections. 

(4) If, for a certain direction of the constant magnetic field, the number of fundamental resonant fre- 
quencies is greater for one direction of plane polarization of the incident radiation (not parallel to the 
direction of H) than for other directions of polarization, then one component of the surface €(p) =¢ is 
centrally symmetric. The number of centrally symmetric components is equal to the maximum number 
of such exceptional directions of polarization which appear as the direction of the field is varied. 


1132 E. A. KANER and M. Ia. AZBEL’ | 


If, for some direction of the constant magnetic field, the number of exceptional directions of polariza- — 
tion (not coinciding with the direction of H) which have the maximum number N of fundamental frequen-- 
cies is less than the number M of centrally symmetric components of the surface, then the difference 
(N — M) gives the number of open central sections perpendicular to that direction of the constant field. | 
By varying the direction of the field we may find all the open central sections. | 

(5) If, for all directions of H, resonance occurs only with particular polarizations of the incident ra- 
diation, the resonance arises only from central sections and elliptical points of support. The effective 
mass then never attains its extremum with respect to y. The extremum with respect to px is attained 
only at central sections. 

Such a study of the geometry of the Fermi surface will obviously require very laborious experiments. — 
One needs to observe the anisotropy of the impedance with respect to both the direction of the constant 
field and the polarization of the incident radiation. However, these difficulties arise from the complicated 
geometry of the Fermi surface itself. We wish to emphasize that the study of cyclotron resonance allows © 
us to elucidate the structure of the main components of the conduction band of the metal. The clues to the 
structure of the Fermi surface, which are obtained from observations of the anisotropy and relative depth | 
of resonances, may greatly facilitate the solution of the next problem to which we now turn, the quantita- | 
tive determination of the surface * | 

A given resonant frequency corresponds in general to a value of the effective mass either on a single 
centrally symmetric surface or on a pair of surfaces which together have central symmetry. It is there- . 
fore sufficient to consider the determination of a single surface. If this surface turns out not to have cen- 
tral symmetry, a second surface can be obtained from it by reflection in the center. For simplicity we 
suppose that the surface is convex. 

Measurement of the resonant frequencies and of the values of R and X at resonance determines the 
quantities 


AS/de, K%G°S/0sd9*|, 


at points where 9S/de is an extremum with respect to variations of gy. The anisotropy of the effect (see 
above ) distinguishes the resonances arising from central sections and from elliptical points of support. 
In these two cases, the direction of polarization of the incident radiation for which resonance occurs de- 
termines the direction of the velocity at the corresponding point on the surface (see Sec. 2). 

At an elliptical point of support 1/Ty) = 1/ty(p), so that the collision rate at each point of the Fermi 
surface is directly determined, and (9S/€)e,4 = 2r/vVK. When we know 98/8 and 03g/de og’, we 
can in many cases determine the form of the surface and the electron velocity in it. As an example we 
will discuss a convex surface with central symmetry. In this case, by observing the exceptional direc- 
tions of polarization, not coinciding with the direction of H, for which resonance corresponding to a cen- 
tral section occurs, we determine the normal direction at every point on the surface. This allows us to 
fix the surface up to a similarity transformation. Knowing the shape of the surface, we deduce from 
(8S/8e) ext the magnitude of the velocities on the surface.!° The scale of the similarity transformation 
can be determined, for example, from the value of X at resonance. This quantity fixes K?|9°s/de90¢ |, 
or in the case of an ellipsoid (1/K), once Ty is known. A check on the consistency of the construction 
of the surface is provided by our knowledge of the values of vVK at every point on it. 

Measurements of the surface impedance off resonance} can also be used for finding the form of the 
Fermi surface and the electron velocities in it. Such measurements are less convenient, since the im- 
pedance is then produced by the combined effect of all components of the surface €(p) =£. We therefore 
discuss only the case of a one-component surface. 

As we showedearlier? from aknowledge of the principal values Zq ofthe surface impedance under anom- 
alous skin-effect conditions in zero magnetic field! we can determine the Gaussian curvature K at every 
point of the surface. If the surface is convex, its shape is uniquely determined by its Gaussian curvature.t 


*The results stated here were in part published earlier.” 

+ Chambers” has recently arrived at similar conclusions by an independent method. 

tNote added in proof, (November 20, 1957). This requires the performance of experiments similar to 
those of Pippard# After this paper was submitted for publication, we learned that Pippard has determined 


the Fermi surface of copper by this method (A. B. Pippard, Report to the 4th All-Union Conference on 
Low-Temperature Physics, Moscow, July 1957). 
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In addition, measurement of the impedance in strong magnetic fields (Q >> 21/Ty, 2mw) at low fre- 
quencies (wT) « 1) allows us to determine (%2T)/K). If we know the form of the surface and the veloc- 
ities in it we can deduce 1). The values of ({7)/K) are obtained from Eq. (2.10), without assuming To 
to be independent of , by taking the average of ni, 279/K. When 7) is known, a similar argument de- 
termines 1/t)(p), so that the probability for electron transitions from one state to another is in prin- 
ciple determined, We must emphasize that the value of to(p) obtained in this way will agree with the 
value appropriate to bulk metal only when the conditions discussed in Sec. 2 are fulfilled. Measurement 
of the imaginary part of the impedance at intermediate field strengths (2m «QQ « TW 9) and high fre- 


quencies (wT) > 1) determines 
V 32m? \4 Ber (n2Q\)~% 
x= ( ca ) Lae, ( K )] 


This gives an independent determination of Q/K and consequently of Q/K at every point. 

Finally, one can introduce data on the de Haas—Van Alphen effect to help determine the Fermi surface. 
Measurement of the periods of the “high-frequency” oscillations of diamagnetic susceptibility in very 
strong magnetic fields (H > 10° oersted) determines the extremal areas Sex; of the surface €(p) =. 
Experiments on cyclotron resonance in metals give values of (8S/8e Yext» which are hard to obtain from 
the de Haas—Van Alphen effect. When we know both these quantities, we have a complete determination of 
the Fermi surface and of the velocities in it. 

Unfortunately there is still a complete lack of the experimental data on cyclotron resonance which 
would enable us to study the dispersion law of conduction electrons. 


CONC LUSIONS 


(1) Cyclotron resonance occurs in metals at high frequencies w and at low temperatures T, when 
the magnetic field is precisely parallel to the metal surface [®@ « (r/f)(5/r y2/ 3], The resonance occurs 
at all the harmonic frequencies w=Q, 2Q,.... 

(2) The shape and width of the resonance, and the anisotropy of the effect, are strongly dependent on 
the shape of the Fermi surface ¢(p) =£. If the surface is ellipsoidal, the resonance must occur for all 
directions of the magnetic field and for all polarizations of the radiofrequency field. The relative depth 
of te resonance is then given by 


Rres/R® ~ (w%)-%, Xres/X ~ (c%)-%. 


(3) If the surface is not ellipsoidal, the resonant frequency corresponds to a value of the effective 
mass ( 1/21 )(9S/9€ )ext which either is extremal with respect to variations of p, or is associated with 
an elliptical point of support of the surface. 

(4) For a given direction of the magnetic field H, a resonance corresponding to an elliptical point of 
support occurs when the radio-frequency field is polarized parallel to H. 

(5) A resonance corresponding to a central section occurs only when the polarization is parallel to the 
electron velocity at the point px = vz =0 onthe surface. Here the normal to the metal surface is taken 
as the z-axis. 

(6) A resonance corresponding to an extremum of the effective mass, on a section px = const. of the 
surface €(p) =< which is neither a central section nor a degenerate section at a point of support, occurs 
for all direction of polarization of the radio-frequency field. 

(7) The relative depth of the resonance is different for maximum and minimum values of the effective 
mass. For a maximum it is given by 


R-es/R© ~ (t))-%, Xres/X) ~ (wry)~% : 


and for a minimum by 
R,~65/R Rc (wt,)~% ’ MecehAsy rag (wt,)-% 


(8) Away from resonance, the form of the dispersion law does not affect the main theoretical conclu- 
sions. The dependence of the surface impedance on H, in not too weak magnetic fields [H 2 (mc/e) 
xX (1/T) + w)] strictly parallel to the metal surface, is described approximately by the same formula 
which holds for a quadratic dispersion law: 
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Z = Z [1 —exp (— 2riw/Q — 2n/Qx,)]"". 


In particular, Eq. (2.9) holds for any dispersion law in very strong magnetic fields (Q > 21/To, 27w, | 
TwWT). At high frequencies (wT) > 1) the dependence of the impedance on frequency and magnetic field 
is given by 


R~oH—h, X ~oH—s, 


wines | 


also in the intermediate range of field-strengths (2Tm™| « H « Tw*T 9). 

(9) In weak magnetic fields (2 « w+ 1/T)), the impedance is constant to within a few per cent. In 
particular, if the field is very weak (H « H,), the impedance varies according to Eq. (2.2). 

(10) The temperature dependence of the impedance is determined by the quantity 1/t) given by Eq. 
(2.15). Here Tome 7, and T) are independent of temperature. 

(11) When plane-polarized electromagnetic waves are reflected from a metal surface in a magnetic 
field, there is always a considerable rotation of the plane of polarization, and this rotation may show a 
resonant behavior. | 

(12) Experimental study of cyclotron resonance can give abundant information about the form of the | 
Fermi surface and about the mean collision time ty(p) of the electrons. It will make possible: (a) a | 
determination of the number of ellipsoidal components of the surface ¢€(p)=£, (b) a test for the exist- 
ence of non-ellipsoidal components of the surface, (c) establishment of a lower bound to the number of 
closed convex components, (d) determination of the number and orientation of open central sections, 

(e) determination of the number of centrally-symmetric components, (f) in many cases,’a complete 
specification of the Fermi surface and of the electron velocities and mean collision times at every point 
of it (see Sec. 4). 
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The possibility of cyclotron resonance is studied for a metal in a magnetic field which is in- 
clined to the surface. The surface impedance for a metal in a magnetic field parallel to the 
surface is calculated for an arbitrary law of reflection of electrons from the surface. 


1. INTRODUCTION 


Azpet and the present author!~? worked out the theory of cyclotron resonance for the case of a metal 
in a magnetic field parallel to the surface, assuming the reflection of electrons from the surface to be 
purely diffuse. When the magnetic field is parallel and the dispersion law is quadratic, all the electrons 
in the top layer of the Fermi distribution contribute to the resonance, since they all have the same orbital 
revolution frequency © and they all pass many times within the skin depth. When the dispersion law has 
a more general character, only electrons with an extremal value of effective mass contribute to the reso- 
nance, and the relative depth of the resonance is then smaller than for a quadratic dispersion law. In an 
inclined magnetic field the great majority of electrons enter the skin depth only once, after which they dis- 
appear into the interior of the metal, and they therefore do not contribute to the resonance. However, 
Chambers’ pointed out that, in a magnetic field inclined at a considerable angle ® to the surface, a reso- 
nance can still be produced by the minority of electrons which have Vu ~ 0 and therefore return to the 
skin layer many times without drifting along the direction of the field. The bar over vj}; denotes an aver- 
age along the path of an electron with «(p) =£, py =const. Here ¢€ is the energy, p the wave vector, 
v = 0€/dp the velocity, ¢ the chemical potential of an electron. py and vy are the projections of p 
and v along the direction of the magnetic field. 

We showed earlier”? that to the lowest order in (def¢/r) the surface impedance Z of the metal is in 
general independent of the magnetic field. Field-dependent and resonant behavior occurs in general only 
in the next order in (deff/r). Here deff is the effective skin depth and r the orbital radius of an elec- 
tron in the magnetic field. It is important to calculate the magnitude of resonant effects in an inclined 
magnetic field and to see whether such effects might be observed experimentally. 

It is also interesting to see how the law of reflection of electrons from the metal surface influences the 
high-frequency surface impedance, If the surface were strictly regular the reflection of electrons should 
be specular. But even a single crystal always has surface irregularities of sizes comparable with inter- 
atomic spacings, though they may be small compared with the effective skin depth. The reflection of elec- 
trons from the surface will therefore be diffuse or almost diffuse. This means that the distribution func- 
tion of the electrons reflected from the surface is uncorrelated with that of the incident electrons. 

The present paper discusses cyclotron resonance in an inclined magnetic field, and investigates in the 
case of a parallel field the influence of the reflection coefficient of electrons at the metal surface on the 
impedance. 


2. CYCLOTRON RESONANCE IN AN INCLINED MAGNETIC FIELD 
The calculation of the complete surface impedance tensor 
Zuy = Ruy + iXpy = OEy (0) / Oly = (Are / ic?) OE, (0)/0EV(0) (wu, v= 4%) (2.1) 


reduces to a simultaneous solution of Maxwell’s equations 
; A 2e 
curl E = — ioH/c; divH = divE =0; curl H = 4xj/c; j=—4e\vhap (22) 
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and of the kinetic equation for the departure f, from an equilibrium Fermi distribution function fp (€) | 


is ee of 
ifs + 02 22 abo) 2 i i = eEv =". (2.3)) 


Here Ryp and Xyp are the resistive and reactive parts of the impedance tensor, Ey (2) is the tangen-> 
tial component of electric field, I, is a component of the total current, w is the applied frequency, 
=eH/mce is the “cyclotron” frequency, m = (1/27) 9S (€, pyyz)/8€, S(€, Pg) is the area cut out from—_ | 
the surface €(p) =€ by the plane py = const, T is the dimensionless time of revolution of an electron in) 
its orbit, t)(p) is the relaxation time, the z-axis is the inward normal to the metal surface, and the | 
x-axis is the projection of the constant magnetic field H onto the surface. The boundary coniditon for the 


kinetic equation (2.3) is in the case of diffuse scattering | 


We have found?*® that the surface impedance tensor Zuv is conveniently deduced from Eq. (2.2) and 
(2.3) by taking Fourier transforms with respect to z. After calculations precisely analogous to those | 
made earlier?’?, we obtain the following equations for the Fourier transforms. | 


—#&, (2) — 2E,, (0) = (4niw/c?) jn (2); A= > {Ky (4) Gv (8) — Quy (B, #) Gv au} (2.5), 


v 0 
Eu (k) =2 (Ey (z) cos kz dz; jy (k) = ON i (z) cos kz dz, 


0 


i) 


co PH Qn a2 Ty T 
: : k 
Kuy (2). = — a \ a de \ 4. dpp: \ 0, (t) dt \ Uy (4) exp ( i cos (44 sus} dt, 
‘ 0 


min —o 49 a7 
3) py 


Tv 


( vy (6) exp {oso (4 (oats Js 


(71) t é 2 


co or © T 
2rCkO k 
Quv (ks Rk’) = = ( fe de ai dpy \ ode \ | Uz (t1) | Cos (A fede 
0 0) 3 AS 
t= 10/Q+4 1/2), (2.6) 


Here y(t) denotes the root immediately preceding tT of the equation 


( Ud") 
(t) 


If there is no such root, then y(T) =—*. The quantity (kv/Q), which appears in the argument of the co- 
sines in Eq. (2.6), is of order (r/d5eff) > 1. Therefore the intégrals ( 2.6) can be evaluated by the metho« 
of steepest descent. Elementary but very lengthy calculation then leads to the following results. 

To the lowest order in (2/kv)!/2 ~ (Ses¢/r)!/2 « 1, the surface impedance is independent of magnetic: 
field and is equal to its value for H = 0. In the first and second higher orders, the dependence on H_ does: 
not have a resonant behavior. A weakly-resonant dependence appears only in still higher terms in the ex-. 
pansion of the impedance in powers of ( def¢/ r)/ 2. Also only the Zyy component of the surface imped- 
ance tensor shows a resonance. Thus resonant absorption of power can occur only for electromagnetic 
waves incident on the metal with a definite polarization. The electric vector of the incident wave must be 
parallel to the y-axis (perpendicular both to H and to the normal to the surface). 

The relative magnitude of the resonant contribution is 


AZies Seff \'! 4 
oe in =a ea) (2.7) 


At resonance (when ws qQ) with q an integer) this contribution has only a logarithmic singularity for 
(%/w) «1, Here Q, r, and v =(1/t)) are the Larmor frequency, the orbit radius, and the average 
along the orbit of the collision rate, for an electron with vy =0. A is a complex coefficient independent 
of H, 
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Bett = |C2Z (0) / Ameo] ~ (31); 8 = (mc? / Qane®)'h, 


and £ is the mean free path. The resonant effect is small because it is produced only by the small mi- 
nority of electrons which return many times into the skin depth. Since the resonant contribution is so 
small we do not exhibit the exact formulae for it. 

The results are correct so long as the angle ® between the magnetic field and the metal surface is 
not close to zero or to 47, i.e., so long as sin2@ > deff/r. 

The case of a perpendicular magnetic field (cos @ « Sof¢/ r) is special, because in this case the elec- 
trons which give the main contribution to the current density have orbits lying entirely within the skin 
depth. We have then not cyclotron resonance (w = qQ) but diamagnetic resonance (w =) similar to 
the diamagnetic resonance in semiconductors. Azbel’ and Kaganov® showed that, to the lowest order in 
(Seff/£) [in a perpendicular field the expansion parameter is (édeff/£) instead of (deff/r)], the effective 
mean free path 0* = 2/ [1+i(w —Q)t)] in general disappears from the formula for the surface imped- 
ance. The impedance is in this approximation independent of H. A resonance (i.e., an extremum with 
respect to H) appears only in a second-order term proportional to (be¢¢/2* )? In (2*/ Soff): 


3. CYCLOTRON RESONANCE IN A PARALLEL MAGNETIC FIELD 
WITH ARBITRARY REFLECTION LAW OF ELECTRONS AT THE METAL SURFACE 


To study the dependence of the surface impedance on the reflection coefficient of electrons at the metal 
surface, we have to change the boundary condition (2.4). We suppose that a fraction p of the electrons 
is reflected specularly (i.e., without any change in their distribution function), while the rest are distrib- 
uted after reflection in the equilibrium distribution f)(¢). This gives the condition 

F (0; Ux, Vy, Uz) = ef (0; Vx» Vy, — Uz) + (1 —p)fo(e) for v2 >0 
For the departure from equilibrium f, =f — f)(¢€), the condition becomes 
f1(0; Vx, Vy, Oz) = pf (0; Vx, Vy, — Vz), Uz >0. (3.1) 

We showed earlier? that the Fourier transform of the current density can be determined if we know the 
relation between 0~_(0; v)/dz and ~_(0; v), where %+(z; v) =f;,(z; v) +f,(z; -—v). Equation (2.3) 
implies 

Op_ (z; v) /dz = — {iw + 1/ ty (p) + 20/ dt} 4 (z; v)/ vz (3.2) 
using also the fact that ¢€(p) is an even function. We need therefore only find the relation between 
—%1(0; v) and ~_(0; v). The boundary condition (3.1) gives 
p, (0; w, vz) = pp, (0; w, — vz) + sgnvz-{op_(0; w; —0z)— pa(0; w, v2)}, (3.3) 
where w is the two-dimensional vector with components (vx, Vy): and sgn x denotes the sign of x. 
Changing vz into —vz in Eq. (3.3) and eliminating 7;(0; w, —vz), we find 


sgn vu, 


p, (0; Ux, Vy, Uz) = -— T— {(1 +9?) p_(0; vx, Vy, Uz) — 2pp_ (0; Ux, Vy, — Uz)}. (3.4) 


When p— 0 we obtain the boundary condition used in Ref. 2. When p— 1 we find 
p_(0; w; vz) —>p_(0; w; — dz). 


The Fourier transform of the current density can be found from Eq, (3.4). For simplicity we write 
down the formula for j(k) only for the case of an isotropic quadratic dispersion law €(p) = p?/2m, 
where m is the effective mass, assuming a relaxation time ty independent of p (the resistance being 
in the residual range), and taking the radio-frequency and constant magnetic fields perpendicular to each 
other. Under these conditions we have 


co tm |2 Co us 
ju (k) = K(k) 6 (2) — \ Q(k; R') Gp’) dk’; K(k) = 2 \ cos? 9 sin $d9- Verde. (cos [Ar sin 3 (cos t — cos (t — x))] dt; 


0 0 0 
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mT [2 fo) 
Q(k; k) = sa \ cost sin? do e—wdx-I (3; x); 
0 0 | 


1 (9; x) =\dh-sin). 


0 


cos [kr sin $(cos A—cos (A+x))] —ecos [kr sinS(cos A—cos(A—x))} 
FOES pe -yA 


: e t 26 \"lz 
: ne?l te mvc , el LONG = oh ia 
x \cosh 7%-cos [&’r sin 9 (cost — cos %)} dr oi ig ee oe ee eerie v= (>) Ha et 
0 
v =v(cos%, sinScost, sinSsint); n = 8p? /3h*. (3.5) 


When the skin effect is anomalous kr ~ (r/deff) >> 1. The method of steepest descent then gives the 
asymptotic formula 


_ 3x0 1+ exp(—2ny) 1 
K (k) = “4 1—exp(—2ry) k ’ 


| 
36. exp(—2ry) _ i=? t (3.6) | 


Q(k; k’) = “AL 1 — exp (— 2zy) “1 —pexp(—2my) V kk’ 
— , —1 , 
: i? wry 3(4 +p)o cosh ry - exp (— Ty) a V2¥ os ae) ‘ | 
x [x8 (@— At) FSET | + ree oo + [10 + 3BCh Vk —VeF er 


where B(p, q) is the Eulerian integral of the second kind. Equation (3.6) may be regarded as an inter- 
polation formula, since it gives the correct result both for 


1—p>|1V Sett/7r| and for 1—p< 7 V Sete /r}- 


Detailed calculation shows that, for all values of p #1 [more precisely, for 1—p > ly \(Sef¢/r yi/ 2 le 
the surface impedance near to resonance (w s qQ) or in the strong field regime (|y| « 1) is inde- 
pendent of the reflection coefficient p. The formulae for Z which we obtained earlier!~? remain valid. ~ 

The case of specular reflection is special, because in this case the main contribution to the current 
density comes from electrons which collide repeatedly with the surface. To the lowest order in ( de¢¢/r)*/ 
the impedance has a non-resonant dependence on magnetic field. Resonance appears only in a higher- 
order term of order (6deff/r). 

In strong fields (|y| « 1) the field-dependence of the impedance is quite different for p=1 and for 
p#1. We find 


Z(H) ~Z(0)~sO/Yis~H— (9= 1); Z(H) ~ZO)y4~H-4 (l—pS|7| Cette] 1) *)- (3.7) 


The exact formulae for the impedance with p =1 will not be reproduced here, since this case is of purely 
theoretical interest. 

In conclusion I take the opportunity to thank I. M. Lifshitz and M. Ia. Azbel’ for looking over the results; 
of this work. 
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ANGULAR DISTRIBUTION AND POLARIZATION OF ELECTRONS FROM: THE BETA- 
DECAY OF ORIENTED NUCLEI 


I. M. SHMUSHKEVICH 
Leningrad Physico-Technical Institute 
Submitted to JETP editor June 25, 1957 
J. Exptl. Theoret, Phys. (U.S.S.R.) 33, 1477-1482 (December, 1957) 


The angular distributions and polarizations of electrons (or positrons ) from the B-decay of 
oriented nuclei are calculated for allowed transitions with inclusion of effects of the noncon- 
servation of parity. 


Recentiy conducted experiments! have confirmed the hypothesis of Lee and Yang” that parity is not 
conserved in weak interactions. In a paper of Landau® the idea has been put forward that the Hamiltonian 
of the weak interactions is invariant with respect to combined inversion, i.e., with respect to two opera- 
tions carried out in succession — inversion of space and charge conjugation (despite the possible non-in- 
variance of the Hamiltonian in question with respect to each of these operations individually). The invar- 
iance of the theory with respect to combined inversion leads in particular to the reality of all the constants 
in the interaction of B-decay. 

In the present paper we determine for allowed transitions the B-neutrino correlation, the angular dis- 
tribution, and the polarization of the electrons (or positrons ) produced in the B-decay of oriented nuclei. 
In doing this we make no preliminary assumptions about the real or imaginary nature of the different in- 
teraction constants. Therefore the formulas obtained may turn out to be useful for clearing up the ques- 
tion of the existence of invariance with respect to the combined inversion. 

The most general expression for the Hamiltonian of the B-interaction in the case of nonconservation of 
parity has been given in Ref. 2. It has the form 


H = (bp aha) (Che vay + Cob yates) 
+ (Po tatuhn) (Cube tatndy + Cube tate tes) + 4/2 Pp ta2andn) (Cope tacany + Crpe tacawishy) 
i (V3 tatw'tsn)(—Cave tartntehy — Cabe tata fy) + (bp tavern) (Cope tats y ae Cove ta) + Hermitian conj. (1) 
Since in the following we consider only allowed transitions, in the calculation of the matrix elements 
we can neglect the pseudoscalar interaction and replace the wave functions of the electron (or positron) 
and antineutrino (or neutrino) by their values for r— 0. 
For definiteness let us first consider electron emission. The wave function of an electron moving in 


the Coulomb field of the nucleus and having at infinity the momentum p and the polarization p is de- 
scribed by the wave function 


oa , ep Capt eh: 
Don = 8x Vex (Ui, Qi (p)) Cm Cm ait satieuecn tae (2pr)*j1 
J 


i Vi + | Re| eterno (gud) Pratl +i dirt :2ipr)|Qjunlr) 


a4 
Vee — 1Im |e itor ayo (yp to P jt, 27241; 2ipr)| Qivm(T) 2) 


Here we have used the notations adopted in the book of Akhiezer and Berestetskii’ [in this usage vy isa 
normalized two-component spinor, ( Vu? Vp) =1)]. At infinity the function | nas the form of the su- 
perposition of a plane wave and a converging spherical wave and is normalized to unit amplitude of 
the plane wave. For r-~0 one keeps in the sum over } and f)in Eq. ( ae only the two ferns Bi 
j=4 and £=0,1, andsets r=0 everywhere except in the factor (2pr yYo"*, where yp =(1-Z*e*)’/*. 
Then we get 


AsO 
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fatiwVi+ 2+izeVi— 2] 4 | 
4 | 1) y 14+ =. + ize Vi = =| (on,) (on,)} Vu (6) 


m 
€ 


b r (Yo ate iv) eT /2 pit(Ye—1)/2 
ae, V2P (2y) +1) 


(3). 


(2pr)"-3 
‘ | (on,) + | 


€ 


(n+ 1-2 +izeV1+ 4] empleo @, i 


(oof E+ aey/ 


where ny and np are unit vectors in the directions of r and p. In allowed transitions there is no 
change of the parity of the nuclear state, and therefore those terms in Eq. (3) which contain the factor 
ny contribute nothing to the matrix elements of the transitions in question. Dropping them and making 
the usual replacement of (2pr)¥0-! by (2pR)¥0~! (R is the radius of the nucleus ), we can rewrite Eq. 
(3) in the following way: 


You = fupn (8), (4) 


where 


—- TP (29 + 1) 


and Upp ( €) is a spin function (é& is the spin variable ) which has the form 


(2pR), (5) 


avy, 


How b (oMp) “Vp 


(6) 


O= ee [twt V+ S4izeYi—2), o- FA —[—vy i—B+izeVi4+2]. ry 


For the wave function of a free electron with momentum p and polarization w we have at r=0 the ex- | 
pression 


u° (6) = AUp 
ow) = Tp, (ony) om |’ ‘3 
dy = V4/e(1+ m/e), bb = V4/2(1—m/e). (9)%) 


In analogy with Eq. (8), the function %,, corresponding to the production of an antineutrino with mo- 
mentum q (and mass zero) has at r=0 the form 


Hw = FE (eq) he 
The B-decay matrix element in which we are interested can now be written in the following way: 
M = f (UpyOty), (11) 
where 
O = AltNXCs + Css) + (Cot Coys)]—iBly (Cris+Cr) +1a4 (Cays+Ca)], (12) 
Ac (eee ide, B= \ Wye ide, (13) 


and W; and Wr are the initial and final wave functions of the nucleus. 
To calculate the probability of the decay we must sum the square of the absolute value of the expression | 


(11) over the spins of the electron and antineutrino. This summation is easily carried out by means of the. 
matrices N and P, 


Now = Dj Uqy (1) tay (9')> Perr = Dyudp (8) ven (®) (14) 
v be 
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and gives 


Di MP =| FP Dd (up.Oug) (ugOTu,) = |f 2 Sp (ONO*P): 3 (15) 
BY 


py 
N is the usual projection operator 

N (q) = — ig, /2¢. (16 ) 
By means of Eqs. (6) and (7) it is not hard to obtain also the explicit expression for the matrix P: 


|a|? ab*on, 
a°*ben, 6)? 


m— ip 


P= ie De Muar - [(%o 1) a= Ze*n py). (17) 


We finally get for the differential probability of the B-decay (in units mc*/fi) the expression 
/ d © \ea-nuntr 2 
Nip, 4) © d0.dQ, = F( Ze =-\ Sp (ONO*P) (2nm)-® ps (¢5—<)? dedQ,dQ,, (18) 


where the bar over the factor denotes averaging with respect to M and summing over M’, these being 
the magnetic quantum numbers of the initial and final states of the nucleus, respectively; €) is the max- 
imum energy of the electrons; and F(Z, €/m) is the usual notation for the function which includes the 
influence of the Coulomb field of the nucleus:5 


F(Z, ¢/m)=|f/?. (19) 


To calculate the polarization of the emitted electrons we introduce the density matrix 


o(E, &) = Q Dd} u8(&) (We (1) Onn tty (’)) (ws (6) Odes (6')) ud" (%). (20) 


PAp 


Q is aconstant to be determined from the normalization condition Spp =1. We further define the ma- 
trix R: 


Ren = Dun (6) we (1). (21) 


pe 
By the use of Eqs. (6) — (9) we find 


+ 1(m—ip)y . Ze an 
R=Vupt eos, Pt receay ae ma); (22) 


It is not hard to verify that R*R =P, and therefore the correctly normalized matrix p can be written in 
the following form: 

0 = RONOtR* /Sp(ONO*P). (23) 

If we do not prescribe the direction of emission of the neutrino, then we must proceed further to aver- 


age the numerator and the denominator in Eq. (23) over the direction of q. We then get for the density 
matrix 


ee \ (RONO*R*) dQ, / \Sp (ONO*P) dQ,. (24) 


On the other hand, the general expression for the density matrix p describing the polarization properties 
of the electrons moving with the momentum p has the form® 


p = (1+ iyst) (m — ip) y4/4e. (25) 


The four-vector fy = (£, £9) satisfies the condition f,Py = 0. Therefore in a system of coordinates in 
which p=0, we have £)=0, i.e., ay = (ee: 0). Consequently, the polarization properties can be defined: 
as is usually done, by means of the three-dimensional vector au connected with £ by the relation 


0 + (m/e) br (26) 
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where f+ and £p ‘are the transverse and longitudinal components of the vector £. Equations (24) and 
(25) give 


bn = Sp (oterstn) = =| Sp (RONO'R tatsta) 42% [Sp (ONO*P) dO, (27) 


The further calculation of the angular distributions by means of Eqs. (12), (13), and (16) — (18) and 
of the polarization of the electrons by means of these same equations and Eqs. (26) and (27) is carried 
out in the usual way. Therefore we at once give below the results of these calculations for the three types | 
of allowed transitions, J’=J, J +1 for both the electron and the positron decays.* Here we have intro- 
duced, in addition to the usually accepted notations,”*> also the following: n,=@/q, and j is the unit vec-) 
tor in the direction of orientation of the nuclei. In what follows the index zero is omitted from the quan- 
tity y =(1- Ze 1/2, 

I. Correlation of directions of the 8 particle and the neutrino 


N (p, ny) dW dQ, dQ,= (2n)*F (£Z, W)(W2—1)'2 W (W,—W)2dW dQ,dQ, 


{1+ (a+ eet) (Very) + ay + Se (cs + wo, &2) (ive) | 


+ (a, + gf de) (im) + (est gaye, i lmxvel)]+ (fr + pe, fa) (G Vers — (ves) (ts5)) (1 — emt (28) 


Here 


E=(\CrP +/CrP +1Ca P+1Ca P)| MorP +(CsP+|CsP+/CvP +1CvP)| MeP, 
at = (CrP +!CrP—|CaP—|CaP)| Mor P— (Cs P+) Cs —|CvP—|CvP)| Me f, 
agg = +[—S Im (CaC7 + CaCt) | Mot ? + 21m (CyC5 + CyC$)| Mr f'), 


bg © +. 27 [Re(CrCa + C7C4) | Mer |? + Re (CsCy + CsCv) | Mel], 


ce = + 2 Re (CrC7 — CaCa) | Mor Per +2 Vee Re [(CrCs + CrCs — CaCy — CaCy) MeMer) , 


Toca 


s* , * f Af 1% , * * tf * * 
Co = 21m (CrC4 + CrCa)| Mor esr +2 V 74ilm [(CrCy + CrCy — CaCs — CyCs) MeMor], 
dea 4 2RE(Crer : 2 J 2 aeneee PS a. 
1 ae er rCr + CaCa) | Mor Jerr —2 Tai Re [C7Cs5 + C7Cs + CaCy + CaCy) MrMerI, 


dyt = 4.2Re (CrC4 + CrCa) | Mor fer —2 VW 72qRe 


rea Rel(CrCy + CrCy + CaCs + CaCs) MeMcr], 


Zo a VY rei 1 » lini Ge. -e Ces — CRC CaCy) MrMer], 
gt = F2V/ pa ReliCrCy + CrC¥— Cals — CCS) MtMer]. 
f= (CrP + 1Cr—|CaP— [CaP)| Mor[PAsy, fat =F 21m (CaCt + CaCF )| Mot PA». 


The upper signs refer everywhere to the electron decay, and the lower signs to the positron decay. The 
functions ¢€j7’ and Ajj’ are defined by the relations 


1 
mH FE oak on at ae 
ey = I if df = die il, Dijin = ae: if d= JJ il, 
J if J’ Aj cs 7 (29) 
ae Tae 1 (pote 43? if J} e= fie ll, 


*The formulas for the positron decay are obtained from the corresponding formulas for the flectron 
oreay if one makes in the latter the following Red (1) Cs, Ca: Cp, Cy; Cy by CS, eye Cp, 
Cy, CT; (2) Cg, Cla, Cp, Cy, Cp by -Cg', -CK, -CB, -C¥, -Ch; and (3) € e by =e% 
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2 
For unoriented nuclei < Je >=0 and 1— Esa 
| J(J +1) 
In virtue of the invariance of the Hamiltonian for the strong interactions with respect to time reversal, 
_ the product MpMgr is real,” ice., 
Mp: Mor = | Mp|-| Mor}. (30) 


- It must be pointed out that the term ( Ze*/Wve) ap (veny) in the curly brackets of Eq. (28) is omitted 
through an error from Eq. (A.2) of Lee and Yang’s paper.” 


Il. Integration of Eq. (28) over all angles of emission of the neutrino gives the angular distribution of 
the electrons (or positrons ) 


N (p) dWaQ, = 5°, (14+ p)F(EZ, W)(W? — 1h W (W, — W)2dW -(1 + acos 9), (31) 
3 is the angle between ve and j, and 


<J,> ¢, + ¢,Ze* | Wo, 
tere ie aE (32) 


For the transitions J—~J-—1 and J~J+J Eq. (32) gives results identical with those obtained in 
Eqs. (A.6) and (A.7) of Ref. 2. 

Il. The general expression for the polarization of the electrons (or positrons) of energy W emitted 
at the angle $ with the direction of orientation of the nuclei has the following form: 


J > 2 i i 
oalellt gt 7 (<x + &2 Wye.) % cos 9} {ica + % Ze? 
‘. \ 2 


Wo, 


1—(v/ Ww) aye BX 
+ as CW) 2" 089) ve-t (81 + a) 7 it(n+va,) o Ij, vell, (33) 


a, = +2[Re(CrC; —C,C'a)| Mot 7 + Re (CsCs — CvCy) | Mr [I 
a = 2 [Im (C7C'4 + C7C'4)| Mor ? + 1m (CsCy + CsCy) | Mr (I, 
a = (\CrP +1 Cre + [Caf + |CalPF 2Re (Cra + CrC'A)1 | Mor Pex + 2 V pag tt Rel(CrCs 
4 CrC§ + CaCd + Cal) MFMorl — Re ((CrCv + CrC'v + CaCs + CaC’s) MrMor)}, 


* ’ ad aa s ‘ ed * ’ * s 
By = +2Re(C7C,4 + CrCa)| Mor Peyy +2 V mi Re ((CrCy + CrCy + CaCs + CaCs) MrMor],. 
Be = {CrP +1CrP+iCa® +1 Caf)| Mor Pes 2W zoq Rel(CrOs+ C1C$ + Cal + CACY) MeMor}} 
y= 2m (CrC4 +. CiC4) | Mer Pes +2 V i Im [(CrC'y + CrCy — CaCs — C'aCs) MrMor), 


vg = —2Re(CrC7 — CaC'a) | Mor Pes 2 Vm Re [(CrC§ + CrC3 —CaCy — CC) MrMor. 


If the neutrino is‘a longitudinal particle,*®® then we should put C’ =—C in all the formulas. 
I express my gratitude to A. Z. Dolginov for a discussion of the results of this work. 
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CONNECTION BETWEEN THE HULTHEN AND KOHN METHODS IN COLLISION THEORY 
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Various possible direct variational methods for the determination of the phase shifts of the 
radial wave function are considered. It is shown that the most natural criterion of the qual- 
ity of the trial function is the condition of the consistency of the equations. The comparison 
of the phase-shift results obtained by the Hulthén and Kohn methods, and the verification of 
whether the integral identity is satisfied, are not independent criteria and in fact reduce to 
the consistency condition. It is also shown how the correct value can be chosen from two 
phase-shift values obtained by the Hulthén method, without resorting to comparison with the 
results of other methods. 


Wi consider the equation for the phase shift in collision theory: 
p" (r) + (R? —V) > (r) = 9; : (1) 
$(0)=0, Plre~ Asin (kr + 4). (2) 


The variational principle for this problem can be written in the form! 


w=sl oin(S +h —V)§(r)dr = — A*bBy, (3) 


0 


If we substitute in this functional an approximate function ) (r) which satisfies the conditions (2) and 
which depends on the parameters a;, we can obtain equations for these parameters from the variational 
principle. It is well known that, in contrast to the problem of the discrete spectrum, the set of equations 
can be formed in this case, in a non-unique fashion. 

We consider the very simple but also very important case in which a linear combination of n. functions 
gy; (vr) are substituted in the functional J: 


n 


b(r) = > a0; (r). (4) 


i=1 


In this case, let 
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97 (0) 20) Pee 1) 200. 4 nt 
| for r—>oco 9 ~sinkr, o~coskr, 9; +0, j = 3,4,...,n. (5) 


Then the functional J will be quadratic in 


1@= > 10 Dts (6) 
t, j=l 
where 
Ji=3[\ 0 (f+ e —V)s itr Ve get —V) 9,dr]. (7) 


0 


The amplitude and phase for such a choice of wave function are determined by the coefficients a, and 
Q@. It is evident that a; =Acos7n, a, =Asinn, and 


A®Bn = a4,3ty — atyS0t,. (8) 
Thus, the variational principle (3) can be written in the form 
BF = Rk (a.dx, — a 5x9). (9) 
The equations for the coefficients a, ..., @, have in this case the form? 
n n 
3 Jam =! = i i Dd = D Juin =0 (sot een). (10) 


The condition. for the existence of a non-trivial solution of this system, 


i — k/2 
Jo, + k/2 Joe sae de = (0, (11) 
Jn Jne Jann 


is generally not satisfied. Discarding one of the equations (10), we can make the system solvable and 
arrive at a different formulation of the variational principle. Thus, for example, by discarding the first 
of these equations, we obtain Kohn’s method.’? The coefficient a, is not varied here and is assumed to 
be equal to unity. Then a, =tann, 6a,=0, and 


8) = — kda, = — 8 (tan 7). (12) 


Hulthén! discards the first two equations of the system (10) but adds the equation J = 0, which is ob- 
tained if each of Eqs. (10) is multiplied by the corresponding a; and all are added together. The condi- 
tion J =0 holds because the functional is stationary relative to a variation of the normalizing constant A. 

In the Kohn method? for the determination of the coefficients a, we have the set of equations 


Jo + Jon%, +... + Jontn = — k/2, 
Js1 + J got, +... +I an%n = 0, (13) 


ep ie) OF le Ye Ge, 0 sehret Tem in) for tetie 


Ini t+ Inom, +...» +I nn&n = 0. 


Solving this set, we find the approximate wave function d. Inasmuch as the coefficient a, is fixed, we 
can no longer vary the normalizing constant A freely; consequently, the value of J (0) will generally 
differ from zero. This makes it possible to improve the value for tann by making use of Eq. (12). Thus, 


tan = % +J (p)/k. (14) 


This formula can be transformed by using the system (13). Actually, 
n 
J (o) = >; 0; (J 1x0 Ht Jinte +.» + Sin®n) = % (Ji1% + Jio%, +... + Jin&n) 
i=1 


— Roy/2 = Jy + 12% + Jis%3 +--+ + Jin%n — Ro/2, (15) 
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and Eq. (14) takes the form 
ktan 4 = Jy, + (Ja + R/2) He + Jis%s +... + Janda. (16) 4 


In order to establish the connection between the methods of Hulthén and Kohn, we eliminate a3, Q4,... | 
Qn with the aid of the last (n — 2) equations of (13). This leads to a system of two equations for a, and | 
A: 


Ay % + Ape%, = Rot/2, Ag % + Ago% = — ka,/2. (17) 


Multiplying the first equation by a, and the second by a», and adding them together, we get the Hulthén 
equation 


J= Ayo} + 2Aj2%%_ 4- Ago = 0. (18) 


Then, for the desired quantity a,/a,=tann we get, by Hulthén’s method, 


tan 4 = (— Ay + VA A (19) 
Similarly, by Kohn’s method, | 
1 k 1 Rk» 1 2 k2 | 


The results obtained by both methods will be identical if Eqs. (17) are consistent, i.e., if the condition 
Aj, — AyAoe = k’/4. (21) 


is satisfied. This condition clearly coincides with condition (11). 

It is easy to see that if the radical in (19) is taken with the minus sign, then Eqs. (19) and (20) actu- 
ally coincide when Eq. (21) is satisfied. In this way, in order to select the true root from the two possi- 
ble roots of the Hulthén equation, there is no necessity (as is pointed out in Ref. 4, for example) of com- © 
paring the results obtained here with the results of two approximate calculations. The root with the minus | 
sign in front of the radical has physical meaning. Furthermore, the condition (21) itself gives a suffi- 
ciently reliable criterion of the quality of the wave function thus obtained. It is also evident from this why 
the Hulthén method does not give complex values for tann, provided the function is chosen satisfactorily. 
In fact, the radicand is close to the value k?/4 in this case, and is thus positive. 

To understand the formal nature of the second solution in the Hulthén method, we note that if condition 
(21) is satisfied, the second root becomes 


tan 4 = (— Ay + k/ 2) / Ags. (22) 


We can get the same value for tann from a formal attempt to satisfy, in the space of the functions (4), 
the variational equation 


BJ = — k (oy 80 — a Ba) = A? hoy, (23) 


which is obtained from the variational principle (9) by replacement of k by —k on the right hand side. 
However, it is evident that Eq. (23) makes no sense. In fact, the wave function is already uniquely de- 
termined because the functional J is stationary relative to variations that vanish at infinity. It therefore 
follows that this result, which is obtained for 6J in the variation of a function of asymptotic form, is 
unique and cannot be changed at will. Consequently, Eq. (23) in general defines no function at all. If we 
solve the problem by the Hulthén method, increasing gradually the number n of the functions g;, then 
the second root [the plus sign in Eq. (19)] either will not tend to a definite limit, or this limit will depend 
essentially on the choice of the sequence of functions g;. Actual calculations verify this statement. | 
Now let us consider in what measure the integral identity, which stems from the variational principle, 
must be satisfied for the resultant approximate functions. In the given case, this identity has the form 


1e, d? ' a : , 
tan 7 ==) v(r) (ge + —V) sin hr dr = —;\ b(r)Vsinkrdr, Yj-.o~sinkr + tany cos kr. (24) 
0 0 


Let us assume that gj (r) = sinkr; such a choice is simplest; in practice they all behave in this fashion. 
We substitute the approximate expression (4) in Eq. (24) in place of the exact wave function. We then get 
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Meta yd 
tang =] Dy a\ e(ge +H —V) er dr = 4 Sarda + 4 op. (25) 
; 5 : 


This equation coincides with (16) and thus the integral identity is automatically satisfied in the calcula- 
tion of the phase shift by the Kohn method. 

Along with this, if on the left side of Eq. (25) we substitute the coefficient a for tann, we obtain 
the first equation of the set (10). If then follows that if the integral identity is satisfied in the phase cal- 
culation by Hulthén’s method, then the set of equations ( 10) is consistent, the determinant (11) vanishes, 
and both the Hulthén method and the Kohn method give the same results. Hence a test of the fulfillment of 
the integral identity is equivalent to a direct comparison of the results of the calculation of the phase shift 
by the methods of Hulthén and Kohn, and therefore is not an independent criterion that confirms the valid- 
ity of the variational calculation. 

As an example, we have carried out a calculation of the phase 7 for the case of electron scattering by 
a static field of a hydrogen atom with 


V=—2(14+ 1/r)e-* 

in atomic units. In this case the following functions were used: 
9, =sinkr, o=(1—e-")coskr, 9 =e (1 —e-) cos kr; (a) 
% =sinkr, =coskr—e", o3=re-*'. (b) 


The function (a) was employed in the work of Massey and Moiseiwitsch and was taken by us for compari- 
son since it gives results close to the data of the numerical integration. The data for tann computed 

by both methods, and also the 
values of D = A2, — AyjAg. in com- 


function (a) function (b) E ; 9 
parison with k*/4 for each func- 
tan tann ake ; c a 
CO) Nhe a ee ene 5 i tion are given in the table. 
according to] a di according to |according + 
Paihes to Kone Hulien te Kona As is seen from the table, the 
values of D for the function (a) 
0.4 0.8783 0.8787 0.0026 0.4156 0.4184 | 0.0018 | 0.0025 are close to k?/4 and the values 
0.15 4.2173 1.2174 0.0058 0.6138 0.6217 | 0.0036 | 0.0056 : x 
0.2 4.4248 1.4242 | 0.0104 | 0.7848 | 0.8009 | 0.0057 | 0.0100 of tan7 obtained by the two meth 
0.3 4.7184 1.7189 0.0236 1.0373 1.0749 | 0.0107 | 0.0225 ods are practically identical. For 
0.4 4.9076 4.9087 0.0429 1.1837 1.2399 | 0.0170 | 0.0400: ; ; 
0.5 4.7202 4.7244 0.0667 1.2564 1.3246 0.0252 0.0625. the function (b), D differs consid- 
0.6 16285 1.6298 0.0964 4.2830 1.3546 | 0.0359 | 0.0900 
0.8 4.4332 4.4353 | 0.1710 | 1.2630 | 1.3222 | 0.0692 | 0.1600: erably from k'/4, and the value of 
1.0 4.2722 1.2733 0.2616 4.1978 1.2343 Le nea tan n themselves, according to 
4.2 1.1444 1.1404 0.3726 4.1192 1.1360 | 0.2244 | 0.3600: r E ae 
1.5 4.0034 0.9950 | 0.5533 | 0.9962 | 0.9978 | 0.4823 | 0.5625 Hulthen and Kohn, differ signifi- 
2.0 0.8327 0.8356 0.9584 0.8266 0.8324 | 1.3807 | 1.0000 cantly from each other and from 
the results obtained with functions 


(a), especially for k < 1. The 
function (b) evidently gives worse results for tan 7. However, at k = 1.7, the condition D = k?/4 is ap- 
proximately satisfied, and the values of tan yn, according to Kohn and Hulthen, coincide with the data of the 
numerical integration. 

Thus Eq. (21), i.e., the condition of consistency of the initial system (10), can be regarded as a suffi- 
ciently reliable criterion for the validity of the choices of the variable function. If this condition is satis- 
fied, then the integral identity (24) is also satisfied, and the results of the calculation of the phase by the 
methods of Hulthén and Kohn coincide. 
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Using a simple model for the emission of nonrelativistic particles, the wave function of a sys- 
tem is constructed in the coordinate representation for real and virtual decay. It is shown that 
asymmetry in real decay of a polarized particle depends on the imaginary part of the vector 
coupling constant, and that asymmetry in the virtual decay and the dipole moment both depend 
on the real part of this constant. 

It is shown that elementary particles, which according to Landau have no dipole moment, re- 
semble the enanthiomorphic (optically active) molecules of organic chemistry, rather than mol- 
ecules in A-doubled states. 

A consistent description of particle production is developed in the coordinate representation. 
A convenient expression is presented for the virtual decay probability. 


Tue assumption that parity is not conserved in weak interactions has led Lee and Yang! to new conclu- 
sions with respect to the behavior of elementary particles possessing spin. These conclusions are the 
following. 

(1) Asymmetry decay is possible, in which the emitted particles are directed primarily along or 
against the angular momentum of the decaying particle. 

(2) An elementary particle may have a dipole moment, and this is also parallel (or antiparallel )to its 
angular momentum. 

As is well known, the first conclusion of Lee and Yang was brilliantly verified in experiments on the 
B-decay of oriented nuclei? and on » mesons.? The order of magnitude of the dipole moment they predict, 
however, is too small for experimental observation. Landau‘ has given a complete theory relating parity 
nonconservation in charged-particle decay with space reflections .* 

One of Landau’s conclusions is that the dipole moment of elementary particles vanishes identically. It 
would seem at first that a decay asymmetry would lead necessarily to a dipole moment. Let us consider, 
for instance, a polarized neutron whose angular momentum is directed vertically upward. We may con- 
sider as established the fact that such a neutron decays by emitting electrons primarily in the upward di- 
rection. Let us now consider such a polarized neutron in the spherically symmetric field of a nucleus in 
which the energy relations are such that the neutron is stable and cannot decay. It then becomes possible 


and necessary for the neutron to undergo virtual decay, emitting an electron and capturing it again instan- 


taneously. We may speak of a cloud of virtual electrons about the nucleus. 


It would seem that asymmetry in real decay should correspond to a similar asymmetry in virtual decay.. 


This would lead to asymmetry in the virtual electron cloud, and therefore to a dipole moment. Landau’s 
work shows that such simple concepts are in general mistaken.+ Ioffe® (who has kindly communicated his 
work to the present author before its publication) has recently shown that the decay asymmetry and dipole 
moment depend on whether or not the theory is invariant with respect to time reversal. Essentially the 
matter reduces to the following. A linear relation between the momentum p of the emitted particle and 
the direction of polarization (spin direction) s of the decaying particle is possible in a theory invariant 
under time reversal, since both quantities change sign. A static dipole d, however, or the analogous sta- 


*Lee and Yang® have also independently indicated the possibility of combining space reflections with the 
transitions to the antiparticle. 


t Note added in proof (November 25, 1957). In the absence of a dipole moment, parity nonconservation 


leads to certain specific magnetic properties, as is shown by the author on p. 1531 of the present journal 
(p. 1184 of translation). 
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tic center-of-mass r of a virtual-particle cloud, does not change sign under time reversal. Therefore 
the spin s can be related to the static quantities d and r only in a theory which is not invariant under 
time reversal. 

Section 1 of the present article contains a coquanale: -representation treatment of the emission of a 
nonrelativistic particle in the decay of a spin-3 particle, assuming parity BOR CORSET YAM OD: This example 
shows clearly the dependence of the decay asymmetry of a polarized spin-} particle on the phase of the 
coupling constants in the expression for the interaction leading to the decay. 

It is shown that in the first approximation the decay asymmetry depends on the imaginary part of the 
vector coupling constant, and that the dipole moment depends on its real part, so that there is no direct 
connection between the decay asymmetry and dipole moment. It is shown how the interaction potential 
can lead to asymmetric Gecay in the case of a real coupling constant, i.e., in the loffe-Rudik-Okun’ theory’ 
(see assumption II of Ioffe®). 

In Landau’s theory charged particles are “odd.” In molecular physics two types of odd phenomena are 
known. These are enanthiomorphic molecules (such as right and left tartaric acid) and diatomic mole- 
cules with A-doubling (such as a nitric oxide molecule with the projection of the election angular momen- 
tum on the axis directed from the N to the O, or the same molecule with the angular momentum directed 
in the opposite way). Section 2 explains the properties of such molecules with respect to their decay 
asymmetry and dipole moment. It is shown that according to Landau’s theory elementary particles are 
similar to enanthiomorphic molecules, rather than to molecules with A-doubling. 

In Sec. 1 it is found convenient to consider decay by treating the wave function of the produced particle 
in configuration space, rather than in momentum space. In Sec. 3 we show why it seems to us that this 
approach leads more simply and directly to the known formulas for the decay probability, without calcu- 
lating the level density in phase space. 


1. THE ASYMMETRY OF REAL AND VIRTUAL DECAY IN THE NONRELATIVISTIC MODEL 


Let us consider the decay A=B+C, where A and C have spin 3, and B has spin 0. We shall de- 
note the states of A and C with s,=%3 by a, and those with s, =-% by B.t Let us assume that A 
and C arecoupled by some spherically-symmetric potential field. We denote the wave function of A by 
x, and that of C by 7. We assume further that A and C are ina state with orbital angular momen- 
tum £=0. We denote the wave function of B by gy. Let m be the mass of B, and assume that the 
decay energy is small compared with me?. 

Assume that in the initial state A is polarized with s, = 3, so that the state is ay. The wave func- 


tion of particles B and C in the final state consists of two terms, and can be written 
D = 904 + O28q (1) 


each term of which corresponds to one of the two possible polarizations of C after decay. 

In nonrelativistic quantum mechanics there are two possible types of elementary interactions that do 
not involve the momenta of A and C. These are the scalar and vector (derivative ) interactions. In the 
theory of second quantization, the corresponding terms and the Hamiltonian density H are 


H’ = gh',b,h, + hermitian conjugate, (2a) 


H’ = fh,eh, grad, + hermitian conjugate, (2b) 


where g and f are coupling constants, Vn» vp and ve are creation operators for particles A, B, 
and C, and go is the spin operator. 

Previously, the requirement that H be invariant under space conversion has led to the conclusion that 
it cannot contain a sum of these expressions. We now know, however, that in weak interactions, in which 
parity is not conserved, it is exactly such a sum H’ + H” which must be considered. 

The corresponding equations for the wave functions of B are the inhomogeneous Schrodinger equa- 
tions (we set fh = 1) 


+In the case of real decay we can think of A as beinga A particle, C a proton, and B a m7 meson. 


For virtual decay, on the other hand, we may consider the original particle A tobe aproton, C aA 
particle, and B a meson, so that real decay is forbidden by energy considerations. 


1150 [al BEV ZL DOVE H | 
ide, / Ot = —\1/ 2m) Ag, + Voi + gg + fog / dz, (3) | 
ip, [Ot = —(1] 2m) Age -+ Von + f (0 / dx + 10 / dy) 4, (4). 


where V is the potential of the forces acting on B, and 


Gi Oh Yo Bs t) = yn? = Q(r) exp {— i (Ea — Ec + Mac? — Mcc? — me’) t}. (5) | 


Equations (3) —(5) are written specifically for the decay of a polarized particle A in which the wave oa 
functions y and 7 are spherically symmetric, owing to the fact that £=0. In what follows it is also 
important that Q(r) is real, which also follows from the fact that £= 0. The energies Ey and Eq do. 
not include the rest masses. 
We seek a stationary solution in which the time dependnence of gy, and g is the same as that of the | 
inhomogeneous terms involving q in (3) and (4), namely 


9=o(s, y, Ze, B= Ea — Ec + Mac? — Mec? — me’. (6) 


Inserting (6) into (3) and (4), we obtain | 
ido / Ot = Eg = —(1/2m) Ag+... | 


Decay is possible when E > 0, andthen B particles are emitted with momentum p, where p?/2m 
=E, Far from the source, the solution should be a diverging wave g ~ e!P¥/r. 

If E <0, real decay cannot occur. Virtual decay is described by a solution which decays exponen- 
tially with distance, such as eKY/y, where K2/2m =-E, 

Let us further simplify the problem, so that we may obtain an exact solution. We assume that the par- 
ticle produced has no forces acting on it (V = 0) and that the region in which q is nonzero is small com~: 
pared to the wavelength of B. Then for E > 0, we have 


Q, = aelPr |r + bcos 6 (ei |r), Pe = bei® sin 6 (ei /r). (7) ! 


When pr > 1, 
p, = (el? / 7) (a + ipb cos 4G), ©, = (e!?" / 7) ipbe!* sin @. (7a) 


For virtual decay, when E < 0, we have 


9, = a(e-*" |r) + bcos 6 £ (er Jr) = (e-*" |r) [ a — xb cos 6 (1 + —)|, 


oad exbsin@g( oe 
o, = bel? sin 6 = (e-*" |r) = — (e-*I") ei%xb sin 6 \ + = 


(8) 
In Eqs. (7) and (8) 


a=g\Q(r) Anr2dr, b =f \ Bi anrtar. (9) 


These expressions give information on the decay asymmetry and on the asymmetry of the virtual-parti- 
cle cloud when decay does not take place. It is characteristic that there appear two terms in the expres- 
sions for g,: If particle A is ina state with £=0 and sz, =+ 4%, the final state in which C has £=0 
and sy =+4% canhave B hoth in the form of an S wave (with £=0) andofa P wave (with 2=1 and 
fz =0). It is the interference of the two terms of y, which leads to the terms linear in cos 6, which are 
those of interest in that they are related to the direction of the angular momentum of the decaying A par-- 
ticle. Here @ is the angle between the direction of polarization of A (the z axis) and the radius vector’ 
r. The wave function yg, corresponds to the decay of A with sz = 3 to C with sz =-—4 and describes 
particle B inthe P state with @=1 and @, =+1. 

Since g; and @ belong to different orthogonal states of C [see Eq. (1)], they do not interfere. 

Let us find the flux of the B particles at large values of r. This is 


j= (1/ 2mi) (g1V91 — Vor 1 + F2V%2 — VE2°P2)= (p/m) [| a2| + p? |b |? + cos 6-ip (a*b — ab*)]. (10) 


For E < 0, we are interested only in the density p of virtual B particles, since at infinity the flux 
vanishes. This is 
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P= F101 + 9292 = re ™ [Ja + x2 |6P (1 + 1/ xr)? —xcos8(1 + 1 / «r) (a°b + ab"). (11) 

The fundamental result is contained in Eqs. ( 10) and (11), which show that there is no necessary rela- 

when Peace the decay asymmetry and the asymmetry of the virtual-particle cloud; one of these depends on 
(a"b — ab"), and the other on (a*b + ab* ). 

Let us assume the scalar coupling constant g to be real, so that a is real. 

K The aha asymmetry depends on the imaginary part of b, and vanishes if f is a real constant and 
is real. 

If, on the other hand, f is imaginary, and therefore so is b, the decay is asymmetric although the 
term containing cos @ vanishes in the expression for the virtual particle density; the virtual-particle 
density is therefore spherically symmetric, and there is no dipole moment. Imaginary f corresponds 
to the Landau case, and real f to the Ioffe-Rudik-Okun’ case (Ioffe 758 assumptions I and II). 

If for real f we consider the projection of the C spin along an axis perpendicular to the z axis 
(which is the polarization direction of the initial A particle), it is easily seen that from the interpreta- 
tion of y,; and q@ one obtains the relation Ioffe predicts between the vector product [Sq < Sc] and the 
direction in which particle B is emitted. 

We note that if we do not neglect the action of the potential on particle B, but assume it to be spheri- 
cal, the conclusion that there is no dipole moment if f is imaginary remains valid. This follows from 
the fact that in the equation obtained from (3) the real term gQ gives a spherically symmetric real so- 
lution, the imaginary term fcos@-Q’ gives an imaginary solution proportional to fcos6@, and, as before, 
there are no interference terms proportional to cos@ in the expression for the density. 

Although for real f there is no decay asymmetry in the absence of a potential and when the source is 
small, a decay asymmetry does appear when V(r) is included. Then in the expression for the diverg- 
ing wave, the S-wave and P-wave phases shift by different amounts ag and ap, and asymptotically 
when pr > 1 we obtain the expressiont 


o, = a’ exp (ipr + ins) /r + ipcos6-b’ exp (ipr + iap) /r (12) 
and real b gives 


j = (p/mr?) [a + p?b”? + 2a'b’ cos 8 sin (xs — ap)]. (13) 


2. ODD MOLECULES 


Let us consider the decay A =B+C from the point of view of many-body quantum mechanics. We 
shall consider A and C to be systems (molecules) in eigenstates with the same angular momentum 
L. The systems consist, for instance, of nuclei and electrons whose spins we do not take into account, 
considering only the Coulomb interaction. ‘The theory is invariant with respect to reflection in space, as 
well as with respect to the transformation of time reversal accompanied by the transition to the complex 
conjugate wave function according to Wigner. If the states A and C are only (2L + 1)-fold degenerate 
in accordance with the possible L, values for a given L, it is easily shown that neither for real nor 
for virtual decay will there appear terms linear in cos6@. 

In the usual case (1) in which the internal states of A and C are uniquely determined, the eigenstates 
Ay and Co with angular momentum L are just (2L + 1)-fold degenerate. In addition to this, we may 
consider enanthiomorphic moleeules (II) which may be either right-handed (D) or left-handed (L). We 
shall designate these states by Ap and Ay, respectively. Because spontaneous transitions between these 
states are possible, they are not, strictly speaking, eigenstates. During a time short with respect to the 
Ap = Az transition time, however, Ap and Ay, may be treated as separate eigenstates. It is impor- 
tant only that the A=B+C decay itself not lead to a transition between Ap and Ay,. We assume that 


+In Eq. (12) a’ and b are proportional to g and f, respectively. The proportionality factors are 
real, but their expressions in terms of Q and dQ/dr are not as simple as (9). In the absence of a po- 
tential, but with an extended source Q(r) and real g and f, there’is again no asymmetry. 

The quantities ag and ap depend on the potential V(r). They represent the phase shifts between the 
S and P waves of the regular solution of the homogeneous equation, and the free-particle S and P waves 


bs = sin pr/r, Yp = cos 6 (cos pr / r — sin pr / pr?). 
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C occurs in two possible states, Cp and Cy, and that the only transitions possible are Ap =Cp+B 
and Ay, =Cyz,+ B. 

Finally, certain diatomic molecules (III) with fixed nuclei may, in the ground state, have a nonzero 
projection A of the electron angular momentum on the molecular axis. States which differ only in the 
sign of A have the same energy. We shall denote these states by n and m, writing An and Ay. We 
may consider the states Ap, Am, Cp, and Cy approximately as eigenstates in the same sense as we 
did with Ap, Ay, Cp, and Cy. Case (II) may be called a static asymmetric molecule, and case (III) 
may be called a dynamic one. The symbol A now stands for the set consisting of Aj), Ap, AL, An» — 
and Am. 

Under a continuous rotation of coordinates in any of the three cases (I, II, or II), a given state (Ap, 
Ap, or An) with given values of L and Lz remains the same state (Aj, Ap, or An) with the same 
value of L, but with a different L,. Under time reversal the wave functions of Ay and Ap are trans- 
formed to their complex conjugates, but A,y,, is transformed into A_y,,, so that L remains invari- 
ant, but Lz changes sign. 

Under a space reflection, Aj remains invariant, being nondegenerate, Ap is transformed to AL, 
Ay is transformed to Ay, etc., and L and Lz remain invariant. 

As is seen from Sec. 1, the decay asymmetry and the dipole moment, which are of interest in the pres- 
ent case, depend on the interference of the S wave and P wave (with 2=1 and &£, =0) ofparticle B. 
Two such waves can be obtained simultaneously in the decay A(L, Lz) =C(L, Lz) + B with equal values 
of L and Lz for particles A and C, with L #0. 

Let us consider a Hamiltonian similar to (2a) and (2b), describing the decay A=B+C, and let us 


require that this Hamiltonian be invariant under coordinate rotations, space reflections, and time reversal. 


By treating continuous rotations under which states with different Lz transform into each other, one 
can show that the constant coupling A and C withthe S wave of particle B cannot depend on L,, and 
that the coupling constant for the P wave of particle B is proportional to Lz. The possible asymmetry 
between positive and negative directions along the axis is proportional to the polarization of A, or to the 
mean value of Lz. 

By treating space reflection, we see that in case I either the S-wave amplitude or the P-wave ampli- 
tude can be nonzero, and that these waves cannot interfere. This proves the impossibility of decay asym- 
metry and the absence of a dipole moment in an ordinary nondegenerate moleucle in an eigenstate of the 
angular momentum .* 

Time-reversal considerations can be used to show that in cases I and II the constant coupling A and 
C with the S wave of particle B must be real, and that for the P wave must be imaginary (we note 
that an imaginary f corresponds to a real coupling constant if one goes over from grad pp to the mo- 
mentum operator, writing H’ =o ‘AC PR): 

It follows from this that enanthiomorphic (right-handed and left-handed) molecules also have no di- 
pole moment, as is the case for ordinary molecules and atoms; polarized and enanthiomorphic mole- 
cules, however, may have a decay asymmetry. 

In case III (A-doubling) time-reversal considerations lead to the conclusion that the P-wave coupling 
constant is real. As is well known, A-doubled molecules actually have dipole moments. It follows from 
Sec. 1 that in the first approximation there will be no decay asymmetry, although such an asymmetry will 
appear in the second approximation when one takes into account the interaction potential of B and C. 

Parity nonconservation in elementary particle interactions can be thought of simply as an internal 
asymmetry of the elementary particles. Landau’s theory, which forbids dipole moments, shows that this 
internal asymmetry is of the static kind, rather than analogous to A-doubling. 


3. DESCRIPTION OF PARTICLE PRODUCTION IN CONFIGURATION SPACE 


In Sec. 1 the inhomogeneous Schrodinger equation was used to treat particle production, which is usu- 
ally treated by an expansion in eigenfunctions of the particle produced. In the absence of a potential, Eq. 


* By nondegenerate we mean that there is to be no degeneracy (as in case II and Ill) greater than the 
(2L + 1)-fold degeneracy in the angular momentum. According to the usual terminology, the dipole mo- 
ment of a molecule such as HCl means the dipole moment with fixed nuclei, rather than in the free-rota- 
tion state treated by Yang and Lee, by Landau, and in the present work. 
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(7) is analogous to the Born approximation. In scattering theory we write »=%)+, where w% is the 
incident wave and @ is the scattered wave, and neglect Vp (where V is the scattering potential), as- 
suming it to be a second-order term. We then obtain for gy the inhomogeneous equation 


ide / Ot = —(1/2m) Ao + Vd. 
We may attempt to find a solution to this equation by a plane-wave expansion of gy, or by using a Green’s- 
function method, writing 
m i, 
o(r) = Dee \V (re) bo (r2) (e!Pr2 | ry) dre. 


The problem of particle production without taking V(r) into account is entirely analogous to the first 
approximation of scattering theory. 

Let us now use the inhomogeneous Schrédinger equation to treat the problem of particle production in 
a potential field. This problem has no analogy in scattering theory. The equation is of the form 


ide /Ot = —(1/2m)Ao+Vo4+q. (14) 
If q is the “source” in the equation for gy, then the equation 

é Os ez 1 * * 

x are? = avVIt+t 7 — £9) (15) 


shows that its yield is proportional to qy* — q*y, which means that it depends on the phase difference be- 
tween g and q. If Q and » are both real,+ no particles are produced. 

For simplicity, let us consider particle production in the S state. Let V(r) be spherically symmet- 
ric. The homogeneous equation has for 2=0, a regular solution ~ which is real, finite, at r=0, and 
proportional to sin(pr+a)/r for pr > 1. The phase shift a@ is determined by the regularity condition 
and by the potential. To be specific, let us normalize by writing 


ob, =sin(pr+«a)/r for pr>1. (16a) 
The second linearly-independent solution % of the second-order equation has a singularity at r = 0 


(singular solution). We shall choose it to make the Wronskian equal to unity: 


b, = cos (pr+.a)/r for pr], (16b) 
rye © (rhs) — rh £ (rhe) = 1 for all pr. (16c) 


Let us now return to the inhomogeneous equation. Using q=Q(r)exp(—iEt) and y= (r)exp(-—iEt) 
we obtain from Eq. (3) 


Ee + (1/2m) Ae (r) —V(r) 9(r) = 9 ("). (17) 


As is known, the solution of (17) can be expressed by means of quadratures in terms of the solutions 
vd, and % of the homogeneous equation. This solution is found quite simply using the Lagrange method 
of Eq. (6), since the equations for the coefficients c, and c, are in this case independent.’ We obtain 


i 


2 = cabs + Cabs = $n (1) | Q(5) $a (s)s*ds + $2 (r)\ Q(s) hu (s)s*ds. (17') 


The integrals of ( 17’) determine c, and c, up toa constant factor. We apply the condition c,(0) =0 
to the coefficient of % (which means that we require the solution to be regular). The coefficient 7, is 
determined from the condition that when pr > 1, the solution must represent a diverging wave, so that 
c;(~) =ic,(~). Thus the final solution in the form of (17’) with the required properties is 


oo fos) 


Ime = — 4 (r)\ Q(s) $2 (s)s%ds + $2 (r) \ (5) da (5) stds + Hs | Q(s) $1 (s) stds. (18) 


For pr >1, Eq. (18) gives 


+ After eliminating the factor e—iEt, 
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2me = + eiterto \ Q(s) , (s) s?ds. ; (19) 


o i 
From this we easily obtain an expression for the total particle flux (decay probability), namely 
j= 2m, M= 4n\ Qh,s?ds = \ Qy,dV. (20) || 


—_ 


This is the same as the usual expression 


J = (2n/%) M2dN /dE, (21) 


where M is the same matrix element as that given in (20), and dN/dE is the number of levels per unit 
energy interval. 
Let us form the expression 


J = —i\ (Qe —Qe)av. (22) 


Inserting the expression for g from (18) into this equation, we see that J involves only the imaginary 
part of y, which is proportional to M. 
The above derivation also shows why the decay probability involves the matrix element [ev dv taken 


over the regular function 7%, which is finite for small r; this matrix element remains finite even if we 
let Q approach a 6-function. 

On the other hand, for small r andwhen Q =6, thewavefunction gy of the produced particle will itself 
increase as r~! if it is an S wave (and as ae a is 0), owing to the second term in (18). The 
question arises as to why the expression for the wave function does not enter into the matrix element. The ~ 
answer is that particle production depends only on the imaginary part of y (for a real source), and that 
only the real part increases as 1/r; as is seen from (18), the imaginary part is regular. 

The mathematical expectation value for the number of virtual particles is particularly simply obtained 
in the coordinate representation. This value maybe thought of also as the fraction 8 of the time that par- 
ticle A isin state B+C if there is not sufficient energy for real decay. For weak coupling this frac- 
tion is 


p=\ ev, (23) 


where g is a solution such as (18) (decaying exponentially for large r) of an inhomogeneous equation 
such as (17) with E < 0. A particularly simple expression is obtained if V(r) =0. In this case we have 


(fy) = — ge \ = eH (ra) drs, (24) 


12 


so that (23) can be written 


6 = EU) (rn) Q (rayon sdry (25) 


We note that (25) does not contain ry, in the denominator, so that the expression does not diverge as Q 
approaches a 6-function. 
In the usual method of approach, nonrelativistic theory gives 


: Qe!?' dr 
B—teny “V1, ie Co GE (26 ) 


It can be shown that Eqs. (23) — (25) are identical with the more complicated expression (26). 

In the decay of a free elementary particle A interacting with no other fields, the source Q becomes 
a 6-function, and the potential V(r) describes the interaction of the decay products B and C with each 
other. 

I take this opportunity to express my gratitude to N. A. Dmitriev, B. L. Ioffe, D. A. Kirzhnits, B. N. 
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We consider the normal and the anomalous skin effect in ferromagnetic metals under condi- 
tions of ferromagnetic resonance. The constant magnetic field is taken to be perpendicular to 
the surface of the sample. The influence of exchange effects on the resonance line width and 
on the shift of the resonance frequency is taken into account. 


1. Ferromagnetic resonance absorption is observed when the frequency of the electromagnetic field in- 
cident on the surface of the ferromagnetic is nearly equal to the eigenfrequency of the precession of the 
magnetization vector M around the direction of the magnetic field H. This effect is described by the 
equation of motion of the magnetization vector M (Ref. 1) in a certain effective magnetic field, 
pHa Mo wat). (1) 

The first term on the right-hand side of (1) is the true magnetic field inside the specimen. The sec- 
ond term is the effective field due to exchange forces caused by the inhomogeneity of the magnetic moment 
M, and the third term is a relaxation term that describes the approach of the magnetization M to an 
equilibrium position along the field H; y is the gyromagnetic ratio, and Mg the saturation value of the 
magnetization. 

The relaxation term was introduced by Landau and Lifshitz! for a phenomenological description of 
damping processes. Up to the present the physical meaning of this term is not completely clear, since 
all existing theories lead to values of the dimensionless constant 8 that are rather low compared with ex- 
periment. In most cases, however, such a term gives a fairly good description of the experimentally ob- 
served effects that are connected with relaxation. 
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In ferromagnetic metals, however, there exists one mechanism which leads to a finite resonance line 
width. It is connected with the second term on the right hand side of Eq. (1) and plays an important role 
when this term is large, i.e., when the magnetization M is appreciably inhomogeneous in the skin layer. 
Ament and Rado” and Macdonald? have given the theory of this phenomenon for the case where there is a 
constant magnetic field parallel to the surface of the sample, and Rado and Weertman! observed experi- 
mentally an exchange broadening of the resonance line of this kind and determined in this way the value of 
the constant A for the substance investigated by them. In the present paper we consider the case where _ 
the constant magnetic field is perpendicular to the surface of the ferromagnetic metal. 

It is clear that for pure metals effects connected with exchange broadening of the resonance lines will 
occur only at low temperatures. Lowering the temperature increases the mean free path £ of the conduc- | 
tion electrons and with it the electrical conductivity 0; the inhomogeneity of the magnetic moment in the 
skin layer increases thus since the depth of the skin layer itself decreases. One can show that if the tem- 
perature of the ferromagnetic substance is sufficiently low the mean free path of the conduction electrons 
will become of the same order of magnitude as, or larger than the depth of the skin layer. In that case we 
cannot use the classical theory of the skin effect: the skin effect becomes anomalous 5 We consider there- 
fore in the present paper both the normal and the anomalous skin effect under conditions of ferromagnetic 
resonance. 

An investigation of the skin effect in ferromagnetic metals makes it possible to determine for them the 
value of the constant A. Another way to determine this constant is to consider the magnetization of ferro- 
magnetic substances at low temperatures.® From Bloch’s theory it follows that 


M, = M2 (1 — CT), 


and knowing the constant C we can calculate A. Skin effect experiments, however, do not require such 
low temperatures as are necessary for Bloch’s law to be valid. In addition, there are metals (for instance, — 
cobalt ) which show a phase transition and lose their ferromagnetism at temperatures where the Bloch law 
cannot be applied. Skin effect experiments allow us to determine the constant A also for high-tempera- 
ture modifications of such ferromagnetic substances. 

Experiments on the anomalous skin effect in ferromagnets enable us.to determine for them the ratio 
Q)/o0 and to find out in this way to what extent we can apply in this case the normal representation of the 
electron theory of metals’ which we are using in the present paper. One must note that the anomalous skin 
effect in ferromagnetic substances can easily be observed at higher temperatures than in other metals. 
This is connected with the fact that the expression for the skin depth 6 contains the magnetic permeabil- 
ity, which is large, especially when the constant magnetic field H, is much smaller than 47Mg, and 
when the frequency of the electromagnetic field is nearly equal to the resonance frequency. 

We have also considered® the anomalous skin effect in a magnetic field which is parallel to the surface 
of the ferromagnet, but in that paper we did not take into account the role of exchange effects. 

2. Our problem is described by Eq. (1), the Maxwell equations, and the transport equation for the con- 
duction electrons in the metal: 


curle = —i(w/c)(h + 4nm),. (2a) 
curl h = (4x/c)j, (2b) 

1+ iwt OP talgh of Of OF. 
re tiene tas z* (82 5p. — ¥y dp.) =e Se (3) 


In these equations the magnetic field H consists of a constant term Hziz (iz is a unit vector along 
the z-axis which is directed into the metal, perpendicular to its surface), and of the field h of the elec- 
tromagnetic wave, which is of frequency w and which is propagated along the z-axis. The magnetization 
M is the sum of two terms of similar kind. We shall assume that h/H, « 1 and that m/ Msg «1. We 
neglect the displacement current in Eq. (2b). 

In Eq. (3), F is the equilibrium distribution function of the conduction electrons, f the small non- 
equilibrium part of the distribtuion function, v the electron velocity, and 7 their relaxation time. We 
shall assume that the electron energy ¢€ is an isotropic function of their quasi-momentum p. Hp is the 
resultant constant magnetic field in which the conduction electrons of the ferromagnetic are placed. Wan- 
nier® has considered the problem of the magnitude of this field. The reflection coefficient of the electrons 
q at the surface of the metal gives us the boundary condition for Eq. ( 3); Q=1 corresponds to 
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specular reflection and q=0 to diffuse reflection; the last case is, apparently, actually realized. 
: we must solve Eq. (1) under the boundary conditions given in Ref. 2. In the case where the magnetic 
field is perpendicular to the metal surface, the boundary conditions are 


dm,/dz=0, dm,y/dz=0 for z=0. 


We replace further the components ex and ey of the electric field intensity by the quantities es = ex 
+ iey and similar expressions for the components of the other vectors in (1) and(2). These equations 
will then be of the following form 


{40/4 + He (118) — (24 /M,) a? /d2%} my = M,(1-F if) he, (4) 
de. [dz = = (w/c) (hy + 4am,), (5a) 
dh. | dz = + (4ni / c) jx. (5b) 


In writing down (4) we have neglected products of the small quantities m and h. 
Azbel and Kaganov”® obtained an expression for the electrical current density jz from the solution of 
the transport equation (3), 


co 


ix) = it (al K(ZE) ex (2')de’ + (1—9)\ KF Je @)de'}. (6) 


where 
L,~=1,/t+i(@+ Q)c], ‘i=er, Q=evH,/ pe; 


and where all quantities are evaluated on the Fermi surface. The kernel K is given by the equation 


cos 6 


m2 : 
K(z)= sn exp {—|z|/ La cos 9} d6. (7) 
cn 0 


It is now convenient for us to introduce the functions 


co 


ns (2') = mg (2") de", 


2! 


which represent the components of the magnetic moment of that part of the sample which lies between the 
plane z =z’ and infinity. They are connected with the components of the electric field by the equation 


\ [4/7 + B, (1+ iB) — (2A/ Ms) d? / dz*] n., (2) = + (c/o) Ms (1-28) e+(2), (8) 
which can easily be obtained by substituting into (5a) the relation between by = hi + 4mms and mz which 
follows from (4), 

[+0/ 7+ B, (1 if) — (2A/M,) @ de®] m, = My (1 if) by. (9) 
We now introduce the dimensionless parameter & = z/%) and the new functions g+(&) =ni(#&). Sub- 


stituting (8) and (4) into (5) and defining gi(&) as an even function for negative values of € [gi(—&) 
= g1(é&)], we obtain for the functions gs the following equations 


co 


tie, Heo cla | x(GE)( Be Ques) ae +010) KEE) (Sie Oaes) ee] (20 


Lee = 0 
where 
P, =[Hz(1 + iB) +o / 4) Mslo/ 2A; Q. =[B, (1+ i8)+o/%] Mle / 24; c= Slodeete: 83 == C2 | 2705; 


and where o is the electrical conductivity. 
3. Solving Eq. (10) we can calculate the surface impedances, 


Zz =+ (4ni /c)e.(0)/hs (0), 
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i.e., the quantities which are directly measured in ferromagnetic-resonance experiments. We shall as- 
sume that q = 1, since that case is mathematically the simplest one, while the expression for the imped- 
ances does not depend on q at all in the limit of the normal skin effect and depends only weakly on q in ‘ 
the case of the anomalous skin effect. We must solve Eq, (10) (for the case of q=1) in such a way that 
gi(t) +0 as +. Following Reuter and Sondheimer® we introduce thereto the functions 


foo} 


px (t)= | gs edt, (11) 


—_-<o 


Loo] 


na (t) = | K (Geert az. (12) 


+ 


Performing respectively four and two integrations by parts, we get 


© fos} 


gl (6) e—ittdt = tte, (t) + 2gt — 28, \ g', (edt = — t9, (t) — 2g#, (13) 


aes) —oo 


where 


mn 


gt =g'(0), gt =e, (0). 


From Eqs. (10) to (13) we find the solution 
: 10 gp StIP+P, +i, Ol—zs 
BQ) =— ae | OER BHM PFO,) io 
If we assume that the first derivative gf is given, we can express gt in terms of it, using the boundary > 
condition n4.(0) = 0, 


a ee eC oe 
ey ca KQs | R, (é) I\ RE@.’ (15) 


where 
R,, (t) = t4 + Pat? + ites (t) (#7 + Qi). 


The values of e+(0) and h,(0) onthe metal surface are determined by Eqs. (8) and (4), while the sur-- 
face impedances are given by 


8iwl, 1 t2 + ix (t dt 
2a Oe aa | Rl) Vara: (16) 

We see immediately that the impedance Z_ depends on the magnetic field Hz in resonance fashion. It 
increases considerably when Hz » w/y (resonance) and decreases strongly when Hz = w/y — 4mMg 
(anti-resonance). At the same time the impedance Z4 does not show resonance behavior and is a mono- 
tonic function of the field. We shall therefore be mainly interested henceforth in the behavior of the quan- 
tity Z_ as a function of Hz. 

We must note that in most cases we can neglect in the right-hand side of Eq. (10) the second deriva- 
tives of g; compared with the terms Qig;. Indeed, / 


Pg, (di? ~ g.18/8, 


where 6 is the skin depth. At the same time, of the two coefficients Q, the smallest value is reached by 
Q_ in the anti-resonance region, where it is of the order of BBzMg/A. Typical values of the quantities 
which enter in that expression are, for pure ferromagnetic metals, B = 5X 1072, Bz ~ 104 oersted, Mg 

~ 10° oersted, A~ 10% erg-cm™!, and 6~ 10cm. One can easily verify that even in the anti-reso- 
nance region the second quantity exceeds the first by one or two orders of magnitude. Their ratio becomes 
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even larger away from anti-resonance. If we neglect the first term on the left-hand side of Eq. (10), the 
expression for the impedances simplifies slightly: 


Biel MS he b8ai aoc ae 
Ae Oe ee 
ot C2 Qs ites \ a (4) +f ae a} ’ (16a) 
where ri(t) =t' + Pyt? + itk,(t)Q, and 
whan 4 wit ee Chant at 
1. = £0. ro S45. (15a) 


We shall make this simplification in the following. 
4. Let the distance over which the electric field intensity varies significantly be much larger than the 
electron mean free path &. We can then, following Ref. 5, substitute (0) = Ue [1+i(w+Q)T] for 


Ka(t) in evaluating the integrals which occur in (15) and (16). This is the limiting case of the normal 
skin effect, and the surface impedance is given by 


Ss 4rol Ox 4 1 
Li — C2 pa (eta) GL) 
where t, and t, are the roots of the equation 
t# + P+ 2PQ_/%H(1+i+Q)]=0, (18) 


satisfying the condition Imt >0. The frequencies and magnetic field intensities used in ferromagnetic 
resonance experiments mean, in the region of the normal skin effect, that (w+Q)Tt «1. If (w+Q)T 
can be neglected compared to unity, Eq. (18) can be slightly simplified and becomes 


#4. Pf? + 272Q [02 = 0, (19) 


In the case where the exchange line broadening is not appreciable, it is possible to simplify Eq. (17) 
considerably. It is necessary for this to let the constant A tend formally to zero. One of the roots of 
(19) then tends to infinity as A-t/ 2 but the other one remains finite. We get for the surface impedance 
Z— the well known expression 


To was (drcieoy._) = = (4rceo| |)! eisle 
= Xo 4p 2 
co co 


(20) 


where 
v= 2) Ol= pes | ei(3r2+) , 


Since Imp- <0, —17/2 << 1/2. 

One sees easily that exchange effects play an important part only near resonance. Far from resonance, 
in particular near anti-resonance, they are unimportant and we can then use expression (20). To clarify 
Eq. (17) for the case where it includes these effects, we introduce, following Ament and Rado,” an equiv- 
alent magnetic permeability w. We define p as that quantity which, if substituted instead of p- into ex- 
pression (17), leads to expression (20) without having to consider explicity exchange effects. If Hz « 
4nMg andthe frequency w is close to resonance, we have 


__ 4nM, [H, (1+ iB) — ai +4 (1 +4) (2A 85)" 


21 
[H, (1 + 18) —@/ y + 2(1 + 4) (2A / 82) 1}? saa! 


From Eq. (21) it is clear that the exchange width of the resonance line AH is of the order At/2/ 69 and 
that exchange effects cause a shift of the resonance field of the same order of magnitude. Moreover, the 
ratio AH/H, increases when the field decreases so that the limiting case Hz « 41Mg, which we have 
considered in most detail, is the most interesting one from the point of view of studying exchange effects. 

Finally we give in this section the expression for Z_ for the case where the line width is determined 
by the exchange effects, and the magnetic field is Hz =w/y. 


Z_ = (320? Mie | c2Ao8) Mei". (22) 


In this case Z_~ wt/4, 
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5, We shall now consider the opposite limiting case of the ultra-anomalous skin effect. Let the dis- 
tance over which the value of the electrical field strength e(z) changes appreciably be much less than 
the electron mean free path . In the integrals occurring in Eqs. (15) and (16) we have then essentially 
t > 1. We can thus replace the functions x,(t) in these integrals by asymptotic expressions valid for 
large values of t, viz.: Ks(t) ~ m/t, as was also done by Reuter and Sondheimer. We get then 


__ Biel, 1 t8dt tdt 
ee SrA =r \ B+ Pi + intQ, or \aaPa ae Es} : (23) 
S rer) 0 
; r at edt 
en — | apace: [pete (29) 
0 - i. 0 


The surface impedances Z, do not depend on the electron mean free path %& in the case of the ultra- 
anomalous skin effect. This can be verified by making in the integrals occuring in (23) and (24) the sub- 
stitution t = hs. 

In the general case, however, Eqs. (23) and (24) are rather complicated, and we shall therefore again 
consider only two limiting cases. The first takes place when the exchange effects are not important, in 
other words, if the second term on the left-hand side of Eq. (10) is much larger than the first one. In 
order that this case be realized it is necessary to have |P_| > (1¢]Q 1)2/5, or, stated in clear notation, 

; ae © 72r4e? A%o? @ jg)'le 
| H.(1 + iB) — mie GaaeaS |B. (1 + B)— = ft]. (25) 

This inequality is satisfied if either the field Hz is sufficiently far from the value w/y, or the line 
width BHz is much larger than the exchange width. If inequality (25) is satisfied, the first term in Eq. 
(23) will be small compared to the second one and we get for the impedance the expression 

Biel, tf 1 V3 aly 
YE = =5\ d ae Su Pee ei29/3_ (26) 


-~ “qt \ Bp inty_~ 9 c4c 
0 


In the case where the opposite inequality |P_|] « (m¢|Q_])?/® holds, we have 
Z_ = 6 (M3 Ko? /c4#A2a3)'s eit ls, (27) 
where the dimensionless constant is given by 
0 = §/; (4/27) (by + 6,) = 5.51, 
with 


b= [sin a + 3sin =e /(1 — cos = \(1 + cost). 


The exchange width of the resonance line is of the order of magnitude AH ~ 10A%o2w?/ c!Mgs ft. For 
sufficiently low temperatures AH is thus proportional to w?/ 5 and does not depend on the temperature; 
this is a refinement of the statement by Kittel and Herring.'! The shift of the resonance field is of the 
same order of magnitude. As in the case of the normal skin effect, the shift is in the direction of smaller 
fields. 

6. The dependence of the impedance Z+; on the magnetic field has a non-resonant character. The 
role of the terms responsible for the exchange effects in the expression for Z is negligibly small since 
the inequality |P,] > (m¢|Q, |)2/5 is always satisfied. We have thus 


Zz, — Cree) ima 


te co | ( 28) 
in the limiting case of the normal skin effect and 
16 tV3y3 wl, ‘Is 
aa a eee (29) 


in the case of the ultra-anomalous skin effect. These equations differ from the corresponding expressions 


4 
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of Ref. 10 for the impedance Z, only by the factor Hy = (YB, + w)/(yH,z + w). 

7. We shall now consider the assumptions on which the present paper is based. In the equation of mo- 
tion for the magnetization vector (1) we did not include explicity the effective field of the magnetic aniso- 
tropy. This can be done in two cases. Firstly, in the case where the magnetic field Hz is much larger 
than the effective field, the latter can simply be neglected. Secondly, if, to a sufficiently good approxima- 
tion, the magnetic field is directed along an axis of symmetry of the ferromagnetic cyrstal, one can con- 
sider the field Hz to consist of two terms, the ordinary magnetic field H; and the effective field of the 
magnetic anisotropy Hg. Such axes of symmetry are, for instance, the hexagonal axis in a hexagonal 
crystal and the tetragonal or trigonal axes in a cubic crystal. We must note, by the way, that the magnetic 
field Hj in the ferromagnet is connected with the external magnetic field He through the relation H; 
= He — 41Mg. 

As was pointed out by Karplus and Luttinger’ the current density in a ferromagnetic metal is not com- 
pletely determined by expression (6). In ferromagnetic substances there is also a stationary current 
which is proportional to the vector product [M Xe], with a constant of proportionality which is practi- 
cally independent of temperature. This current gives rise to the anomalous Hall effect in ferromagnetic 
materials,'4 However, at the frequencies and fields ordinarily used in ferromagnetic resonance experi- 
ments, and at low temperatures, this current plays a relatively small role. At high temperatures it can 
be taken into account by a formal change of the quantity 2 in (18). The product Q7 is also usually still 
small compared to unity. 

If the value of the gyromagnetic ratio y is known, it is convenient to use Eqs. (22) or (27) to evaluate 
the constant A. These are valid for the limiting cases of the normal and the ultra-anomalous skin effect, 
respectively, for a field H, = w/y. If the values of the constants y and A and of the ratio £)/o for the 
given substance are determined experimentally by investigating the behavior of the impedances in the cor- 
responding limiting cases, we can evaluate all the parameters in expression (16). One can then calculate 
by numerical integration the impedances Z, in the intermediate case and thus compare in that case the 
theory with experiment. 

In conclusion the author wishes to express his thanks to B. Ia. Moizhes for discussing this paper with 
him and for valuable suggestions. 
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In this letter we calculate the cross section for the electrodisintegration of nuclei under conditions when 
it would be meaningless to expand the external field, which is given in Mgller potentials, in terms of mul- 
tipoles; this differs from the hypothesis in an earlier article of the author.! Such a case can occur when 
lql = |qj — ag/>c/R, where qj/c and qs/c are the momentum of the electron before and after scatter-_ 
ing, and R is the nuclear radius. 

The ground state of a nucleus (Z, A) will be described by an orbital wave function? and the final state 
by a plane wave, i.e., we shall use a Born approximation for the neutron ejected from the nucleus. The 
interaction of the nuclear system (core + neutron) will be described by a potential well with symmetrical 
symmetry. The radial wave functions are then expressible in terms of spherical Bessel functions and the 
matrix elements are easily calculated. 

The calculation gives the following result for the cross section of the electrodisintegration of a nucleus® 
when the electron is scattered within the solid angle dQ while transferring the energy AE =e; — €¢ to 
the nucleus, and the neutron escapes from the nucleus with momentum Hky = qn/c and energy AE —- €y, 
where ¢€, is the binding energy of the neutron in the nucleus, within the solid angle dQ,: 


doe Rg eeeNan ah Sia; 2 1 ao (ry (ny) 
, ie ne . , a F ie 
®D; (kaX) = foe [Raft (BoaXo) j1—1 (RaXo) — Bast—1(BaXo) jr (k Be) een 3 7 lee Ri (Xo) jim (RX) + Ri-1 (Xo) jt (RaXo)], (1) 
©; = 0, CERY X%=aR, B=? V 2u (Vo—en), 1= — [i141 (BaXo) fia (Ba%o) I, Sn = — 1,91. 


Here the subscript a denotes division by a =VQue,/h (for example, 8, =8/a); w and m are the re- 
duced mass of the nuclear system and the mass of the nucleon, respectively; V) and R are the depth and 
width of the potential well; jp(z) and ky(zZ) are spherical Bessel functions.4 We have furthermore 


q 


1 
Si = pene | # eer — v2) — | (gt — AEN AE* 2) , 


[Maj 


Se = 3 AEG, rae (a'q)* eie7 + + (@— (a'q)°) (g? — AE®) + 2 (Qyq1) (Qrqy) — 20, (4'a) (/41 + ea) | 


Gs 
3 = Goma {tes + £9) q’q + (— 1)*Q: (qi + a1 (GX ape + O° (gt — AE) (ax Qe} 


where yu, is the rest energy of the electron, 
q’ = ick’ =q,—Q/A and Q, = AEq’ + (q’q) q/2mc?. 
The functions at" ) which depend on the angles, are given by 
i 
(a) 4 + ((L+ 3/2)? — m2 
ay ae a (ae @l-L Ip a Oim)—) (99) 81m; 41, (60") sin | m i(e—9')—zle+e)]}, 


(i + 4/2)?— ms Pa rap . 
ee +o Vm, 1), (40) Om +41, (9’o’) cos| m (9 — 0’) — 2 (ote yt} , 
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j 
(3) q cai (be tie steune.)2 2 wo 
ay = — no, | ae 1m j—, (99) Fim ;—y, (6’9') sin (m, = s\(e 2 “| 
= ' 
where the plus sign is taken for j =2+4 and the minus sign for j=2 - 3; Gym (9@¢) are normalized 
associated Legendre polynomials, and the angles 96, gy and 6’, y’ fix the direction of the vectors q’ 
and q’’=q'+q=fhck’’. When q « Gd, q and q’’ are almost independent of the angles and are given by 


P= In I =n VG = —@/2. (2) 
In this case 4p and bp are also independent of the angles and the integration in Eq. (1) is greatly sim- 
plified. In this approximation the second term in the expression for Q, can also be neglected. 


We note that when the neutron is ejected from an s _ state aX). Then in the energy region defined 
by (2) we obtain for the angular distribution of the neutrons the formula 


do/dQ, = Acos? 6, + Bcos0,+ C, 


where 6, is the angle between qy and qj and the coefficients A, B and C, after integration with 
respect to & and ky, depend only on the initial energy €; of the electron. 


In conclusion, the author considers it his pleasant duty to thank Professor V. S. Mamasakhlisov for 
his interest. 


1M. Ia. Kobiashvili, Tpyasr Téusuccx. yu-ta (Trans. Tbilisi Univ.) 62 (1957). 

23. M. Kennedy, Phys. Rev. 87, 953 (1952). 

’Thie, Mullin, and Guth, Phys. Rev. 87, 962 (1952). 

ot a Schiff, Quantum Mechanics (McGraw-Hill Book Co., New York 2nd Ed., 1955). 
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LOCALIZATION OF NUCLEONS IN THE eis NUCLEUS 


L. P. RAPOPORT and Iu. M. BUTUSOV 
Voronezh State University 
Submitted to JETP editor April 18, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1507-1508 (December, 1957) 


CERTAIN problems related to the structure of the nucleus call for a determination of the localization of 
the nucleons in the nucleus.!? In the present work, an attempt is made to find the localization of the nu- 
cleons in the of nucleus by a method developed by Daudel.? 

Let us consider a system of nucleons in a volume V ina state with a definite value of spin projection; 
p is the number of protons (neutrons) with spin 3. We break up the space V into p volumes v; such 
that one can determine in each of these the probability Pj; of meeting a proton (neutron) with spin 3. 
The volumes v,; are called “boxes” following Ref. 3. The same determination is also applied to spin — 3. 
The quantity 


n=(p — 2)Pi)/p 


characterizes the absence of localization of nucleons for two chosen divisions of the space V_ into boxes. 
The smaller the value of 7 for a given volume, the better the division into boxes. 


etm TG. - -- > ra) be the wave function of the nucleus, then 
P,=CAp \ dr, \ dr... \ drp\ dtp11...\ drag’. 
U; Viti V—0; V Vv 


L 


According to the oscillator model, the nucleus oO is in an (Sip yaa 1p3 Ne (1pip )* state. The wave 
function of the nucleus is }=det gy; det g,; gj; is the wave function of a single proton in the oscillator 
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model and the subscript k refers to a neutron. Let us break up the volume of the nucleus into four boxes 
corresponding to the four protons (neutrons) with spin 3 (—%). From symmetry considerations we ex- 
amine three divisions of the nuclear volume into boxes: (a) Three concentric spheres; (b) One sphere of 
radius a with three zones specified in the following manner: 


0O<0< x, x<O<Kr—x, r—xX<K5NKE 


(where axr=o, 0<@& 2r); (c) The protons (neutrons) with spin 4(-%) are situated on the ver- 
tices of a tetrahedron. The second division corresponds to a geometrical localization of nucleons over s 
and p shells. The boundaries of the boxes are chosen to make 2 Pj a maximum for each division. For 
divisions (a), (b), and (c) the values of n are respectively 0.545, 0.724, and 0.756. 

Thus the division of the volume of the nucleus into boxes by concentric spheres is the best of all those 
considered. The radii of the spheres are equal to 0.768R, 1.023R, and 1.316R, where R = 3.276 x 10-8 
cm. is the radius of the nucleus, determined from the maximum slope of the nucleon density distribution 
curve. For a radius of 0.768R the nucleon density amounts to 88% of its maximum value, so that three 
boxes are located in the surface layer of the nucleus and one in the center. There is no geometrical 
localization of nucleons over s and p shells. 

By determining the dimensions of a box we establish an upper limit for the diameter of the nucleon. 
The first spherical layer has the smallest transverse dimension; its thickness is 0.835 x 10°" cm. Con- 
sequently, the radius of a nucleon cannot be greater than 4.18 x 10° cm. This is in good agreement with 
experiments on scattering of electrons by protons which indicate that the radius of a proton is ~ 4 x 10° 
cm (Ref. 4). 


‘Ww. Hess and B. Moyer, Phys. Rev. 101, 337 (1956). 
2W. Swiatecki, Phys. Rev. 98, 203 (1955). 

3R. Daudel, J. Phys. et radium 16, 503 (1955). 

4Ta. A. Smorodinskii, Usp. Fiz. Nauk, 56, 425 (1955). 
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TABULATED MASS DIFFERENCES 


V. A. KRAVTSOV 
Leningrad Polytechnic Institute 
Submitted to JETP editor June 19, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1508-1509 (December, 1957) 


Resutrs of high-precision mass spectrometer measurements of atomic masses of stable isotopes from 
iron to zine are given in the work of Quisenberry, Scolman and Nier! with calculations of atomic masses 
of the radioactive isotopes. The atomic masses of the radioactive isotopes were calculated from the 
atomic masses of the stable isotopes with the use of B decay energies from King’s tables? and reaction 
energies from the tables of Van Patter and Whaling.’ A check of these calculations carried out by the 
author has led to the finding that King’s tables are not sufficiently complete and has made possible calcu- 
lation of the atomic masses of Mn®, Mn® and Fe with great accuracy and in better agreement with 
other experimental data. In King’s tables, the value 3.65 + 0.03 Mev given for the total energy of the 

Mn® -- Fe® g transition is derived as a weighted mean from the data of three works.»*8 The author 
knows of seven works in which are published measurements of the limit of the 8 spectrum and the energy 
of the y quanta emitted on g decay of Mn® (they are listed in the table). The weighted mean of all of 
these values yields 3.710 + 0.011 Mev for the total energy of the @ decay of Mn*®, Using this value, one 
can calculate the mass of Fe from the mass of Fe® by way of Fe® — mn® — Mn — Fe, From the 
mass difference Fe® — Fe™, the binding energy of the neutron in Fe™ is calculated from mass spectro- 
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metric data; this turns out to be 9.296 + 0.014 Mev. According to the measurements by Kinsey and Bar- 
tholomew'! for the reaction Fe*(n, y) Fe, this neutron binding energy comes to 9.298 + 0.007 Mev. 
The discrepancy comes to merely 12 + 16 Kev. If one uses the energy of the B decay of Mn®™ from King’s 
table, the same discrepancy, as shown in 
Correction to King’s Table Ref. 1 becomes much worse — 60 + 30 Kev. 
Calculation of the atomic masses of isotopes 
of manganese and iron in different ways, 


Weighted mean value 
of the total energy of 


Decay Data the decay with the use of improved values of the en- 
Decay | l noe OTE San aoe ergy of the B decay of Mn® | allows one to 
Form| Mev Error paaee ence Mev Error replace the masses given in the work of 
Quisenberry et al! by the following more re- 
Mn_™, Fe B-" 1 2,88 1 Ms. [4] 3.710 41 liable weighted mean values: Mn® = 54.955512 
Sa led ned evan a +8, Mn® = 55.956700 + 8, Fe™ = 54.955761 
2.82 8 Scin. {*] + 8, 
Y en fa ee tf At the present time the experimental data 
0.822 g* Ms. [S] on hand is very extensive. To calculate good 
Creel ois | oa tA values of atomic masses it is necessary to 
| have as much of the data as possible, to com- 
Remark, The errors are presented in units of the last significant figure of pare and estimate their true accuracy, and 
the energy. An asterisk next to the value for the error denotes that its value then to select all the reliable values for the 


was determined by the compiler of the table, either because the experimenter actual calculation. Incomplete use of all re- 
did not quote it in the cited work, or because in the compiler’s opinion the 


error is undervalued. The abbreviations for the measurement method are: liable experimental data, as seen from the 
M.s. —magnetic spectrometer, Scin, scintillation recorder. example cited, often leads to questionable 
5 a ar an aT values of mass differences. 


1Quisenberry, Scolman, and Nier, Phys. Rev., 104, 461 (1956). 

2R. W. King, Revs. Mod. Phys., 26, 327 (1954). 

3D. M. van Patter and W. Whaling, Revs. Mod. Phys., 26, 402 (1954). 

4A. A. Townsend, Proc. Roy. Soc., A177, 357 (1941). 

51, G. Elliot and M. Deutsch, Phys. Rev. 64, 321 (1943). 

8K. Siegbahn, Ark. Math. Astr. Fys. A338, 10 (1946). 

Ts. Johansson, Ark. Fys. 2, 171 (1950). 

8 kikuchi, Akabori, Husimi, Itoh, Kobayasi, Oda, Takeda, Watase, and Yamaguchi, Proc. Phys. Math. 
Soc. Jap., 24, 818 (1942). 

®Germagnoli, Malvicini, and Zappa, Nuovo cimento 10, 1388 (1953). 

10C_ §. Cook and F. M. Tomnovec, Bull. Amer. Phys. Soc. 2, 24 (1957). 

118. B. Kinsey and G. A. Bartholomew, Phys. Rev. 89, 375 (1953). 
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CERTAIN SOLUTIONS OF THE EQUATIONS OF PLASMA HYDRODYNAMICS 


A. A. VEDENOV 
Moscow State University 
Submitted to JETP editor July 4, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1509-11 (December, 1957) 
In the present communication we shall consider certain exact solutions of the hydrodynamic equations of 


cold plasma in the presence of an external magnetic field, and also in its absence. For the sake of sim- 
plicity we shall regard the ions as being at rest, but this restriction is not a fundamental one and may be 


easily removed. 
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In the case of one-dimensional flow in a plasma the solution of equations 


BS 
ou ere) nye 0 : ( 


on 0 (nv) 
ihe ae = = (0 1 
gp te Cae ee (1) 


Gr On 
(v is the speed, n the electron density, n, the ion density, E the electric field) may be sought in the 
form 

v= e-tlte Uo (2); — XE = e-tlte By (z); om =Ny (2); Z2= co etlte, (2)- 


where Xo, ty are arbitrary constants. In order to elucidate the nature of this solution we make the sub- 
stitution y =1n z and insert (2) into (1) after suppressing the index 0 of the functions vo, €9, Ng: 


V,(u—v’) + vv’ e~¥ = —e; 2’ e-¥ = (mx,)? (1 — 2); —Von' +e-¥ (nv) = 0; we = 4nn, ec? / m; Vig = xh tga) 


If y is now expanded into a series about some point x;, tj(x =x,+ & t=t,+7) andthe term Vov is 
neglected the system (3) takes on the form: 


(uv —V) 0’ =e; 2 = (ox)? (1— 1); —Vn' + (nv) = 9; e) = x18 / Xo; V = Satay to: (4) 


It describes a wave propagating with a speed V; the form of the wave 


sin oR Ve —{(4) = | =, (+ = t) (5) 


agrees with that found by Akhiezer and Liubarskii! (c,. are constants of integration). 
In the presence of an external homogeneous and constant magnetic field H (directed along the z axis) 
the equations assume the form (all quantities are independent of 9, z): 


dv, dv, ve, ae 4 An 4 Onro, 
dl ac: or aie ae mc V9 H; ate i Or = (6) 
Ov dv UU 
° ? Opie eee : IORE Sa 
at Beer | aaa a aaa Or HT; % “Or Sar A ate) 
In this case the following solution exists 
r P r Ps r Z t r | 
Ore UG): Oe Fe); Ea ENG), meses th acd lees (7). 


where the functions with the index 0 satisfy the system of ordinary differential equations obtained from 
(6) by means of the substitution (7). 

A similar solution exists also in the case when only vx, vy, Ex differ from zero and all the quantities 
depend on x, t: 


dv, dv, e e Ov, dv, e 

a Me vai y= mi Pe Oh Mt cays i see (8) 
on nv, . OE, 

ae = 0; a ee 


In this case 


(Vx,y vary ina manner similar to Ex,y)- 
The system (8) also has solutions in the form of waves in which all the quantities depend on the differ- 
ence x — Vt; integration of the system of equations obtained from the system (8) in this case gives: 


n./n— 


basin! A189 yg —[ ee) af = Vageor(s —2), B= (8 — 9%) /(o2 +0); Q=eH/me. (9) 


Solution (9) [as well as (5)] becomes harmonic for |1 — n/n,| « 1. One can therefore say that these 
solutions give the form of the wave of finite amplitude which arises when a wave is propagated in a plasma 
of slowly varying density n, in the direction of small n,. 

‘I thank M. A. Leontovich and R. Sagdeev for discussions. 


( 
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WAVE EQUATION FOR A FREE NUCLEON 


H. OIGLANE 


Institute for Physics and Astronomy, Academy of Sciences, Estonian S.S.R. 


Submitted to JETP editor July 15, 1957. 
J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1511-1512 (December, 1957) 


Ir is well known that so far no nucleon wave equation, even for the free nucleon, has been formulated. 
This is specifically due to the fact that the mass of the proton differs from that of the neutron. In this 


connection it is of interest to remark that the linearization of a second-degree wave equation leads in 
general to the equation 


[y’ 0 / Ox, — (myc / h) exp (ayz*)] p = 0. (1) 


Here mpg and a are constants. Unfortunately, the mass operator M = mp exp( ay?) does not commute 
with the Hamiltonian that follows from (1). We therefore generalize (1) in the following manner:* 


[IY A / Ax, — (myc/n) I exp (2aT)] > = 0. (2) 


The commutation relations for the operators I’, I, and T; are determined by the following postulates: 

(a) the Hamiltonian, the spin-projection operator, and the third component of the isotopic spin, T;, form 

a system of commuting operators; (b) the relation between momentum and energy has the usual form. 
This gives 


(Mele 28, (lame alo, dl On I On Dele ellen (3) 
As is well known, the components of the isotopic spin have to satisfy the commutation relations 
[T2,T3). =i7T,, [T3, Ti]. = iT, [T1, To]. = iT. 4) 


The operators I’, T;, and I have irreducible eight-by-eight representations: 
1 ra 5 ( 1 IV 
[Ween Rts @ VT, = 32X71, i 410 SoLIVE (5) 


Here o, are two-by-two spin matrices; 11 and 1V are two-by-two and four-by-four unit matrices 
respectively. The sign Xx denotes the direct product of the matrices. 

It follows from (2) that in the nonrelativistic limit the components of the wave function are character- 
ized by the following quantum numbers. 

One sees from the table that the Seale tz = —3% corresponds to a particle mass m, = mye * and 
ts = 4 corresponds toa mass mp, = me*. Taking mp = 1837.38 me 
(the average of the proton and neutron masses) and a = 3a/10z, then 
m, and m, are equal to the proton and neutron pees respectively 
within the experimental errors for these masses, 1 and (2) can be con- 
sidered as the wave equation of the nucleon. 


£ ch It is easy to show that one can obtain from (2) two current vectors: 
H si) = icup" P41 d, (6) 
+ — 

nee aes s@) = — icept (Ts — 2) T4LY 9. (7) 


The first can be interpreted as the specific nucleonic current (k is the 
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nucleonic charge) and the second as the electric current. From (7) we obtain the nucleon electric-charge 
operator 


which commutes with the Hamiltonian and with the spin operator. The eigenvalues of Q are equal to 
zero for the neutron states and ¢« for the proton states. 

It should be mentioned that (2) is not invariant under improper Lorentz transformations. It follows 
from the pseudoscalar character of y that a reflection of the space coordinates changes a proton into — 
a neutron and vice versa. This means that (2) is invariant under simultaneous reflection of space and 
isospin coordinates. 

Equation (2) can also be used to describe the doublet of the = hyperons. One then has to take my 
= 2588 me while a has the same value as for the nucleons. This yields a mass of 2586 me for the & 
and 2590 mg for the =. 

It is interesting to note that one can also find for the operators IT’, Tx, and I a twelve by twelve 
irreducible representation which allows a description of the triplet of 2 hyperons. 


* A more detailed derivation of (2) and a generalization for the case of weak interactions will be pub- 
lished in the Transactions (Trudy) of the Institute for Physics and Astronomy of the Academy of Sciences, 
Estonian S.S.R. 


1A. M. Shapiro, Usp. Fiz. Nauk 60, 572 (1956). 
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CAPTURE OF ELECTRONS IN BETATRONS 


V. Ne LOGUNOV and S. S. SEMENOV 
P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor July 10, 1957 
J. Exptl. Theoret. Phys. 33, 1513-1514 (December, 1957) 


Tue process of electron capture into betatron orbits has been studied by many authors, with various 
accelerators, and sufficient experimental material has consequently been compiled. A number of theo- 
retical papers have been devoted to the subject of electron capture.'~> Although they were not fully suc- 
cessful in giving a complete explanation of the capture process, they still allow an estimate of the con- 
tributions of the different capture mechanisms and a comparison with experiment. However, no attention 
has been paid so far to the following process, which can contribute to the capture of electrons into beta- 
tron orbits. Consider the motion the electrons in a coordinate system moving along the equilibrium orbit 
with a velocity equal to the azimuthal injection velocity of the electrons. In this coordinate system the 
electrons will move towards each other. Since the electron velocities corresponding to radial motion 
are small, the collision probability will be sufficiently large. As a result of multiple scattering, elec- 
trons starting out with equal oscillation amplitudes will later acquire a gaussian amplitude distribution. 
Thus, the conditions for strong damping of the oscillations will statistically be fulfilled for a certain 
fraction of the injected electrons. 

A rough estimate of this effect can be made in the following manner. If an electron makes an elastic 
collision at the time when its velocity is at maximum, then the amplitude of oscillation will decrease as 


Py = Po Cosh, (1) 
where y is the scattering angle. The probability of single scattering at an angle ~ in traversing a dis- 
tance dx through an electron gas of density Ng is given by 


P ($) dp = ae Fey a WN dt, (2) 


Ww? sin*(¥/2) 


Q = — «(Ts —%/2), (8) 


| 
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where Wp is the energy of the radial oscillations: 
W, = Wo(1 —n) (p)/R,)?. (3) 


The number of electrons missing the injector is given by 


T™—Vmin 


e 
2 ea cos (tb /2) et 4 4 
Ny=NNodx2n ye” | SOD dy = NNodx2n S(t on) (4) 


pav - 


min 
where N is the number of injected electrons. 


We now consider a numerical example. We assume: injection energy Wg = 10 kev; injection current 
ijn = 0.4 amp, injection duration 7 = 1.5 sec, radius of the equilibrium orbit Ro = 20 cm, instantaneous 
radius Rt =Rpo, amplitude of radial oscillations py = 10cm, distance from the filament to the edge of the 


anode of the injector A =0.1cm, field index n = 0.65, and area of the injected beam S = 1cm?. We then 


obtain number of injected electrons 


N =i;,t/e = 3.75: 102; 
velocity of the injected electrons 


2W 
Up = V ° = 5.92-10° cm/sec; 


m 


electron density in the beam 


Ny =N/vetS = 4.22-108; 
energy of the radial oscillations 


W, = 8.75 ev; 


minimum scattering angle necessary to miss the injector, cos ymin = 0.9. 

For Rt = Rp and n= 0.65, an electron leaving the injector travels radially a distance 8p, before re- 
turning (see figure). Then the number of electrons missing the injector will equal N., = 0.8 x 10°, which 
corresponds, at the end of the acceleration, to an electron current in the betatron doughnut of 


iy = (c/ 2) eN, / Ry = 0.03 amp. 


We note that the number of electrons missing the injector increases as 
the square of the emission current of the injector. Taking into account the 
influence of the Coulomb repulsion, the number of captured electrons will 
be proportional to the fourth power of the emission current as the result of 
the decrease of the energy of the radial oscillations. This agrees with the 
experimental results. 

In a more accurate treatment, one has to take it into account that the 
multiple scattering process is the predominant one. Furthermore, the am- 
plitude of the radial oscillations can also be increased in collisions involv- 
ing electrons of different velocities. 

The authors are grateful to Professor M. S. Rabinovich for valuable suggestions and for discussion of 
the results. 


1p, W. Kerst, Phys. Rev. 60, 47 (1941). 

21. Bess and A. O. Hanson, Rev. Sci. Instr. 19, 108 (1948). 

3 Lobanov, Logunov, Ovchinnikov, Petukhov, Rabinovich, and Rusanov, CERN Symposium 1, 1956. 

4 Logunov, Ovchinnikov and Rusanov, J. Tech. Phys. (U.S.S.R.) 27, 1135 (1957), Soviet Phys. JTP 2, 
1032 (1957). 

5 Logunov, Ovchinnikov, Rusanov and Semenov, J. Tech. Phys. (U.S.S.R.) 27, 1143 (1957), Soviet Phys. 
JTP 2, 1038 (1957). 
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INTERPRETATION OF AN “ANOMALOUS” REPRESENTATION OF THE INVERSION GROUP 


G. A. SOKOLIK 
Moscow State University 
Submitted to JETP editor July 12, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 83, 1515-1516 (December, 1957) es 


Tue purpose of this paper is to obtain a simple interpretation of an “anomalous” representation of the 
group of inversions of four-dimensional space-time. Gel’fand and Tsetlin! gave the name “anomalous” 
to a representation using operators which satisfy the condition 


Tp Diels 20; O78 = 0,1 eee (1). | 


The inversion operators themselves of course commute. 

Gel’fand and Tsetlin showed that, in the case of a scalar representation of the full Lorentz group, the 
anomalous representation is equivalent to the concept of parity doublets.2 Our purpose here is to inter- 
pret the anomalous representation of the group of inversions of four-dimensional space-time in terms of 
a representation of the five-dimensional proper orthogonal group with pseudo-Euclidean metric. 

The time-inversion Tj can be interpreted by means of a rotation operator Hs, connecting the two 
half-spinors of four-dimensional space which represent a five-dimensional spinor. We may write 


54 = exp (= Tea) , (2) 
where I;, is an infinitesimal operator of the representation Os5. It is easy to see that 
0’ sop akhd| 1 0 | 
ihe = ——) = 
res hal eOPRe (3) (3) 


We introduce a five-dimensional vector corresponding to the five-dimensional spinor. The vector is de- 
termined by a 4x 4 matrix X which satisfies 

Xp=0 
and is defined by 


X =r; (i= 1, 2,...,5), A> xe + 2 — 2 — 2 — 22. 
If 
Hi XH =X’, (5) 
then X’ is defined by the coordinates (—X5, —xX4, X4, X,, X3). Thus Hs, corresponds correctly to the 
operation of time-inversion. 
In the same way one can show that T,, defined by 


Ty1= AygHy, Hey = exp (itle;); Hag = exp (7/43) 


corresponds to inversion of both space and time. Thus 


Tu = ( de us % . (6) 
st 
Also 
To = TiT 1; (6’) 
defines To; as the operator of space inversion xj = —xj(i=1, 2, 3). There exists also an alternative 


anomalous representation in which Ty) and To; are respectively the space and time inversions. In this 
case Eq. (3), (6), and (6’) coincide with formulae given by Gel’ fand and Tsetlin.! 

The foregoing results are easily extended to any finite-dimensional representation of the full Lorentz 
group. One has only to use the fact that every representation of the rotation group is a direct product of 
an even or odd number of spinor representations. 


We consider the connection of the anomalous representation with the four-dimensional Dirac equation. 
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We choose the anomalous representation in which Tj) and Ty; are respectively space and time inver- 
sions. Then Ty, To;, Tj, leave invariant only an extended 8-component Dirac equation 


oy Carne 
rf + mp0, = (7% yea) (7) 
whereas the second variant of the anomalous representation leaves invariant a 4-component Dirac equa- 
tion. The first variant of the anomalous representation also leaves invariant the Dirac equation for 4- 
spinors of the second kind? 


1: Op / Ox; + my, = 0. (8) 


Fermions with m # 0 which are described by the anomalous representation are in some ways reminis- 
cent of the longitudinal neutrino which obeys the 2-component Dirac equation.? According to the choice of 
representation, they satisfy either a 4-component or an 8-component equation, and in the latter case Tj; 
plays the role of y; in the 2-component theory. It is possible that the eight components of the Dirac 
equation which describes “anomalous” Fermions may be connected with the existence of isotopic spin. 

In conclusion we observe that Schwinger proposed a connection between the Pauli exclusion principle 
and the lack of invariance of the Dirac equation under time-inversion. Ordinary time-inversion inter- 
changes the two equations 


1: Op / Ox; + mp =0 and x; 0)/ 0x; —mp = 0, 


In the case of spinor particles described by the anomalous representation of the full Lorentz group (using 
the second variant, with T,) and T 9, for time and space inversion respectively ) the Lagrangian of the 
system is a true scalar under Tj. In other words, changing the order of factors in it does not change its 
sign. The requirement that the Lagrangian be invariant under the inversion T,) does therefore not lead 
to any additional restriction on ~, and consequently does not imply the Pauli principle. 

I thank Professors D. D. Ivanenko and M. L. Tsetlin for discussions. 


1T, M. Gel’ fand and M. L. Tsetlin, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 1107 (1956), Soviet Phys. 
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2%. Cartan, “Lecons sur la Théorie des Spineurs” (2 vol., Hermann, Paris, 1938). 

31. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 59 (1957), Soviet Phys. JETP 5, 101 (1957). 

4J. Schwinger, Phys. Rev. 82, 914 (1951). 
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GALVANOMAGNETIC PROPERTIES OF MANGANESE FERRITE 


K. P. BELOV and E. V. TALALAEVA 
Moscow State University 
Submitted to JETP editor July 30, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1517-1519 (December, 1957) 


Dara on the galvanomagnetic properties of the ferromagnetic semiconductors — ferrites — are still 
quite scant. Yet a study of these properties is of interest from the point of view of clarifying the nature 
of the conductivity of materials of this type, and also from the point of view of establishing a connection 
between the electric properties and their antiferromagnetic state, since ferrites can be classified as 
“uncompensated” antiferromagnets. 

We measured the temperature dependence of the galvanomagnetic effect in a ferrite consisting of 50% 
(mol.) MnO and 50% (mol.) Fe,03. The resistance of this ferrite is not too high and the effect can there- 
fore be measured with direct current over the range from room temperature to 350°C. The ferrite was 
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prepared by the ordinary “ceramic” technology from chemically-pure oxides. The specimens were rods 
52 mm long and 25 mm’ in cross-section. Contacts were formed on the ends of the specimens for current 
carrying by burning-in a silver paste. The specimen was placed in a bifilarly-wound oven, placed in turn 
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FIG, 1. Temperature dependence of longitudinal 
galvanomagnetic effect in manganese ferrite for differ- 
ent magnetic fields. 1— 39.2; 2 — 65.4; 3 — 98.0; 

4 — 196.0; 5 — 392.0; 6 — 654.0; 7 — 915.0; 8 — 1178,0; 


9 — 1439.0; 10 — 1700.0; 11 — 1960.0 oersted. 
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in a magnetized solenoid. The galvanomag- 
netic effect was measured with an unbalanced 
bridge. The same value de current was 
passed through the specimen at all times. At 
each temperature, the specific magnetization 
o was measured ballistically, in addition to 
measuring the electric resistivity and the 
galvanomagnetic effect AR/R. All three 
quantities were determined practically si- 
multaneously. 

Figure 1 shows curves of the temperature 
dependence of the longitudinal galvanomag- 
netic effect, plotted in weak and strong mag- 
netic fields (above commercial saturation). 
It is seen that (AR/R); has a negative sign 
and diminishes rapidly in magnitude, since 
the role of the displacement and rotation 
continuously diminishes with the tempera- 
ture. Near the Curie point, however, the 


galvanomagnetic effect displays a sharp max- 


imum, which owes its origin to the influence 
of the paraprocess. We note that Komar and 
Kliuskin! did not observe any influence of the 
paraprocess on the galvanomagnetic effect 
in nickel and nickel-zinc ferrites, probably 
because they did not make detailed measure- 
ments in the region of the Curie point. Our 
measurements have established that the 
dependence of the galvanomagnetic effect on 
o andon H inthe paraprocess region has 
approximately the same character as in 
metallic ferromagnets (AR/R linear with 
o”, AR/R linear with H in the region below 
the Curie point, (AR/R)g linear with H?/? 
directly at the Curie point itself, and AR/R 
linear with H? above the Curie point). It 
must be noted that the coefficient in the re- 
lation (AR/R)o9 = ag H?/3, which can serve 
as a quantitative characteristic of the influ- 
ence of the paraprocess on the electric re- 
sistivity, has the same order of magnitude in 
manganese ferrite as in metals and alloys.” 
In manganese ferrite ag * 20 x 107% Oe?/2, 
while in nickel ag = 21X 107 Oe3/2, mn 
metallic ferromagnets, the value of ag is 
determined by the conductivity of the tested 
ferromagnet. The greater the number of 
current carriers and the greater their mo- 
bility, the larger ag (see Ref. 2). This 
explanation can apparently not be given for 


ferrites, since their conductivity is many times smaller than that of metallic ferromagnets, even at the 


Curie point. 


| 
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An interesting feature of the galvanomagnetic effect in ferrites is that the longitudinal and transverse 
effects have the same sign, both being negative, while in metallic ferromagnets the longitudinal galvano- 
magnetic effect is positive in fields up to commercial saturation, while the transverse one is negative 
; (exceptions to this rule exist).°.4 In the case of 
manganese ferrite, however, we observed along 
07 G’ cmt /g with a negative galvanomagnetic effect also a 
1200 positive component of the longitudinal effect, 
which appears in weak fields. Figure 1, and 
particularly Fig. 2, display clearly this positive 
component. It is seen from Fig. 2 that the greater 
portion of the galvanomagnetic effect is due to 
the paraprocess; the éffect is negative and it is 
characterized by an exact fulfilment of the rela- 
tion AR/R=co?. At lower magnetization, a _ 
“struggle” takes place between the negative gal- 
vanomagnetic effect (due to displacement, rota- 
tion, and the paraprocess) and the positive com- 
ponent of the longitudinal effect; this leads to a 


ips : 188°C : strong distortion of the galvanomagnetic-effect 
rm Dee 251°C curve in this region. Cooling and repeated heat- 
ing do not eliminate this anomaly. The presence 
FIG. 2. Dependence of the longitudinal galvano- of a positive component in the longitudinal gal- 
magnetic effect on the square of the magnetiza- vanomagnetic effect is apparently due to our 
tion in manganese ferrite. ferrite having a phase, in which it has a “quasi- 


metallic” behavior with respect to the galvano- 
magnetic effect. The presence of this phase is also seen on the temperature vs. electric resistivity 
curves. In accordance with previous experimental!» and theoretical® data, the straight line log R(1/T) 
displays in our case a break in the region of the Curie point, corresponding to the fundamental “ferrite” 
phase. However, unlike the results reported in Refs. 1 and 5, manganese ferrite displays in the same 
region of temperatures an additional break, which apparently must be ascribed to the second phase. 
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Stu. P. Irkhin and E. A. Turov, ®u3suKka meranza0B u MerannoBegenue (Physics of Metals and Metal Re- 
search) 4, 9 (1957). 


Translated by J. G. Adashko 
307 


1174 LETTERS TO THE EDITOR 
RELATIVE CROSS SECTIONS OF THE (n,p) AND (n,a) REACTIONS ON ELEMENTS WITH 


SEVERAL STABLE ISOTOPES | 


V. N. LEVKOVSKII 
Institute of Chemical Physics, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor July 31, 1957 me 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1520-1521 (December, 1957) 


Tue available literature data on the cross sections of (n,p) and (n,@) reactions with 14 Mev neutrons 
are in general not in satisfactory agreement with the theoretical conceptions of these processes. Taking 
account of this circumstance, and owing to the importance of a correct interpretation of the mechanism 
of the (n,p) and (n,@) reactions for the explanation of the structure of atomic nuclei, an attempt was under- 
taken to establish an empirical law for the cross sections of these reactions as functions on the funda- 
mental characteristics of the nucleus, by analysis of the data in the literature and by experiment. 

It appears reasonable to expect that some sort of regularity must exist here and that its observation 
will contribute at least to the systematization of the knowledge of nuclear reactions, and possibly also to 
their explanation. 

Even in a superficial examination of the data in the literature, it is striking that the cross sections for 
the (n,p) and (n,q@) reactions in a series of stable isotopes of one element, decrease as a rule with in- 
creasing atomic weight of the isotope. In almost all cases this decrease is by approximately a factor of 
two. Such a primitive rule contradicts in general the modern ideas about the mechanism of nuclear reac- 
tions and, possibly precisely by virtue of its apparent theoretical inconsistency, it has not been taken inte 
consideration. 

With the aim of checking this rule and rendering it more precise, a series of experiments were set up 
to determine the relative cross sections of (n,p) and (n,@) reactions on elements with several stable iso- 
topes, using 14-Mev neutrons. The cross sections were determined by the activation method. 

In contrast to the majority of analogous works cited in the literature, the reaction products were anal- 
yzed here radiochemically, thus guaranteeing good reliability of the results obtained. 

Preliminary results of the first experiments have been communicated earlier.! Data on new measure-~: 
ments and revised earlier data are presented below. 

1. Relative cross sections of (n,p) reactions were measured for entire series of stable isotopes of 
nine elements. The following relative cross sections were obtained: 


o Cat? : o Catt = 1: (0.24+- 0,02), o Tit#: 6 Tit? == 1: (0.55 + 0,15), 
o Zn: o Zn® : o Zn8? = 1: (0.36 + 0.02) : (0.23 + 0.03), 

o Ga® : o Ga”? = 1: (0.50 + 0.05), 

‘3 Ge? : s Ge”: « Ge’8: o Ge” = 1: (0.39 + 0.02) : (0.24 + 0.02) : (0.13 +-0.03), 
oSre¢: o Sr®* = 120-46 4-0:04), 

a Zr 2a Zr o Zr so Zr = 1: (0.74 + 0.05) : (0.46 + 0.04) : (0.20 + 0.02), 

o Cd 2a Cd"? : o Cd1* : o Cd'18 = (5 + 1): 1: (0.71 + 0.03) : (0,52 + 0,02), 

o Celt? a: Gets ale (O00 Oslay 


The analogous ratios for four pairs of other isotopes, taken from data in the literature,”?? are pre- 
sented below: 
3s Mg: o Mg?® = 1: (0.23-+.0.10), oSi28:oSi2® = 1: (0,46'+ 0.17), 
aS: 6. S%es 1b: (0.23 45 O10) oke’’ = aerators 


From the data presented it follows that the cross sections of (n,p) reactions on elements with several 
stable isotopes decrease sharply with increasing weight of the isotopes, i.e., with decreasing “relative 
concentration Z/A” of protons in the nucleus. This decrease is monotonic: in all cases the cross sec- 
tion is cut approximately in half upon reduction of Z/A by the equal amount A(Z/A) = 0.009. Hence it is 
natural to suppose that this rule reflects a more general regularity, which relates the probability of emis- 
sion of a proton from an excited nucleus, a, = I../= r;, with the concentration of protons in the nucleus. 
An argument in favor of such a supposition is also the fact that similar relations are observed in many 
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cases, at close excitation energies, for the cross sections of (y, p) reactions‘ and for the quantities I,/ In: 
calculated by comparison of the cross sections of the (p, pn) and (p, 2n) reactions.° : 
The available experimental data on the absolute cross sections (o, p) of (n,p) reactions and the cross 
sections (0) for inelastic scattering of 14-Mev neutrons are very incomplete and insufficiently precise 
for a reliable check of the proposed hypothesis. The qualitative analysis of the data, however, favors this 
hypothesis, for with few exceptions, the values of a.. = On p/%e: estimated from these data, decrease 
monotonically with decrease of Z/A [more precisely Z/(A + 1)] and the function a[Z/(A +1)] is close to 
a straight line on a semi-logarithmic scale. 
2. Relative cross sections of (n, a) reactions were measured for four pairs of isotopes. The ratios 
obtained are presented below; the first ratio was calculated from the data of Paul and Clarke:? 


3 C18: 6 Cl87 = 1: (0.27+0,15), ¢ Ge”: ¢ Ge = 1 : (0.47-.0,04), 
o Rb® : g Rb®? = 1: (0.39-40.02), o Zr®t: o Zr = 1 : (0.50-+0.05), 
¢ Cd¥2: ¢ Cd4 = 1:(0.50-10.03). 


As is seen from these data, the cross sections of the (n,@) reactions, like the cross sections of the (n,p) 
reactions, decrease with increasing weight of the isotope. 

3. In the course of the work, several reactions not previously observed were realized, and some new 
information on radioactive isotopes — the products of these reactions — was obtained: 

(a) As a result of the radiochemical study of the products of the reactions Ga (n,p) and Ge (n,q), the 
existence of the isomer Zn"*, earlier obtained by an (n,y) reaction from enriched Zn" without chemical 
identification,® was corroborated. The half-life was traced several times in the course of 20 — 25 hours 
and was found to be 3.92 + 0.05 hr instead of 3 hr as indicated in Ref. 6. It was found that the isomers 
zn'* (3.9 hr) and Zu (2.3 min) are formed through an (n,p) reaction on Ga" ‘in the ratio 2:3 and 
through an (n,q@) reaction on Ge" in the ratio 1:3. It is interesting that also another pair of isomers of 
zinc — Zn™* (13.8 hr) and Zn®™ (52.5 min), is formed with very close ratios (2:4 and 1:1) by the reac- 
tions Ga® (n,p) and Ge” (n,@). 

(b) As a result of radiochemical analysis of the products of the Ge (n,p) reactions, the existence of 
the isotope Ga"™4 with T =(8.0 + 0.5) min (Ref. 7) was confirmed. 

(c) The half-life of Br*4, which is obtained by the reaction Rb*? (n,@), was found to be noticeably dif- 
ferent from the value accepted in the literature on the basis of the analysis of bromine activities from 
fission products [(25.5 + 0.5) min instead of 31 —32 min]. 

(d) As a result of radiochemical analysis of the products of the Zr (n,a) reactions, the existence of 
Sr®? with T = (7 + 0.5) min was confirmed. By means of absorption measurements, the maximum £-ray 
energy of Sr*? was found to be (3 + 0.3) Mev. 

The author expresses his sincere thanks to Iu. Lapitskii and to N. S. Reshetova for practical aid in 
the work. 
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3Cohen, Charpie, Handley, and Olson, Phys. Rev. 94, 953 (1954). 

40. Hirzel and H. Wiffler, Helv. Phys. Acta 20, 373 (1947). 

5B, L. Cohen and E. Newman, Phys. Rev. 99, 718 (1955). 

8 LeBlanc, Cork, and Burson, Phys. Rev. 97, 750 (1955). 
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QUADRUPOLE MOMENTS OF THE EVEN ISOTOPES OF OSMIUM AND OF LUTECIUM 175 | 


E. E,. BERLOVICH ) 
Leningrad Physico-Technical Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor August 2, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1522-1523 (December, 1957) pe 


Two values are given in the literature for the half-life of the first excited state of the rotational band of 
the Os!® nucleus with an energy of 137 Kev: T = 8.0 X 10-* sec (Ref. 1) and T =1.8 x 10~ sec (Ref. 2). 
In view of the fact that in this region of mass numbers the value of the quadrupole moment is observed to 
decrease with increasing number of neutrons in the shell, experiencing a jump on going from N =114 to 
N = 116, it seems interesting to make the data on life-times more precise. 

In the figure are presented coincidence curves, obtained with a Re!® source in the 
apparatus described in Refs. 3—5. The delay time is plotted along the abscissa and the 
number of coincidences along the ordinate. The points refer to measurements with the 
position of the B-ray absorber to the left of the source (yf coincidences) and the crosses 
to measurements with absorber to the right (8 y coincidences). 

From the displacement of the centers of gravity, the value T = (6.0 + 0.2) x 1 
sec is obtained for the half-life; taking conversion into account, we obtain 


| 
| 


g-10 


150 Ty = (14), Toxp= (1.44 +0.05)- 107 sec. 
for the radiation period. 

Calculation according to Eqs. (29) and (31) of Bohr’s article® gives Qy = (6.4 + 0.1) 
x 10°*4 cm? for the nuclear quadrupole moment of Os 18 (110 neutrons). 

For Os'88 (112 neutrons) Qo = 5.1 X 10774 cm? (Ref. 7) and for Os (114 neutrons) 
Qo = (4.2 + 0.9) X 10-4 cm? (Ref. 8). Os? (116 neutrons) is already a spherical nu- 
cleus.’ These numbers illustrate the sharp transition from rotational structure to vi- 
brational, already noted in the literature,’ analogous to the long established jump-like 
change from vibrational structure to rotational on change of the number of neutrons 
from 88 to 90,"° 

At the same time, measurements were carried out on the lifetime of the first ex- | 
cited state of the rotational band of the Lu!™ nucleus, for which an upper limit of T =2 
x 10 sec is given in Ref. 11. No clear relative displacement of the By and yf coin- | 
cidence curves appeared in our measurements. We estimate the upper limit of the life- 
time of the 113-kev level to be 2 x 107" sec, or taking account of conversion, T,, = 6.8 

34-2 GE «2 x 107!° sec, Considering that the transition under discussion represents a mixture of 

transitions, 25% E2 and 75% M1, we obtaina partial lifetime Ty (E2) =1.4 107° sec 
with respect to transitions of type E2. 

Since the spins of the ground and first excited states of the Lu!” nucleus are 7/2 and 9/2 respectively, 
we obtain, by using Eqs. (29) and (33) of Ref. 6 for the case of E2 transitions with change of spin by | 
unity, a lower limit for the value of the internal quadrupole moment, Q) = 6.8 X 10724 cm*. This result 
does not conflict with the value of the quadrupole moment for the neighboring nucleus Hf!", which has an 
analogous rotational structure, for which according to our measurements? Qp = 8.1 X 10724 cm?, 
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LIFETIME OF THE 264-Kev LEVEL OF Er *" 


E. E, BERLOVICH, K. M. GROTOVSKII, M. P. BONITS, and G. M. GORODINSKII 
Leningrad Physico-Technical Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor August 2, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1523-24 (December, 1957) 


By investigating coincidences between x-rays accompanying K-capture in Tu! and internal conversion 
electrons for the 57-kev transition, by means of the apparatus described by Berlovich,!~* we have deter- 
mined the lifetime of the 264-kev level of Er'®’, The figure gives on a semi- 
logarithmic scale the decay curve of the state under investigation (the delay 
time is plotted along the horizontal axis) from which the half-life is found to be 


Ty = (2.0+0.5)- 10 sec. 
Using the findings of Gromov and Dzhelepov,‘ that the 57-kev transition is 
a mixture of 25% E2 and 75% M1 transitions, and taking into account approx- 
imately the conversion in all the shells, starting with the L-shell (the con- 


version coefficient for the L-shell was computed with the aid of tables*), we 
have obtained for the half-life of radiative decay 


Ty =Te(1 +) = 1.4-10° sec, 
which yields for the partial decay periods the values: 
4 0 *sec T, (E2) = 5.6-10°8 sec andTy (M1) = 1.87-10°8 sec. 


EL LS Ps 


Comparison with the results calculated by means of Weisskopf’s formula,® based on the concepts of the 
single particle model, leads to an acceleration factor F = 310 for the transition of E2 type, and toa 
retardation factor F = 1/160 for the transition of M1 type. 

According to Gromov and Dzhelepov,* the first excited level (207-kev) is a $— state, while the 264- 
kev level may have the characteristics 4 4, 3/. + or 3/o —; according to Gorodinskii et al.,’ the most likely 
characteristic is ss —, The assumption that the strongly deformed Er'®™ nucleus (17 neutrons outside a 
filled shell) has a rotating band with an angular momentum component Q = 3 along the axis of elongation 
leads to a value of the internal quadrupole moment which is approximately twice as big as the values ob- 
served in this region of mass numbers = However, the possibility is not excluded that the discrepancy is 
connected with the inaccuracy in the relative amounts of E2 and M1 transitions proposed by Gromov 
and Dzhelepov,4 and that in actual fact the proportion of transitions.of type E2 is considerably smaller. 


1k. E. Berlovich, Izv. Akad. Nauk SSSR, Ser. Fiz. 20, 1438 (1956). 
2%. E. Berlovich, Izv. Akad. Nauk SSSR, Ser. Fiz. 19, 343 (1955). 
3%, E. Berlovich, [I[pu6opsr u Texauka oxcnepumenta (Instruments and Measurements Engineering), 
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CHANGE IN THE TEMPERATURE OF ANTIFERROMAGNETIC TRANSFORMATION OF 
MANGANESE TELLURIDE UNDER PRESSURE 


N. P. GRAZHDANKINA 
Institute of Metal Physics, Ural’ Branch, Academy of Sciences, U.S.S.R. 
Submitted to JETP Editor August 12, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1524-1525 (December, 1957) 


Tue effect of the shift of the Curie point of ferromagnetic substances under the influence of hydrostatic 
compression has been investigated repeatedly. However, up to the present time there has not been a 
single paper devoted to the experimental investigation of the influence of hydrostatic pressure on the 
Néel temperature (Ty) of antiferromagnetic substances. By measuring the temperature and pressure 
coefficients of electrical resistance of manganese telluride we have investigated the influence of hydro- 
static compression on the temperature of the antiferromagnetic transformation (Ty = 37°C) '2 somenis 
compound. 

Uniform hydrostatic pressure was applied to the sample in a high pressure chamber into the upper 
part of which four special electric leads were introduced. Transformer oil served as the medium for 
transmitting the pressure. In order to eliminate the effect of junction resistances at the boundaries of the 
sample and the metal electrodes supplying the current, a compensation method of measuring electrical 
resistance by means of probes was employed. Thin constanan wire served 
for the potential probes, while copper wire was used for the current 
leads. This enabled us to measure the temperature of the sample by 
means of a copper-constantan thermocouple without introducing additional 
electrodes. The cold junction of the thermocouple was at atmospheric 
pressure and at 0°C. Measurements were carried out over the tempera- 
ture range of 279 — 363°K and the pressure range of 1 — 5200 kg/cm”. 

It has been established that hydrostatic compression results in a 
decrease of electrical resistance of manganese telluride. The value of 
the pressure coefficient Rr dR/dP varies as a function of temperature 
within the range —3.5 to —0.73. At temperatures far removed from the 
Néel temperature the electrical resistance varies linearly with the 
pressure. However, close to the temperature of the magnetic transfor- 
mation the nature of the R(P) curves alters appreciably: a curvature 
becomes apparent with the R(P) curves being convex downward below 
Ty and upward above Ty- The figure shows the curve of the dependence on the temperature of the tem- 
perature coefficient of electrical resistance measured at atmospheric pressure and of the quantity 
Ro'dR/dT calculated for a pressure of 5000 atmos. The calculations were carried out in a manner sim- 
ilar to that used for the determination of the shift of the Curie temperature of ferromagnetic substances .? 
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As can be seen from the figure, hydrostatic compression results in an increase of the temperature of antiferro- 
magnetic transformation of manganese telluride. The magnitude of this effect is equal to dT,,/dP = (2.0 
+ 0.4) x 1073 deg/kg/cm?, This result was confirmed by direct measurements at a pressure of 4400 
kg/ cm’. The Néel temperature determined from a break in the R(T) curve is in this case equal to + 46°C. 
Tk, Kelly, J. Am. Chem. Soc. 61, 203 (1939). 
?C. Squire, Phys. Rev. 56, 922 (1939). 
*A. Michels and I. Strijland, Physica 8, 53 (1941). 
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CONCERNING THE STABILITY OF SHOCK WAVES 


V. M. KONTOROVICH 


Institute of Radio Physics and Electronics, Academy of Sciences, Ukrainian S.S.R. 
Submitted to JETP editor September 7, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1525-1526 (December, 1957) 


Tue stability of normal discontinuities in an arbitrary medium with respect to perturbations of a wave 
type was studied by D’iakov.! He found a region of absolute instability when the perturbation from the 
shock grew with time, a region of stability when this perturbation is damped and, finally, a peculiar re- 
gion of “spontaneous sound emission by the discontinuity,” in which the perturbation has the form of an 
undamped travelling wave. However, the last region was not completely determined by D’iakov. In order 
to separate off the wave emitted by the discontinuity from the incident one, it was required in Ref. 1 that 
the wave vector q(q sin 3, q cos $, 0) of the wave be directed away from the discontinuity.* Together 
with the requirement of the reality of q and w this gives the condition 


Oc COs <I. (1) 


according to which the region of spontaneous emission was defined. But here the “transport” of the per- 
turbation of the moving fluid was not taken into account. 
We write the conditions of spontaneous emission 


Ime=0, Imgy=0, Vy>0, (2) 
where V is the velocity of the perturbation in the system in which the discontinuity is at rest. Since, in 


this system, the fluid behind the shock moves with a velocity v(0, v, 0) and the velocity of the perturba- 
tion in the moving medium is? 


V=v+q¢c/q, (3) 
the Eqs. (2) lead to the inequality 
—M<cosi<l, (4) 


where M =Vv/c is the Mach number. 
Thus, to region (1) (in which the emitted wave moves relative to the stationary fluid in a direction op- 


posite to the moving shock wave) is joined the region 
—M<cos#<0, (5) 


in which the emitted sound waves move in the same direction as the shock wave, gradually falling behind it. 
Application of Sturm’s theorem to the equation for cos 3 (see Ref. 1) gives us for the region (5) 
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1— M?—v,M?/v (5--) 9 4 + 2M?2—u,M/o ; 6 
1 — M? + u)M?/v - Op a! ie 1+ uM/v (6) 


The whole region of emission is completely determined by the inequalities 


1—M@—vM0 ~/V\) 2-14 oy. 
[— MP 0,M¥0 (a5 )e seein (7) 


It is of interest that the inequality (5) extends the region of emission in that direction which is most con- 
venient for experiments, because it corresponds to the least exotic form of the Hugoniot adiabatic. 

The condition that the left-hand side of the inequality (7) be negative and, consequently, that the region 
sought can, in principle, exist on ordinary adiabatics (where (9V/dp)y < 9), is 


1< M?(1 + 0,/v). (8) 


This inequality is realized even for the case of an ideal gas. The region of sound emission is not however, | 
present because the requirement that (9V/9p);;j2 = — Mo” (for an ideal gas) satisfy (7) leads to My <1, 
i.e., (7) coincides with the region of instability. 


*In the notation of Ref. 1 the components of the wave vector are q(k, 25, 0). The remaining notation is 
unchanged here. 


1S. P. D’iakov, J. Exptl. Theoret. Phys. (U.S.S.R.) 27, 288 (1954). 
21. D. Landau and E. M. Lifshitz, Mexannxa cuommeix cpem (Mechanics of Continous Media), GITTL, 
M. 1953. 
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REFLECTION AND REFRACTION OF SOUND BY A SHOCK WAVE 


V. M. KONTOROVICH 
Institute of Radiophysics and Electronics, Academy of Sciences, Ukrainian S.S.R. 
Submitted to JETP editor September 19, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1527-1528 (December, 1957) 


For an ideal gas the normal incidence of sound on a shock wave has been treated by Blokhintsev! and by 
Burgers,” while Brillouin? has considered oblique incidence. However, in the last reference the author 
obtains erroneous results for the reflection and transmission coefficients as he does not take into account 
the perturbation of the surface of the shock wave. 

The reflection and refraction of sound by a shock wave in an arbitrary medium is considered in this 
note. 

As is well known, the shock wave moves with a supersonic speed with respect to the rarefied medium 
and with a subsonic speed with respect to the compressed medium. Therefore if a sound wave is incident 
on the surface of discontinuity from the side of the compressed medium, no transmitted wave is formed, 
and a reflected wave and an entropy-rotational perturbation carried by the liquid flux appear. Similarly, 
when sound is incident on the shock wave from the side of the rarefied medium no reflected wave is 
formed while an entropy-rotational wave appears in addition to the transmitted wave. A perturbation 
wave of amplitude 7 moves along the surface of discontinuity with a propagation vector k equal to the 
projection of the propagation vector of the incident wave k; (k, £, 0) on the surface of discontinuity and 
with a frequency w equal to the frequency of the incident sound wave in the system of coordinates in 
which the surface of discontinuity is at rest. 
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The equations for the entropy-rotational ( 1) and the sound (2) disturbances have the form: * 
Rdo) + Lago =0; dp =0; [My =o; (1) 
800) = k,/p (w@ — vl); 8s) = 0; (o— vl)? = c2 (42 + 102), (2) 


We must write down the boundary conditions in the system of coordinates in which the normal velocity of 
the perturbed discontinuity is zero. Linearized with respect to the amplitude of the sound wave they give: 


[vdp + pdvy + iwoy) = 0; [dvr + ikyv] =0; [8p + 073p + 2pvdvy] = 0; [8w + vdvy + iwvy] = 0. (3) 


Equations & — (3) form a complete system. In the problem of reflection we must distinguish between 
the incident 5A(1) and the reflected 6A(T) waves. At the same time from the side of the rarefied me- 
dium 6A = 0 which corresponds to unperturbed flow in front of the 


A 7 surface of discontinuity. In place of one of equations (3) it is more 
8 convenient to use a consequence of Hugoniot’s equation! 
) 
BIEC LOM Go = Q3p, Q = (0/dp)n. (4) 


It is convenient to express the result in terms of the angle 
6 =tan™!(k/Q) and the auxiliary angle ~ whose definition is evident from the diagram. The law of re- 
fraction can be formulated as the equality »{) = 4 (r). 


Sp") {cos (8) — b) + h} = — Sp {cos (KW) —$) +h}, h= ao {1 + Quote Z (Qu? — 1) tan? 4| (5) 


In the refraction problem we are interested in the ratio of a quantity in the transmitted wave 6A to 
the corresponding quantity in the incident wave 5A. The law of refraction is formulated as the “law of 
tangents” 


tand/tanp=v/v, dp {(1 + Mcos6) —G(1 + 2M cos 6 + M2)} = 8p {M (M + cos 6) — G(1 + 2M cos6 + M2}, (6) 


— ,_1—({e]/e) sin? p See 

C= lS ar(eyeysint G * ! = Bipr? (A) 
c, and 6 are the heat capacity and the coefficient of thermal expansion at constant pressure. For normal 
incidence we obtain 


Sp (1+ M) {4 —1(1 + M)} = 8p (M + 1) {M—1(M + 1}. (7) 


For an ideal gas (7) reduces to the formulas given in Refs. 1 and 5. 
It is planned to describe the work in greater detail in the Acoustic Journal. 


*We follow the notation of Refs. 4 and 5. 


1D. 1, Blokhintsev, Dokl. Akad. Nauk SSSR 47, 22 (1945). 

23. M. Burgers, Proc. Ned Akad. Wet. 49, 273 (1946). 

33. Brillouin, Acustica 5, 149 (1955). 

45. Pp, D’iakov, J. Exptl. Theoret. Phys. (U.S.S.R.) 27, 288 (1954). 

51... D. Landau and E. M. Lifshitz, Mexanuxa cuaomupix cpeq (Mechanics of Continuous Media), 


Gostekhizdat (1953) p. 409. 
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INDEX OF THE ENERGY SPECTRUM OF THE PENETRATING COMPONENT IN EXTENSIVE 


AIR SHOWERS WITH A SPECIFIED NUMBER OF PARTICLES | 


R. E. KAZAROV and E. L. ANDRONIKASHVILI 
Physics Institute, Academy of Sciences, Georgian S.S.R. 
Submitted to JETP editor September 11, 1957 ve 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1528-1530 (December, 1957) 


Tue energy spectrum of the penetrating component was studied in Thilisi at 400 m elevation at the depths 
of 61,127, and 162 meters water equivalent (m w.e.). 

An array consisting of three Geiger-Muller counters, each with an area of 0.0257 m2, placed on the 
earth surface in a circle with a radius of ~ 1 m, was used for shower selection. The surface part of the 
apparatus consisted further of four correlated hodoscopes, each with a total sensitive area of 0.3 m?, 
One of the hodoscopes was placed under the selecting system, two were placed on the two sides at a dis- 
tance of 10 m, and the fourth at a distance of 20 m in the direction perpendicular to the line joining the 
first three hodoscopes. The underground part consisted of two layers of counters, separated by 8 cm of 
lead. Each layer consisted of 30 counters, the total area being about 1 m’, Coincidences between the two 
layers were recorded. The master pulse, formed by a triple coincidence of the counters of the selecting 
system, operated a cine camera which photographed a panel of neon bulbs connected to the underground 
array and all hodoscopes. The selecting system was also displayed on the panel. The shower size was 
determined graphically, using curves drawn according to the Nishimura-Kamata distribution for s =1.2 
(Ref. 1). The same method was used to determine the distance between the shower axis and the center of 
the selecting system. 

The mean number of particles in the measured group of showers was equal to 2.9 X 10°, The number 
of particles of each individual shower was determined with an accuracy of + 50%. 

The mean density of penetrating particles Pp was found using the formula 


ae ene. ) 


where s, is the area of the underground group of counters, N is the number of recorded showers, and 
N,, is the number of counts of the underground array. 
The obtained data are given in Table I. 
A method of data reduction analogous to that used by Sakvarelidze? yields a slightly divergent spectrum 
with exponent larger than that obtained in Ref. 2. It should be taken into account that, in our estimate, the 
mean shower size detected in the experiment of Sakva- 
TABLE I relidze was one order of magnitude smaller and that 


“Sg 3 5 Number of |. a os a our SUG system favored showers falling within a 
Depth $ a @ ) counts of Ree Me ees smaller radius. The results of the present experiment 
m w.e.) 5 8 at. the under- particles (m=?) (m) and that of Sakvarelidze, although not in contradiction, 
Eee cannot therefore be compared quantitatively. 
i es AR 0.49-£0.07 46 Table I contains also the effective distances between 
127 519 93 0,20-40.02 27 the shower axis and the penetrating particle detector 


j 2 2 ; i 
aGe ee #9 Coe 2 which was placed at different depths. It can be seen from 


a the table that the effective distance increased slightly 
with the depth, which is due to the zenith-angle distribution of extensive air showers. 

The following expression for the zenith-angle distribution, given by Greisen!, was used in calculation 
of the effective distance: 


Jp = J, cos ** 9. (2) 


The density of penetrating particles eee by us at the depth of 61 m w.e. below the selecting sys- 
tem was found to be ieee to (0.49 + 0.07) m™*. Within experimental errors, this in in agreement with 
the value (0.55 + 0.06)m~? obtained for the neni of penetrating particles of a similar group of showers 
at the same depth, using the same relative position of the detecting system and the penetrating particle 
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3 h s 2 
detector.” This makes it possible to use the results on lateral distribution obtained in Rets3; 


Pp = (0.66-+0.09) exp [— (0.00058-+0.00009) r2]. (3) 


In consequence, a density of (0.42 + 0.06) m~ is found for the effective distance of 28 m. 

The results for all three depths are then found to be consistent. These data, expressed in energy units 
eee eceeen for the atmospheric depth and refer to approximately equal effective distances, are given 
in Table II. 


The energy spectrum of penetrating particles of an extensive air 


TABLE II shower calculated from the above data for a mean distance of 28 m 

from the shower axis can be represented by a power law p.. = AE-Y 

Depths Effective Density of with y= 1.09 + 0.21, . 

(Bev) ene Ere eee.) In conclusion it should be noted that a tendency has been observed 
of a variation of the spectrum exponent with decreasing energy of the 

ae sf | oun shower. Further experiments are being carried out to investigate this 

295 07 0.20-£0.02 effect and to improve the degree of knowledge of the shape of the 

37.1 29 0.150 .02 spectrum. 


The authors wish to express their gratitude to M. F. Bibilashvili for 
his help in carrying out the experiment and active participation in the 
discussion of results, and to R. B. Liudvigov and Sh. P. Abramidze of the Physics Institute of the Academy 
of Sciences of the Georgian S.S.R., and student G. G. Managadze of the Tbilisi State University for parti- 
cipation in the experimental work and the reduction of data. 


1K. Greisen, Progress in Cosmic Ray Physics, Amsterdam, vol. III, 1956, pp. 1-141. 
ac I. Sakvarelidze, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 458 (1956), Soviet Phys. JETP 3, 361 (1956). 
E. L. Andronikashvili and M. F. Bibilashvili, J. Exptl. Theoret. Phys. (U.S.S.R) 32, 403 (1957), Soviet 
Phys. JETP 5, 341 (1957). 
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TRANSITION EFFECT OF STARS IN A LEAD ABSORBER 


T. V. VARSIMASHVILI and N. I. KOSTANASHVILI 
Physics Institute, Academy of Sciences, Georgian S.S.R. 
Submitted to JETP editor September 16, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1530-1531 (December, 1957) 


Experiments carried out at mountain altitudes'~* and in the stratosphere*® have established the ex- 
istence of a transition effect of stars by means of photographic emulsions. However, such effect was 
found in other similar experiments 61 Interest in this phenomenon was increased after a transition effect 
for stars was also found in a graphite absorber,® and in this way it was shown that the explanation of the 
transition effect in lead by means of the photon component of cosmic rays was not tenable. 

In this note we present results of a control experiment undertaken in order to observe by means of 
photographic emulsions the transition effect for stars in lead absorbers. 

Flat lead absorbers were placed one above another. Each layer of lead had an area of 40 X 60 cm?, 
The photographic films were placed horizontally singly at each depth of the lead absorber. The exposure 
was carried out at an altitude of 3100 m above sea level. The figure shows the results of the experiment. 
As may be seen from the graph the maximum of the transition effect amounts to 30%. 

Since the transition effect is not found by all observers, it should be noted that at mountain altitudes 
its magnitude is not great (according to the data of various authors it amounts to 15 — 30%); at the same 
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time the average efficiency of a scanner is 80%, therefore the results are strongly affected by the method 
and the quality of scanning. Thus, for example, as a result of carrying out a single scanning the existence 
of the maximum in the curve is not very pronounced. We have em- 
ployed three fold scanning of the same volume of photographic emul- 
sion in which three different scanners took part. This has greatly 
increased the efficiency of scanning and has lead to the discovery of 
a sharply pronounced maximum. The small depth at which the max- _ 
imum in the transition effect of stars occurs may also explain the 
absence of a transition effect under unfavorable experimental condi- 
tions — unfavorable absorber geometry, thick stacks of photographic 
emulsion, nearby massive objects, etc. 

The results obtained by us do not disagree with the results of 
other investigators. 

The authors express their gratitude to Prof. E. L. Andronikash- 
vili who provided the facilities for carrying out this work, and to 
L. A. Razdol’skaia, E. I. Kierkesali, K. V. Mandritskaia, and M. M. 


ase 7 ? ca Pb Freidlin for aid in scanning the photographic emulsion layers. 
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ELECTROMAGNETIC INTERACTION WITH PARITY VIOLATION 


la. B. ZEL’DOVICH 
Submitted to JETP editor September 26, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1531-1533 (December, 1957) 


Uyrn the discovery of violation of parity it was assumed that the interaction of an elementary particle 
of spin g with a weak electromagnetic field was completely described by three terms in the energy 


qe, u(sH), adivE = 4zap, 


where o is the spin, q the charge, » the magnetic moment and the constant a characterizes the field 
of a spherical capacitor, equal to zero outside but interacting with a charge p inside.! 

In their well known article about nonconversation of parity, Lee and Yang” indicate the possibility of an 
electrical dipole moment, i.e., an interaction d(a-E). However, if, with parity violation, there is con- 
servation of invariance with respect to combined inversion (and consequently, also with respect to reflec- 


tion in time) then, as Landau’ has shown, no dipole moment is possible. It is easiest to see this by noting 
that under time inversion 0 changes sign but E does not. 
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Which electromagnetic interactions, forbidden in the case of parity conservation, are possible in the 
theory of combined inversion? 


The interaction (o-A) is not allowable because of gauge invariance. There remains 


b(¢ AA) = 6(¢ curl H) = “= (9). 


Here j= pv is the current density which produces the magnetic field H. Under conservation of parity 
such a term would be pseudoscalar (0 is a pseudovector, j a vector) and could not occur in the expres- 
sion for the energy. On the other hand, both o and j change sign under time reflection. The moment of 
force corresponding to such an interaction energy is M = (4mb/c)[o x j]. 

Such an interaction is directly obtained from a model of virtual decay of a spin-$ particle A intoa 
particle B of spin 0 anda particle C of spin 34 If this decay depends on a weak interaction which does 
not conserve parity, then two particles can simultaneously be produced in either S- or in P-states. In- 
variance of the theory relative to combined inversion corresponds to the relation of phases of the S- and 
P-waves which is such that the probabilities of finding the particle C above and below the equatorial plane 
(perpendicular to the direction of spin of the particle A) are equal, so that there is no electrical dipole 
moment. However, the virtual particles C in the equatorial plane have a transverse polarization; their 
spin O¢ has a component directed along [r x 7, ]. Thus, around the spin axis of A there is a ring of 
elementary magnets — virtual particles C with spin along the equator. The magnetic interaction, pro- 
portional to (0q-H) gives a term proportional to the integral @Hdg, taken along the equator. Such an 
integral can be expressed interms of curl H. It is relevant to remember Ioffe’s work:® for a real decay, 
combined inversion gives an asymmetry in the direction of emission and a longitudinal polarization, 
whereas the second variant of Ioffe (invariance relative to charge conjugation) gives a symmetrical emis- 
sion and transverse polarization of the emitted particles. In virtual decays, the correlation is the other 
way around; as noted by Ioffe, in the latter variant there can be a dipole moment, whereas in combined in- 
version there is no dipole moment, but, as can be seen from Ref. 4 and this note, there is a transverse 
polarization leading to the interaction (o- curl H). From the point of view of classification of magnetic 
properties of the particle, the interaction (o-curl H), obviously, does not correspond to any magnetic 
multipole (dipole, quadrupole, etc.); we will call it an “anapole.” For an understanding of the anapole, 
transformation of the energy to the form (o-j) is essential; the anapole interacts only with the current 
which flows into the point at which the particle is to be found. Consequently, the external field of the 
anapole is identically zero (more accurately — falls off just as the probability density in the cloud of vir- 
tual particles C falls off). 

In this connection, the anapole is analogous to a spherical capacitor in which the field differs from zero 
only inside the capacitor. The difference from a capacitor comes from the fact that the anapole is a vec- 
tor, has a definite direction (along the spin of the particle A considered), whereas a spherical capacitor 
is characterized by a scalar quantity. 

A classical model of the anapole can be represented as a wire helix (solenoid) bent in a ring (toroid). 
The current flowing through the helix creates a magnetic field only inside the toroid. If the toroid is 
rigid, then no magnetic field produced by external currents can act on the toroid as a whole, However, if 
this wire toroid is immersed in a solution of electrolyte which fills also the space inside the solenoid and 

-a current is passed through the electrolyte, then a moment of force, proportional to the sine of the angle 
between the toroid and the direction of the current in the electrolyte, will act on.the toroid. This corre- 
sponds to an interaction energy (o-j), since the axis of the toroid is directed along o. 

The anapole moment of elementary particles, i.e., the constant b, can be estimated by multiplying the 
magnetic moment by the Compton wavelength fi/mc and by the square if the dimensionless constant of 
weak interaction f2, i.e., is of order 10-26, , in so far as only the interaction in which parity is not con- 
served gives the anapole. It is possible that, for experimental observation, the interaction of the anapole, 
not with the current but with a varying electric field giving a moment of force M = (4tb/c)[o X EJ], is more 
important. However, in view of the smallness of b, at the present time such an experiment would not 
seem to be possible. 

The anapole interaction is an example which directly refutes the assertion of V. G. Solov’ev, according 
to which combined inversion and gauge invariance lead to conservation of spatial parity in electrodynamics. 

After finishing this work, I learned that V. G. Vaks obtained independently results analogous to ours. 

I should like to use this opportunity to thank B. L. Ioffe, A. S. Kompaneets (who proposed the name 
“anapole”), L.D. Landau, and Ia. A. Smorodinski for discusions. 
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SPACE-ENERGY DISTRIBUTION OF NEUTRONS IN A HEAVY GASEOUS MODERATOR 


M. V. KAZARNOVSKII 


P. N. Lebedev Institute of Physics, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor September 27, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1533-1535 (December, 1957) 


Tue theory of neutron thermalization in a heavy (atomic weight M > 1) monoatomic gas with constant 
mean free path 2 and constant neutron lifetime t has been discussed in a number of papers.!~? How- 
ever, the majority of the results refers to the energy distribution only. The space-energy distribution 
function has been found only in the region of relatively large energies.” In the case of weak absorption 
this problem can be solved exactly. 

The equation for the space-energy distribution function? may be written as follows: 


— ab(t, x) -+ Bxyp(r, x) +(8— 2x2) BED 4 AV 9, g = (2Mi/x) Vmf2kT, B = 2Mi/3. (1) 


where x’ is the neutron energy in units of kT (T — temperature of the moderator), ~(r, x) is the space- 
energy distribution function divided by xe ae and m is the neutron mass. 

For a moderator of finite dimensions one may obtain a solutionof Eq. (1) in the form of an expansion in 
a complete set of orthonormal functions R g(r) of the Laplacian for the corresponding boundary value 
problem [V?Rp(r) + QpRp(r) = 0], ie., 


(ry x) = D} Ri(r) nz(x). (2) 
l 
then each of the functions ng(x) should satisfy the equation 
xd?ny/dx? + (3 — 2x?) dni/dx — («+ BxQ))n; = 0. (3) 


Making use of the requirement that ny(x) be finite as x — 0, this equation may be transformed into an 
integral equation of the Volterra type 


nu (x) = C1® (a, 2, x2) + a \ ny (t) K (x, t) dt, 


(4) 
K (x, t) = 5 T(a) Pe-" [¥ (a, 2, #2) ® (a, 2, x2) — O(a, 2, #) ¥(a, 2, x), 
the solution of which, as is well known, is of the form 
mi(x)=Cr 2) a" om(x), Go() = D(a, 2, x2); m4 (x) = \ om (t) K (x, t) dt. (5) 
m=0 
0 


Here © (a, b, z) is confluent hypergeometric function and | 


Way 2) Pa \ e—2tta-1(] 4 f)o-a—1gt 
0 
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is the other linearly independent solution of the hypergeometric equation; a = BQ o/4- 

The normalization constants C g may be obtained by comparing the assymptotic form of ng(x) for 
large x with the results of a calculation in the Fermi Age approximation. Thus, neglecting absorption 
for the sake of simplicity, one has for the case of a unit intensity source of neutrons at the point r = ro 
in the age approximation, the following 


1M ome xe BQ] /2 
Yas = TV grew RZ) (6) 
where xp is the source neutrons speed. Hence 
AM, / im =; BQ Q 
b(t, x) => VY se DY Ru (Fo) Ri (r) xo °**T ey © ee 2 2) (7) 
l 


In the case of a source located in an infinite homogeneous medium the sum over £ must be replaced 
by the corresponding integral. 


A detailed discussion of applications of the above results to various special cases will be published 
later. 


In conclusion I express deep gratitude to F. L. Shapiro for valuable discussions in the process of this 
work. 


—_---—-— 
E.R. Cohen, Geneva Conference Paper 611, 1955. 


2 Hurwitz Jr., Nelkin, and Habetler, Nuclear Sci. and Eng. 1, 280 (1956). 
3E.R. Cohen, Nuclear Sci. and Eng. 2, 227 (1957). 
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INFLUENCE OF FINITE NUCLEAR SIZE ON EFFECTS CONNECTED WITH PARITY 
NONCONSERVATION IN BETA DECAY 


B. V. GESHKEN BEIN 
Submitted to JETP editor September 30, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1535-1536 (December, 1957) 


For B-decay, particularly for forbidden transitions, the action of the nuclear field is of importance. 
As in Ref. 1, we take for the electron wave function 


i= (* Pe = [% + ipra, + i (or) (on) Be] ue, (1) 
= lye) > X= [By + iprdy + i (ar) (an) ae] (am) we, 
where 
ca : ; cs = 2 3 —id_s = fC REY —id, 
nS . » % y= Vs Woe por / D pe few, ay = Dpe pr © Sago, Bi= VY Dpe ipr © fo, 
“re 1 H ae A ish iy, 
Be = roe (eg, — eg 9), he = Ope ir (eof ee) 


(m, =c =h=1), g,, f, are the inside-the-nucleus solutions of the radial Dirac equation joined with the 
patside solutions at r =1; 5, is the phase.” We write the B-interaction Hamiltonian as follows 


H = >) {gi (02001) (be0: a by) + gi (b20i%1) (920: : + af vw) (2) 


Y 


(summation over i=S, T, V, A, P). If the two-component neutrino theory® > holds, then emission of an 
U : * . 
antineutrino together with an electron corresponds to gj = 0, whereas emission of a neutrino corresponds 


to i = (0), 
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The results for allowed and first forbidden @-transitions are expressed in terms of the known tabulated 
functions Lo» Mo: No» Po, Qo, Ro» Ly, i Poke 

Taking finite nuclear size into acoount has in practice no effect on allowed and unique Aj = 2 (yes) 
transitions since these depend on Ly, Pp and Lp, Po, Ly, Py respectively, for which finite nuclear size 
is unimportant.’ For the Coulomb transitions Mg and Q are relevant; these are significantly affected 
by finiteness of nuclear size, but since they are both multiplied by the same factor they will give no effect 
in practice. Thus nuclear size will affect only 0 — 0 (yes) transitions provided the pseudoscalar covari- 
ant is present in #-decay. = 

If one assumes that the axial covariant is absent, then the longitudinal polarization of electrons and the 
electron-neutrino angular correlation are given by 


<on> = (Agy — Ay)/(Cav + Cy), + Wey (8) = 1 + Con, cos 8, (3) 


where 
Aa = —|er\ orP {gt V3 Pi + V Me— % — 5 4(V Lo + Po) (Mg + Q) + V Lo Po) (Mo — @) 


— (V (Lo + Po) (Mo + Qo) + V (Lo — Po) (Mo — Qo) — 2 qV (a — P>) Rede + (V (Lo + Po) (Mo + Qo) 


az VLo— Po) (Mo — Qo)) cot (6.4 — 41) Im Ap +} Ves hp Pe} sin (8_1 — %); (4) 


Cay = {5 Log? + Mo +3 qMo + 2(Mot 3 L097) Redy + Lol dol} ler\er/? Xo = —ige\ ts /ar\ or. 


A, and C, follow from (4) upon replacement of Ep by Sp and gp by gp. 
For Ze* «1, finite nuclear size effects are unimportant and all quantities can be written explicitly § 
Since expressions for Q,) and Py as well as for sin (6.;—6,) are not available, we give them here: 


Py = le, Qo= po/9-— Z%e4/4er2, sin (8_1 — 8,) = (1 + Z2etp™)*h, (5) 


If the pseudoscalar covariant is absent, the two-component neutrino theory holds, and Ap is real, then 
the polarization differs insignificantly (~ 3%) from v/c. In the presence of the pseudoscalar covariant the 
polarization can differ significantly from v/c only in a relatively narrow range of values of Ap- For 
example, for Pr the polarization differs from v/c for Ap ~ 10 +1 and may even change sign. If the 
two-component neutrino theory does not hold then the polarization obviously can take on any value. 

In conclusion I wish to thank V. B. Berestetskii, B. L. Ioffe and K. A. Ter-Martirosian for their sug- 
gestion of this problem and discussions. 


! Berestetskii, loffe, Rudik, and Ter-Martirosian, Nuclear Physics (in press). 

21L. A. Sliv and B. A. Volchok, Ta6auus1 Ky1oHoBcKux dba3 HM AaMILIMTY, C YYeTOM KOHE4HEIX pasMepoB Apa 
(Tables of Coulomb Phases and Amplitudes, Taking into Account The Finite Nuclear Size), Acad. Sci. 
Press, 1956. 

31. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 405 (1957), Soviet Phys. JETP 5, 336 (1957). 

4T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 

5A. Salam, Nuovo cimento 5, 299 (1957). 

8, J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 (1941). 

<LeN, Zyrianova, Izv. Akad. Nauk SSSR, Ser. Fiz. 20, 1399 (1956). 

eB. S: Dzhelepov and L. N. Zyrianova, Bauanue sxexrpuyeckoro noma atoma Ha 6era-pacnag (Influence of 


The Atomic Field on Beta-Decay), Acad. Sci. Press, 1956. 
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ONE POSSIBILITY OF BARYON CLASSIFICATION 


H. OIGLANE 


Institute of Physics and Astronomy, Academy of Sciences, Estonian S.S.R. 
Submitted to JETP editor July 15, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1537-1538 (December, 1957) 


From the baryon wave equation! one finds as the general expression for the baryon’s electric charge* 
q = —& (tz + Us). (1) 


Here t, stands for the eigenvalue of the operator T3, and vs is a certain number which changes in going 
from one multiplet to another. In our treatment v, replaces the Gell-Mann number; it could be called the 
eigenvalue of the third component of the isotopic momentum operator V3. 

The requirement that all elementary particles should have charge +€,—€ or 0 leads to the following 
rules: 

(a) tz and vg are simultaneously integral or half-integral. 

(b) |t3 + vg| may not exceed unity. From these rules one obtains quantum numbers determining the 
baryon type (see table). For the A° particle the values v3; =+1 are also possible; however these should 
apparently be excluded. 

The values v3; =+ % indicate that the nucleon and =-hyperon doublets 


To ts | Z are components of a doublet in the v3-space. Indeed, it is easy to write 
a general equation for the nucleon and =-hyperon: 
5 Fae \ EP, [I’ (0/Ox,) — ko 1 exp (aTs + bV,)] > = 0, (2) 
a : where IT’, I, T, and V, are 16 X 16 matrices 
S Ae | Vay, k k 
2 
| TY ty Ve 1 op) 83 
Eo 0 Tr = (onX 12) x5, T= Pid x . ) x JV (3) 
at =: he k 16 = iO) ] 0 2 


For the constants a, b, mp =kgfi/c the following values should be taken: 


My = 2181 me, a= 3a/10n, 6 = 0.1714. 


It is interesting to note that the value of my coincides with the mass of the A° particle. This makes it 
possible to describe the A’ particle as a nucleon in the special singlet state t3;=0, v3 = 0. 

The constant a, characteristic of mass differences within a t; multiplet, is of the order of magnitude 
a/n. The constant b, characteristic of mass differences between nucleon, = hyperons and the A° parti- 
cle, is of the order of magnitude g/m, where g is the strong coupling constant. This shows that mass 
differences within a multiplet are caused by electro-magnetic interactions, whereas mass differences 
between nucleons, © hyperons, 2 hyperons and the A° particle are due to strong interactions. 

It follows from the above considerations that nucleons, © hyperons, and the A° particle are closely 
related to each other, whereas the 2 hyperons form a separate group. One may suppose that besides 
nucleons, = hyperons also are present inside nuclei (the existence of the AS particle in nuclei has been 


proven). 
In conclusion I consider it my pleasant duty to express sincere gratitude to P. Kard for criticism of 


this work. 


Note added in proof (November 21, 1957). The main results, following from our equations, are in 
full agreement with the Peaslee scheme with which the author only became familiar after the present 


work was submitted to press. 


*This result coincides with the expression for the charge given by Salam and others.” 
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‘H. Oiglane, J. Exptl. Theoret. Phys. this issue, p. 1511 (Russian), p. 1167 (transl.). 
2A. Salam and J.C. Polkinghorne, Nuovo cimento 2, 685 (1955). 
3D. C. Peaslee, Nuovo cimento 6, 1 (1957). 
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Electrical Properties (see also Dielectrics and Dielec- 


tric Properties; Electrical Conductivity and Resistance; 
Semiconductors; Superconductivity) 


1202 


A Quantum Mechanical Transport Equation for Electrons 
in Metals. R. N. Gurzhi — 302. 
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On the Speed of Propagation of Electromagnetic Waves 
at Audio Frequencies. Ia. L. Al’ pert and S. V. 
Borodina — 1004L. 

Polar Theory of Metals. I. Z. Fisher — 201L. 
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Hydrodynamical Interpretation of One Characteristic of 
Large Showers Recorded in Photographic Emulsions. 
G. A. Milekhin and I. L. Rozental’ — 154. 
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On the Possibility of tr -e+v+y Decay. I. Iu. Kobzarev 
— 431L. 
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1204 


Energy States of Nugleus (see Nuclear Reactions; Nuclear 
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Approximation, R. V. Tevikan — 1003L. 
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Skanavi, Ia. M. Ksendzov, V. A. Trigubenko, and V. 
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Gases. V.S. Nikolaev, L. N. Fateeva, I. S. Dmitriev, 
and Ia. A. Teplova — 239L. 
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Change in the Temperature of Antiferromagnetic Trans- 


formation of Manganese Telluride Under Pressure. 
N. P. Grazhdankina — 1178L. 
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Galvanomagnetic Properties of Ferromagnetics near 
Absolute Zero. K. P. Belov and A. V. Ped’ko — 628L. 

Galvanomagnetic Properties of Manganese Ferrite. K. 
P. Belov and E. V. Talalaeva — 1171L. 

Magnetic Properties of Cobalt Fluoride in the Antifer- 
romagnetic State. D. N. Astrov, A. S. Borovik-Ro- 
manov, and M. P. Orlova — 626L. 

Magnetic Susceptibility of a Semiconductor with an Im- 
purity Band in a Strong Magnetic Field. M. I. Klinger 
— 292. 

Magnetoresistive Phenomena in n-Ge Type Semiconduc- 
tors in Strong Magnetic Fields. M. I. Klinger and P. 
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Determination of Nuclear Moments of Gd" and Gd‘? 
from the Hyperfine Structure of Magnetic Resonance. 
A. A. Manenkov and A. M. Prokhorov — 860. 
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Skin Effect and Ferromagnetic Resonance. V. L. Gure- 


vich — 1155. 
Theory of Electron Paramagnetic Resonance in Super- 
conductors. M. Ia. Azbel and I. M. Lifshitz — 609L. 
Theory of Paramagnetic Resonance of F Centers in 
Ionic Crystals. M. F. Deigen — 594. 
Magneto-Optical Effects (see Optical Properties) 
Magnetoresistance (see Electrical Conductivity and Re- 
sistance; Semiconductors) 
Magnetostriction (see Magnetic Properties) 
Mass Spectroscopy (see Methods and Instruments) 
Mathematical Methods 
A Group-Theoretical Consideration on the Basis of 
Relativistic Quantum Mechanics. I. Iu. M. Shirokov 
— 664. 
A Group-Theoretical Consideration on the Basis of 
Relativistic Quantum Mechanics. II. Iu. M. Shirokov 
— 919. 
A Group-Theoretical Consideration on the Basis of 
Relativistic Quantum Mechanics. III. Iu. M. Shirokov 
— 929. 


Contribution to the Decay Theory of a Quasi-Stationary 


State. S. A. Khalfin — 1053. 

Convergence of the Perturbation-Theory Series for a 
Non-Relativistic Nucleon. A. G. Galanin and Iu. N. 
Lokhov — 221L. 

Determination of the Phases of the Matrix Elements of 
the S-Matrix. V. N. Gribov — 1102. 

Energy Distributions in Two-Particle Decays. G.I. 
Kopylov — 335. 

Equations of Motion for Rotating Masses in the Gen- 
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The Feynman Path Integral for the Dirac Equation. G. 
V. Riazanov — 1107. 
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duced by Mesons; Scattering of Mesons) 

A Variant of Hyperon Theory. Ia. B. Zel’dovich — 
641L. 
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Nuclear Forces and the Scattering of  Mesons. Iu. 
V. Novozhilov — 692. 
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